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1 Introduction

The structure of a chemical system may be described at
several levels: atomic composition, molecular connectiv-
ity, stereochemical configuration, electronic organization,
intermolecular association, and the collective arrangements
of condensed matter. These descriptions answer different
questions. A molecular graph can specify covalent con-
nectivity while leaving open the population of conformers,
the organization of surrounding species, and the internal
state of a prepared material. Conversely, two systems with
distinct microscopic organizations may admit equivalent
descriptions at a deliberately coarse level. Chemical forma-
tion is therefore an instructive setting in which to ask how
a structure becomes realized, which aspects of its history
survive a chosen description, and under what conditions a
structure acquires a particular physical or biological role.
This investigation takes symmetry seriously as a possible
organizing element of generative explanation. Group actions
can identify transformations under which a law, set of ad-
missible structures, or family of generative rules is invariant.

A particular realization may preserve a proper subgroup
of the symmetries of its modeled formation mechanism.
This separation between the invariance of an effective law
and the symmetry of one of its states lies at the heart of
many descriptions of ordering, phase selection, chirality,
and patterned organization. The resulting research prob-
lem extends beyond the classification of a molecule by its
point group. We ask whether symmetry can constrain how
chemical structures are generated, how alternative genera-
tive histories can be distinguished, and whether structural or
functional properties are sensitive to those histories.

The problem admits a productive analogy with generative
grammar. A grammar represents admissible constructions
through rules and their compositions; a chemical model

similarly specifies which local transformations or organi- 3

zational configurations are allowed. Chemical production

rules additionally require a physical interpretation: physi- 3

cally realized transformations depend on state, environment,
energy, reaction pathways, and timescale. A syntactically
admissible molecular graph may be chemically implausible,
unstable, or inaccessible under specified conditions. This
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distinction is already central to molecular graph grammars
and rule-based systems, which offer mathematically explicit
and computationally useful representations of chemical and
biochemical transformations (Andersen et al., 2013; Kajino,
2019; Boutillier et al., 2018). Our interest is consequently in
a physically interpreted generative description with domain-
specific chemical constraints.

A second motivation arises from the recent incorpo-
ration of higher-order topology in molecular representa-
tions. Molecular hypergraph grammars have been devel-
oped to respect chemical validity constraints (Kajino, 2019);
more recently, higher-order molecular grammars have lifted
molecules to combinatorial complexes in order to represent

5 rings and recurring motifs through compositional production

rules (Huang et al., 2026). These advances make clear that
a higher-dimensional or grammar-based encoding of molec-
ular structure is itself an established computational research
strategy. They also leave open a distinguishable question:
could a generative history, rather than a static molecular
representation alone, be encoded as a relational complex
with symmetry-constrained composition? The present paper
explores one candidate construction inspired by group field
theory (GFT), whose interacting fields generate discrete
combinatorial complexes in a setting developed principally
for quantum gravity (Oriti, 2014; Oriti et al., 2014). Its
application here is a mathematically motivated construction
whose chemical interpretation and physical adequacy remain
open research tasks.

A third motivation concerns the word function. A struc-
ture may exhibit a response to specified conditions; it may
also play a causal role in a larger reaction network, biological

3 organization, or device. Each role depends on additional

physical, environmental, or organizational information be-
yond connectivity. For example, a molecule’s binding and
catalytic consequences depend on its accessible conforma-
tions, reaction partners, and surroundings. Research on
molecular codes and on the physical significance of infor-
mation has already demonstrated that chemical roles and
semantic capacities can be formulated as constrained sci-
entific questions (Gorlich and Dittrich, 2013; Kolchinsky
and Wolpert, 2018). In this paper, functional semantics is

3 used in a restricted, operational sense: an experimentally or

computationally evaluable role relative to a specified system,
context, and assessment protocol. This restricted usage
concerns causal and functional roles evaluated by a stated
protocol.

These considerations motivate two related but distinct
conjectures. The first concerns generative-history depen-
dence: two terminal configurations may have isomorphic
representations at a specified structural resolution, even as
physically retained traces of their formation contribute to dif-
ferent functional responses. The second concerns symmetry
breaking: a symmetry-constrained mechanism may admit re-
alized configurations with reduced symmetry, and some such
configurations may enable functions absent from a specified
symmetric reference. The conjectures propose conditional
possibilities, with meaningful history differences and func-
tional changes to be determined for specified systems. Their
purpose is to specify conditions for discriminating histories,
states, and effects. In particular, if two terminal systems are
identical in their full physical state and undergo identical
subsequent dynamics under identical boundary conditions,

physical explanations should account for any historical ef-
fect through state variables, boundary conditions, or the
evaluation protocol.

The inquiry also encounters an ontological difficulty. Suc-
cessful grammatical or field-theoretic descriptions may re-
veal common constraints on structure formation. Such
explanatory success is compatible with different accounts
of the existence of a unique, physically instantiated meta-
grammar and of an absolute origin of generative structures.
Similar caution is warranted when relating structural uni-
versals to claims about a biological Universal Grammar:
the latter is a domain-specific scientific hypothesis involv-
ing development and cognition, whereas the former may
be no more than a mathematically effective representation
of regularity (Chomsky, 2005). We therefore advance a
third conjecture concerning the possible ontological under-
determination of generative order. It motivates an explicit
contrastive method: to test whether admissible accounts that
agree on specified observations can nevertheless disagree
about the physical status of a postulated meta-generative
structure. The general philosophical structure of this problem
is familiar from debates concerning the underdetermination
of scientific theories by evidence (Stanford, 2023).

Figure 1 previews the research architecture. We propose
two complementary, independent formalisms. The first
takes group-equivariant grammatical transformations and
their dynamics as primary modeling objects. The second
uses interacting group-theoretic fields and relational two-
complexes to represent candidate formation structures and
histories. Both are symmetry-first in a methodological sense:
a suitable symmetry structure helps organize permissible
generative operations. The role of symmetry is explicitly
methodological; ontological priority, domain-specific group
choice, and equivalence between the two constructions are
independent questions.

The contribution of the paper is accordingly a carefully
delimited theoretical proposal. It identifies three conjec-
tures, develops two formalisms with explicit but distinct
mathematical commitments, and establishes a method for
separating formal representability, physical realizability, and
ontological inference. Its anticipated contributions are con-
ditional propositions, models, and discriminating tests with
explicit empirical and ontological qualifications. The ex-
position first situates structural regularity within existing
mathematical chemistry, then introduces the methodological
standards governing the formal constructions. Subsequent
sections develop the two formalisms separately, evaluate the
conjectures, and examine what—if anything—can be trans-
ferred between grammatical and field-theoretic descriptions
of chemical generation.

2 Structural Regularity And Generative
Explanation

2.1 Structural Descriptions And Their Domains

A chemical structure is always given relative to a selection
of degrees of freedom and relations. For a conventional
molecular graph, vertices represent atom types and edges
represent bond relations. Such a representation is invaluable
for reasoning about connectivity, but it is a quotient of richer
physical information. The locations of nuclei, electronic
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Common Generative Starting Point: Symmetry and Constraints
Group Actions, Admissible Interactions, and Physical Context

\

Formalism I: Group-Equivariant Grammar
Typed Productions, Chemical State Transitions,
and Equivariant Trajectories

L

Y

Y

Formalism II: Group-
Field-Inspired Generation
Interacting Group-Theoretic Fields
and Labeled Relational 2-Complexes

L_l

Chemical Structural Realization
Topology, Geometry, Retained Physical State, and Functional Response

Y

A

Conjecture I
Generative-History Dependence
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Functional Emergence
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Figure 1: Research Architecture. The two formalisms share a symmetry-first modeling orientation and have distinct mathematical
constructions. Conjectures I and II address possible chemical phenomena, whereas Conjecture III addresses the ontological interpretation of
successful descriptions. The bottom panel is a framework-wide methodological condition, visually separated from the physical-generation

paths.

states, conformational distributions, solvent configurations,
collective order, and defects may be relevant to a different
scientific question. A useful theory can therefore employ a
family of structural maps adapted to the resolution of each
research question.

Let X be a space of physical or effective states and let
&, denote a space of structural descriptions at resolution r.
A representation map 7, : X — & assigns an admissible
structural description to each state. For geometric, statistical,
or gauge-redundant descriptions the map may instead be
defined on a suitable quotient or yield a distribution over
structural descriptions; the simple deterministic form is used
here to establish terminology.

Definition 2.1 (Representation-Relative Structural Equiv-
alence). For a chosen representation 7}, two states x, y € X
are structurally equivalent at resolution r if T, (x) = T, (y)
in the specified category of labeled structural objects. We
write x =, y.

The isomorphism must preserve the labels declared rel-
evant to the representation. A connectivity-only graph
can identify states that a stereochemically annotated graph
separates; a graph incorporating stereochemistry may still
identify states with different defect arrangements or surround-
ing chemical activity. Moreover, isomorphism is stronger
and more appropriate here than a general categorical bimor-
phism: a morphism that is both epic and monic need not
be invertible in an arbitrary category. The selection of the
category and of its admissible morphisms is a substantive
modeling decision.

This relative treatment avoids two opposing errors. Struc-
tural identity should not be inferred from identical molecular
formulae, while any microscopic difference need not prevent
useful structural comparison. A scientifically informative

equivalence relation is indexed by the observables and trans-
formations that matter for the task. It will become essential
when assessing the first conjecture: equality in a coarse
structural representation is compatible with inequality in
other physical state variables.

2.2 Grammar And Reaction Mechanism

Rule-based chemistry already distinguishes a transformation
pattern from its particular realization. A rule may specify a
local bond rearrangement, while an occurrence of that rule
depends on a matched substrate, environment, and possibly
additional constraints. Graph-rewriting methods for chem-
istry and the Kappa formalism for molecular interactions
have exploited this distinction to compress combinatorially
large reaction spaces and to trace causal organization (An-
dersen et al., 2013; Boutillier et al., 2018). Hypergraph
grammars have also been used to preserve chemical validity
in generated molecular representations (Kajino, 2019).

The adjective generative nevertheless admits several sci-
entific interpretations. A formal rewriting relation s = s’
may assert only that s’ is syntactically produced by a rule.
A stochastic generator supplies rates or event probabilities
for such transitions. A microscopic physical theory attempts
to explain which effective events are supported by interac-
tions and energetic constraints. These levels are related,
but none can be substituted for another without a specified
interpretation map and an argument for its adequacy.

Definition 2.2 (Generative Description). A generative
description of a system on a domain D comprises (i) an
admissible state or structural class, (ii) an effective speci-
fication of permitted constructions or transformations, and
(iii) a semantics that relates those constructions to the target
system. The semantics may be structural, stochastic, or
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physical; its level must be declared.

This definition is deliberately broad enough to accom-
modate grammatical rewriting, deterministic dynamics, and
constrained stochastic processes. The grammar is an explana-
tory mathematical representation whose relation to physical

3 processes requires independent modeling. Indeed, an ad-

missible derivation in a chemical graph grammar can lack a

5 realizable reaction pathway, whereas one effective reaction

may aggregate multiple microscopic processes. Chemical
models must therefore include thermodynamic and kinetic
restrictions in addition to structural validity. Nonequilibrium
thermodynamics of reaction networks supplies established
tools for evaluating such restrictions in chemically specified
settings (Rao and Esposito, 2016).

An additional complication concerns the meta-level. A
grammar describing molecular structures differs from a meta-
grammar describing how families of such grammars can be
constructed or restricted. A mathematically defined meta-
grammar can be valuable even when there is no evidence
that the corresponding higher-order grammar is a physically
independent entity. Representational adequacy and physical
generative causation are distinct questions. This distinction
will guide the treatment of the third conjecture.

2.3 Symmetry In Laws, Realizations, And
Histories

3 Symmetry provides a precise vocabulary for expressing

relations among transformations and their outcomes. Given
a group G acting on a state space X, a state x has stabilizer
Stabg(x) = {g € G : g -x = x}. A modeling law may
be equivariant under G even if its particular realizations
have smaller stabilizers. For a context space C, it is often
necessary to transform the context along with the state: a
mirror-related reaction in a mirror-related environment is not
generally equivalent to reflecting a reactant while retaining
a chiral environment unchanged.

A distinction between a symmetry of the model and a
symmetry of the solution is particularly important. In a
deterministic model with a unique flow, if both the con-
text and initial state are invariant under a group element,
equivariance preserves that invariance for all subsequent
times for which the flow exists. Accounts of spontaneously
selected asymmetric outcomes therefore require appropriate
treatment of unstable equilibria, perturbations, stochastic
fluctuations, limiting procedures, or environmental asym-
metries. A generic diagram of G — H is a useful record
of residual symmetry, but cannot by itself demonstrate a
physical symmetry-breaking event.

Group-based labels may serve a second, distinct role
in constructing relational spaces. In GFT, fields defined
over products of groups interact to generate combinatorial
complexes, with a formal relation to spin-foam state sums in
quantum gravity (Oriti, 2014; Oriti et al., 2014). The use of
group representations and complex gluing in such theories is
mathematically suggestive for discrete generative chemistry.
Yet the physical interpretation of those labels does not
automatically carry over: a molecular bond, a reaction event,
and a two-cell of a spin foam are different objects. We use

5 the field-theoretic construction as an exploratory generative

formalism, and reserve the question of a chemically justified
dynamics for independent treatment.

2.4 Chemical Properties and Functional Roles

The word semantics is useful under the condition that it
is constrained by a declared scientific task. In a structural
grammar, semantics may mean the mapping from symbols
to molecular configurations. In chemistry and biology, it
may mean the causal consequences of a component within
a larger organization. A molecule can participate in mul-
tiple processes, with its functional contribution depending
on partners, concentrations, phase, location, and timescale.

One must also distinguish a measured response from a nor- 2

matively or evolutionarily attributed function: a substance
may have a physical effect without possessing a goal or an
intrinsic meaning.

The literature already contains mathematical attempts to :

define molecular codes through chemical reaction networks
and to identify information significant for a system’s contin-
ued organization (Gorlich and Dittrich, 2013; Kolchinsky

and Wolpert, 2018). These are relevant antecedents, not 303
special cases proven equivalent to the present proposal. The :

proposed inquiry focuses on whether generative histories
and symmetry information can improve the determination
of context-dependent roles beyond what a fixed structural
representation provides.

For a reference system and evaluation protocol J, a func-
tional descriptor may be a scalar score, a vector of responses,
a time series, or a probability law over observations. A
property such as catalytic activity is meaningful only after
specifying substrates and conditions; a biological role addi-
tionally requires a system boundary and causal or evaluative
criteria. We therefore treat functional semantics as relational
and operational throughout. Its connection to generative
formalisms is a question to be investigated, rather than a
preinstalled interpretation of their symbols.

2.5 Status of Universal Order

The appearance of recurring forms across chemical structures
suggests common constraints and often rewards higher-order
explanatory models. Yet the inference from recurrence to

a physically instantiated universal grammar is underdeter- 3

mined unless the intended ontology is stated. At least three

claims must be distinguished: that structural regularity is ob- :
served; that a compact grammar predicts or generates those 3
structures; and that the grammar is a causally fundamental 3
constituent of the physical world. The first can motivate the 3:

second; the second does not, without further premises, entail
the third.

The analogy with linguistic Universal Grammar is instruc- 333

tive precisely because it must remain limited. Chomsky’s

account of language design differentiates genetic endow- 333
ment, linguistic experience, and more general computational 3
principles (Chomsky, 2005). Evidence for regularity or 3:
generative productivity in languages alone does not deter- 3

mine which of these sources provides a given constraint.

Similarly, an informative chemical meta-grammar may be an 3
effective compression of physical constraints, a description :
of an emergent organizational regime, or—subject to further :
argument—a more primitive physical mechanism. These :
are alternative explanatory interpretations, not linguistic and 34

chemical entities assumed to be identical.
The framework therefore makes a methodological commit-

=7 ment to symmetry-first modeling, rather than a metaphysical
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commitment to symmetry-first ontology. Its two generative
formalisms explore what can be constructed under chosen
group-theoretic constraints, while its third conjecture asks
when evidence can discriminate between realist and non-
realist interpretations of their meta-generative structures.

3 This restriction makes a more ambitious investigation pos-

sible without prejudging the existence or uniqueness of a

5 universal order.

3 Methodological Foundations

The paper develops a formal and conceptual investigation; its
empirical component consists of proposed tests and connec-
tions to established chemical observations. Its methodolog-
ical purpose is to specify mathematical objects, formulate
conditional predictions, and identify the empirical or logical
procedures by which those predictions could be evaluated.
To prevent mathematical construction from being mistaken
for physical discovery, we distinguish four levels of claim:
representational admissibility, mathematical validity, physi-
cal adequacy, and ontological attribution. The levels support
one another when appropriate justification is supplied, but
no level is assumed to imply the next automatically.

3.1 Common Language for Two Formalisms

The two formal developments will use distinct mathematical
constructions; a minimal interface is nevertheless useful. Let
X denote an admissible state space, C a space of contexts or

3 boundary conditions, and G a group with specified actions

on states and contexts. Let @ represent the chosen physical
or effective evolution, and let 7, be a structural observation
at resolution r. Let J index a finite or measurable class
of functional tests, with a response map u(x, C,J) into an
outcome space Y or into probability distributions over that
space. A schematic interface is

3=(X,C,G,p,T,D,J, ). 1)
This is an interface signature that permits comparisons
among formalisms with distinct underlying objects. Formal-
ism I will specify grammatical rewriting and equivariant
evolution on suitable state representations. Formalism II
will introduce labeled relational complexes and a group-
field-inspired mechanism for their generation. Comparison
between the two requires an explicit map from generated
objects to a common physical or effective state descrip-
tion. Visual similarity alone leaves any equivalence theorem
unestablished.

Assumption 3.1 (Declared Observational Resolution).
Every claim of structural identity, symmetry, trajectory
correspondence, or functional equivalence is indexed by
an explicitly identified representation, context domain, and
observation or intervention protocol.

Under Assumption 3.1, a test of history-dependent func-
tion compares states judged equivalent by a declared 7.,
prepared under specified histories, and evaluated under a
common protocol. Likewise, a claim about symmetry break-
ing requires an explicit action, reference state, and method
for estimating residual symmetry. This makes it possible to
discover whether an apparent history effect disappears once
previously omitted physical state variables are measured.

3.2 Operational Comparison Of Paths And
Functions

For a generative trajectory vy : [0,7] — X with endpoint
Xy, write B(y) for a symmetry-history descriptor. Such a
descriptor may record a stabilizer history, order-parameter
trajectory, transition sequence, or defect-formation statistics;
it is not assumed to be uniquely recoverable from a termi-
nal molecular graph. For a fixed context C and evaluation
protocol J, let P, c ; denote the resulting distribution of
measurable functional outputs. If the response is deter-
ministic, the distribution is a point mass. The following
comparison is the prospective empirical core of the first
conjecture:

Tr(xyl) =T, (xyz)’
B(y1) # B(y2),
dy(Py, c,.0,Py,ci) > €.

@)

Here ~p is a declared history equivalence, d; a suitable
distance between output laws, and ¢ a justified tolerance
incorporating measurement and modeling uncertainty. The
last inequality is festable, unlike an unqualified assertion that
the same structure has two intrinsic meanings. A complete
study would control external conditions, quantify preparation
variability, and examine possible mediating terminal-state
differences.

The second conjecture requires a different design. For
a symmetry-preserving reference state xo and a realized
state x 7, consider the respective capability sets ¥ (xo, C, J)
and F (x 7, C,J) under the same class of permitted interven-
tions. The desired comparison is not merely Stabg (xr) &
Stabg (xp); it additionally asks whether a function belongs
to the latter capability set but not the former, or vice versa,
depending on a predeclared direction of comparison. For
the conjecture proposed here, the relevant existence claim is

T(Xf,C,J)\T-(XQ,C,J)¢@. 3)

An observation of changed symmetry alone is insufficient
evidence for Eq. (3). A defensible analysis therefore requires

evidence for the functional distinction and a comparison -

against simultaneous physical changes that may explain it.

Remark 3.1 (Complete-State Sufficiency). When a closed
description contains the complete dynamical state and its
evolution is Markovian under the specified conditions, the
future distribution is determined by that state and those
conditions. Any dependence on a recorded past must then
operate through the present state, a changed context, or a
historically defined evaluation of function. Anindependently
acting “memory of the past” is not posited.

This remark separates physical history dependence from
attribution of historical or evolutionary functions. The first
may be tested by expanding the state description until dynam-
ics become predictively adequate. The second additionally
demands an explicitly justified account of how a role is
assigned to a component within an organization and its
history.

3.3 Contrastive Model Construction

The third conjecture requires a different method because

403 it concerns the ontology of generative descriptions. Let 4
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T = B U E be a formalized collection of accepted back-
ground commitments B and observational constraints E.
Let Hps be a well-formed claim that a physically substan-
tive meta-generative structure exists in the modeled domain.
Importantly, Hy; cannot mean merely that some symbolic
meta-grammar can be written down: that mathematical
existence would be too weak to address the intended dispute.

Definition 3.1 (Relative Existential Underdetermination).
An existential hypothesis Hyy is underdetermined relative
to T if there exist admissible interpretations 9t and M _ in
which T holds but Hj, has opposite truth values:

M, =ETAHy,
+ | M @
M _ |= T A=Hp.
Proposition 3.1 (Non-Entailment From Contrastive Mod-
els). If models satisfying Eq. (4) exist, then T [ Hy, and
T | =Hpy.

The argument is elementary but indispensable: semantic
entailment requires truth in every admissible model of the
premises. The pair in Eq. (4) supplies countermodels to
both proposed entailments. A complete proof is given in
Appendix A. This result concerns a specified theory and
interpretation class; it is not an application of Godel’s
incompleteness theorems and does not establish that the
physical world is intrinsically unknowable.

Logical non-entailment and empirical indistinguishability
must be handled separately. Let £ be a declared class of
experiments or observations and write Pg, for a model’s
predictive output law under protocol 7 € £. An operational
notion of equivalence is

M, =p  M_ = sup d,r(PS’,’m,P;JL) <e.
neP

&)

The criterion requires protocols, output spaces, distances,
and tolerance levels that render the supremum meaning-
ful. Agreement across currently available protocols may
establish temporary underdetermination. The scope remains
restricted to the declared protocols; future tests and compara-
tive theoretical merit remain separate assessments (Stanford,
2023).

To avoid an empty exercise in relabeling, admissible
competing models should possess coherent dynamics and
an explicit interpretation of Hjs; auxiliary assumptions
should be independently discussable. Merely appending an
observationally inert assertion to an existing chemical model
offers little explanatory progress. The burden of construction
is therefore stronger than producing a logically consistent
negation: one mustidentify a scientifically serious alternative
and show exactly where its ontological commitments diverge.

3.4 Discriminating Results for Three Conjectures

Sections 6-8 state the three research targets formally.
Generative-history dependence asks whether structural
equivalence at a specified resolution can coexist with distinct
functional outcomes mediated by retained state variables.
Symmetry-breaking functional emergence asks when reduced
realized symmetry corresponds to access to a previously
unavailable functional response. Ontological underdetermi-
nation asks whether plausible generative models that satisfy
the same observational constraints can support conflicting

claims about the existence of a universal meta-generative
structure. Their formal status is that of conjectures; the
paper will not convert evidence from one into an automatic
proof of another.

Successful mathematical work may yield several kinds of
results: an equivariance theorem for a specified rewriting
or evolution operator, a demonstration that one structural
language can distinguish states that another collapses, a
conditional correspondence between grammatical deriva-
tions and two-complex histories, or a countermodel to an

unqualified ontological inference. Chemical-mechanism val- 52
idation additionally calls for independent empirical evidence :

or physically grounded derivations. In particular, the exis-
tence of a representation with GFT-like interaction vertices
cannot by itself demonstrate that a GFT is the fundamental
dynamics of chemistry.

The practical order of evaluation is consequently: con- :

struct explicit finite examples and verify their algebraic
consistency; specify which variables and parameters ad-

mit physical interpretation; establish theorems where their 5:
assumptions are available; and compare predictions with de- 533
fensible chemical observations or validated models. In view 5:
of the dual-use character of some computational chemistry 53:

capabilities, initial examples can remain at the level of benign

model systems, known material phenomena, and abstract 5:
reaction networks without specifying hazardous synthesis or 5:
autonomous laboratory procedures. This research program 5:

leaves room for strong mathematical statements while with-
holding stronger physical and ontological conclusions until
they have earned support.

4 Group-Equivariant Chemical Grammar

The first formalism introduces a typed chemical graph gram- 5
mar before assigning physical dynamics to its productions. :
Its elementary objects are terminal chemical labels, non- :
terminal expansion sites, an initial sentential graph, and :

admissible productions. A symmetry group subsequently
acts on this syntax together with chemically specified con-
texts.
a physical transformation remains explicit throughout the

The distinction between a formal derivation and 53
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construction (Andersen et al., 2013; Boutillier et al., 2018). 552

4.1 Grammar Signature, Terminals, And
Production Rules

Definition 4.1 (Chemical Structural Grammar). A typed 5:

chemical structural grammar is a tuple

I' =21, 2N, S, P, ChemG, C, G, p),

where Xt is a finite alphabet of ferminal types (atom labels 3
with declared attributes, bond labels, and any admissible s:

terminal annotations); Xy is a disjoint collection of nonter-
minal symbols with typed attachment ports; S is the start
graph, possibly containing nonterminals; ¥ is a family of

typed production schemas; ChemG is a chosen category of 5
finite typed attributed graphs or interface hypergraphs; C 3

is the context space; and (G, p) specifies compatible group
actions on the relevant graphs, contexts, and productions.
The rules in # are subject to declared port-matching and
chemical-admissibility conditions.

A nonterminal A € Xy denotes a formal unresolved expan-

(6) s
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sion site, with attachment arity k(A); it marks unresolved 621 Definition 4.2 (Contextual Chemical Production Rule).

connectivity in the formal derivation; its chemical interpreta-
tion arises through a completed terminal graph. A terminal
derivation ends in a graph whose labels are drawn from Zt
and that satisfies the selected closure, bond, valence, and
attribute constraints. Molecular geometry and electronic
state can be supplied by a richer interpretation of that graph.
A graph-expansion production has the schematic form

p: A(u) — H,(u),

Xp(xsc,m):l, u:(ul,”. (7)

L UL).

where H), is a typed replacement graph with the same
declared interface, m is a match, and y/, tests the intended
surrounding state and context. More general chemical edits
use the double-pushout span in Definition 4.2; the expansion
syntax and the physical graph-edit semantics are linked by
an explicit interpretation map. Write S =, T for a finite
derivation and define the terminal structural language

Liem(T'5C) = {[T]E ) :;),C T, ®)

T terminal and admissible}.
The quotient by typed-graph isomorphism is optional when
atom identities or orientation labels are themselves observ-
able. A physical realization map and physically calibrated
transition rates impose further restrictions on this syntactic
language.

Figure 2 makes the distinction among start symbols, non-
terminals, terminal atom-and-bond labels, and replacement
rules visually explicit. The demonstration derives an ethanol
connectivity graph as a formal graph construction; abbre-
viated terminal fragments display the completed atom-and-
bond structure, while nonterminal ports record unresolved
connectivity at intermediate steps. Chemical synthesis
pathways require separate reaction conditions and kinetics.
Figure 3 then illustrates multiple successive graph operations
in a peptide-backbone bookkeeping example. Appendix K
restates the same objects in implementation-oriented terms
so that the tuple, rule syntax, and execution order can be
translated into code with minimal ambiguity.

4.2 Typed States And Context-Sensitive Rules

Fix a category ChemG of finite typed, attributed graphs with
an explicit distinction between immutable atom identifiers
and mutable attributes (notably formal charge and selected
bond labels). A rule changing a preserved vertex attribute
is represented using partially labeled DPO interfaces with
injective matching, following the relabelling construction
of Habel and Plump (2002). Strictly label-preserving mor-
phisms apply to the attributes declared immutable. An object
may represent a molecular configuration or a collection of in-
teracting components. A structural semantics 75 : X — &
associates a physical/effective state x € X with a graph or an
isomorphism class of graphs at resolution r; the states may
retain positions, conformations, environmental components,
or other degrees of freedom not captured by 7,.. In particular,
T, is allowed to be many-to-one.

622
623
624

A contextual production rule is a tuple g = (L, <li K, R
Ry, X4, v4) with an injectively matched DPO span and a
contextual predicate y,(x, C,m). In the relabelling variant,
the interface K, may leave mutable attributes partially un-
specified; L, and R, carry the corresponding initial and final
values. Preserved atom identifiers and declared immutable
types match across the span. The state lift v, maps an
admissible structural rewrite into an effective state change

,m;C
x 2 i, Applicability requires the appropriate gluing

conditions, a compatible partial-label pushout, y, = 1, and
a well-defined state lift.

Figure 4 makes the local edit explicit for a chemically
familiar acid-base equilibrium: it highlights one oxygen—
hydrogen incidence being deleted and another introduced,
with the proton retained as the same typed atom. This is more
informative to a chemical reader than the abstract production
span alone. The charge annotations and molecule inventory
are part of the rule datum; a complete solvent-mediated
mechanism requires additional physical information.

The relabelling DPO span uses K, to identify preserved
vertices and edges while permitting their mutable attributes
to change between L, and R,. For proton transfer, two
oxygen vertices remain in the interface with partially unspec-
ified charge labels; the left and right graphs prescribe neutral
and ionic charge states respectively. This explicit relabelling
is essential for the example in Fig. 4 (Habel and Plump,
2002). The state-change specification v, may be determinis-
tic, set-valued, or probabilistic; a calibrated interpretation
can describe an effective approximation to microscopic
transitions. DPO admissibility identifies structurally valid
rewrites; a separate physical model assigns microscopic
mechanisms. For changes in bond order represented by at-
tributed edges, the choice of attributed-graph category must
make the proposed relabeling operation valid. Activation
barriers require additional energetic and kinetic information
beyond graph matching and atom-valence screening.

A context C can specify temperature, chemical activities,
confinement, external fields, or imposed chemical reservoirs.
A catalyst dynamically produced by the modeled system
belongs to x, whereas a catalyst held fixed by external
control may be incorporated into C. This allocation follows
the modeled system boundary and remains fixed across a
declared comparison. By using conditions on the matched
surrounding state, the construction permits context-sensitive
rule application without asserting that every rule is context-
sensitive in the exact string-language sense of the Chomsky
hierarchy.

Assumption 4.1 (Chemical Accounting). For every physi-
cally interpreted reaction event, all declared atomic species
and electric charge are conserved across the total modeled
system, including explicit reservoir transfers where applica-
ble. Any effective event that aggregates microscopic steps is
identified as such; its parameters must be justified separately.

Let N € Z™™ be the stoichiometric matrix of a finite
species-level projection and A € N¥*" the matrix recording
atom counts by element. In the closed, non-nuclear case, the
accounting condition requires

AN =0,

Z'N =0, ©)
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Start Graph S Intermediate Graph Terminal Graph T

) pP1 | P2
. Ao : CH3 : Taily ‘ CH3 CH; OH
Nonterminal Terminal + Nonterminal Terminal Labels and Bonds
Production Schemas: p; Ag() — CHz-Tail P2 Tail; (u) — u—-CH,-OH
Symbol Key: Dashed Boxes = Nonterminal Sites; Solid Boxes = Terminal Fragments; Solid Lines = Bonds

Figure 2: Typed Grammar: From a Start Symbol to an Ethanol Connectivity Graph. The first production replaces a zero-port start
symbol with a methyl fragment and a one-port nonterminal. The second resolves the attachment to a methylene—hydroxyl fragment. The
terminal boxes abbreviate atom-and-bond subgraphs with implicit hydrogens; the output is a fully resolved connectivity graph. This is an
illustrative graph derivation, distinct from a laboratory reaction mechanism.

Initial pool Sy After g: S After g;: S»
‘ Gly ‘ ‘ Gly, ‘ Glys _n ‘ Gly H Glyz ‘ Glys ‘ " ‘ Gly H Gly, H Glys
Three Separate Units Dipeptide + Glycine Tripeptide Backbone

Net bookkeeping: two amide links formed, with 2H,O released under a suitable coupling chemistry. Here g1, g2
are formal graph operations; their physical implementation depends on independently specified reaction conditions.

Figure 3: Successive grammatical generation of a labeled glycine backbone. A typed rule transforms an admissible structure into
another admissible input. Heavy black bonds mark newly formed peptide connectivity; the labels distinguish bookkeeping identities rather
than different chemical glycine species. Actual peptide coupling requires additional chemical conditions and kinetic treatment.

where z records species charges. For an open system, the total 639,

balance accounts for reservoir columns or explicit exchange 681 . . . . o
. . . . 711 1is closed under the specified group action, with admissibility

terms. These equations impose conservation constraints. 682
712

Geometric, energetic, spin, and kinetic restrictions provide
further conditions for physical realizability.

4.3 Group Actions On Grammar And
Environment

Let G be a group with a specified action on X and C, and let
g act by structure-preserving functors or equivalences on the
chosen graph category. The group may encode permutations
of equivalent labels, molecular or collective spatial symme-
tries, or abstract effective-model symmetries. The group
action is selected to reflect the observable of interest: for
example, a chirality-sensitive representation retains the effect
of orientation-reversing spatial operations. Compatibility
with structural semantics requires a specified equivariant
isomorphism 7, (gx) = g7,(x); it is not automatic for a
chosen coarse-graining map. A group that acts trivially on
connectivity can act nontrivially on the spatially enriched
state x.

Definition 4.3 (Equivariant Physical Interpretation). An
equivariant physical interpretation of the structural grammar
I' in Definition 4.1 consists of

G=T,X. T, R, x, V), (10)

where X is the chemical-state domain, 7, is its chosen
structural representation, R contains matched production
or rewriting events, y evaluates their context-dependent
admissibility, and v supplies the allowed state changes. The
actions p extend consistently to states, matches, and events.

. . q,m:C .
In particular, a transition x == x’ has a corresponding

" 89,8m;gC , .
transformed transition gx ————= gx’. The event family

conditions transforming equivariantly.

This definition is a condition on a family of transfor- 713
mations and matches, while treating chemical reactions as 714
transformations distinct from group elements. Reaction steps 715
are often irreversible at the effective level. Composition of 716
applicable rewriting steps is captured by a rewriting category 717
or path structure; the group acts on this structure without 718
turning its arrows into invertible reactions. 719

Proposition 4.1 (Equivariance Of Derived Rewritings). 720
Suppose G acts by graph-category equivalences preserving 721
the required DPO squares, every transformed match is ad- 722
missible exactly when the original match is, and the state 723
lift v commutes with the action. Then the set of admissi- 724
ble one-step transitions is G-equivariant. Moreover, any 725
finite derivation xo = - - - = x,, is carried into a derivation 726
gxog = - -+ = gx, of the same length. 727

The result is conditional but useful: applying the group 728
action to a commuting DPO construction again yields the 729
corresponding construction, and the conclusion extends 730
by composition. The full proof, including why matches 731
and their multiplicities matter, is given in Appendix B. 732
The proposition establishes formal covariance under stated 733
assumptions. Symmetries of specific reaction environments 734
and experimental realizability require independent evidence. 735

Figure 5 depicts the covariance requirement as a commut- 736
ing square. Its upper row is a mirrored pair of tetrahedral 737
stereochemical configurations; the vertical arrows represent 738
abstract admissible rules transformed consistently with their 739
chemical context. Figure 6 then illustrates that different 740
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(a) Matched Reactants (b) Atom-Tracked Edit ¢ (¢) Product Graph
CH;C(= 0)O-H* q delete Oyeig—H" product CH;C(= 0)0~
+H,0 insert Oywgaeer—H* + H,OH**

Acetic acid + water = acetate + hydronium. H* tracks the transferred proton; bond ed-
its are a formal net description, distinct from a resolved solvent-mediated mechanism.

Figure 4: Local graph rewriting of acid—base connectivity. The marked proton moves from an acid oxygen to a water oxygen. A matched
rewriting operation updates two bond incidences and the relevant charge labels while retaining atomic identity and net accounting. Real
reaction pathways and propensities require an independently specified physical model.

orders of local rule applications can terminate in the same

741

A finite reaction-network projection illustrates the rela-

labeled molecular backbone. The latter is a statement about 742 tionship to conventional kinetic chemistry. For species-count
derivation multiplicity, compatible with multiple histories 743 vector n and stoichiometric increments v,, the generator

while leaving their physical retention open.

s 4.4 Derivations and Chemical Stochastic Dynamics

To represent physically occurring events, associate to an
admissible rule-match pair (g, m) a nonnegative propensity
ag,m(x,C). For definiteness, consider a countable state
space with finite outgoing total rates and event maps J , (x).
The observable generator of a continuous-time Markov jump
process is

LehHx =D D)

g€R meMatch(q,x)

X [f(Jgm¥) = f(x)].

Where microscopic positions and conformations are retained,
this expression may be supplemented by diffusion, Hamil-
tonian or overdamped terms, provided their transformation
laws are also specified. The observed reaction rate should
not be inferred merely from the number of syntactic matches:
automorphisms, physically indistinguishable occurrences,
statistical factors, and the selected state convention all affect
counting.

ag,m(x,C)
(11)

Assumption 4.2 (Covariance Of Propensities). For each
admissible (¢, m) and g € G, transformed matches are in
bijection and satisfy

Agq,gm(8%,8C) = agm(x,C),

(12)
ng,gm(gx) = ng,m (X)

5 The sums in Eq. (11) converge sufficiently for the operations

below.

Proposition 4.2 (Covariance Of The Jump Generator).
Under Assumption 4.2, for every admissible test function f,

(Lgcf)(gx) = Lc(f 0 g)(x),

where (f o g)(x) = f(gx). For fixed C invariant under
g, a well-defined unique Markov semigroup consequently
commutes with the induced action on observables.

13)

Proof by reindexing the sum is in Appendix B. This
proposition is not a claim that the stochastic process remains
symmetric in every realized history: an invariant law may
assign positive probability to asymmetric realizations. If C
varies in time, both the path C; and its transform gC, must
enter the covariance statement.
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includes f(n + v4) — f(n), and its first moment satisfies
%E[n,] = 24 v¢Elag(n;, C)] whenever the expectations
exist. An ordinary concentration equation ¢ = Nv(c,C)
requires an additional closure or large-system limit; gen-
erally E[a(n)] # a(E[n]). Thermodynamic consistency
imposes restrictions on physically reversible channels and
associated reservoirs, for example via local detailed balance
(Rao and Esposito, 2016). Equivariance and thermodynamic
consistency are separate conditions; one does not substitute
for the other.

4.5 Symmetry Selection, Trajectories, And
Function

Let G¢ = {g € G : gC = C} be the symmetry group
of a fixed environment, and set H, = Stabg,.(x). For a
path v : t — x;, a history descriptor B(y) may include
residual stabilizers Hy,, order parameters Q(x;), defects,
or other conserved and dissipated records. This descriptor
is model dependent. A grammar derivation records rule
applications, whereas a physical history descriptor may
additionally record elapsed times, fluctuations, intermediate
conditions, and retained material organization. In particular,
two syntactic derivations need not correspond to two distinct
chemical preparation histories.

Lemma 4.1 (Stabilizers Under Equivariant Flows). If a
deterministic flow <1>’C is unique and G c-equivariant, then
every g € Hy, remains in H(Dtc (xo) for all times where the
flow is defined. If the flow also admits an equivariant
inverse between the initial and evolved states (as for a well-
posed finite-time Lipschitz ODE flow), then Hd)tc (xo) =
H,, exactly. Stabilizer enlargement can occur under non-
invertible evolution or in an asymptotic limit.

This constraint, proved in Appendix B, is essential when
interpreting “spontaneous” symmetry breaking. Symmetry
selection in chemistry can involve asymmetric seeds, thermal
or intrinsic fluctuations, unstable states, finite-size behavior,
and limiting procedures. Simply writing G — H does not
supply such a mechanism. It is also necessary to distin-
guish physical global symmetries from gauge redundancies;
breaking the latter is not by itself a gauge-invariant physical
observable.

To formalize the paper’s restricted use of function, let J
specify a protocol (system boundary, permitted interventions,
measured outputs, and timescale). Define a response law

779
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Chiral Input x, ‘

p: Transform State and Environment

‘ Mirrored Input x- = px;

Context C, Configuration + ‘

Apply ¢

Y

Generated State x’ ‘

\/

‘ Context pC, Configuration —

Apply pgq

Y

‘ Mirrored Generated State px’

Rule g in Context C ‘

p: Transform Result and Context

Rule pg in Context pC

\4

The Commuting-Square Property Compares Complete State—Rule—Context Data; Fixed Chiral Environments Can Restrict the Available Symmetry.

Figure 5: Equivariance as a Commuting Diagram. Mirroring the state, applicable production, and environment gives the corresponding
transformed output when the specified equivariance assumptions hold. The boxes specify formal transformation data; chemical synthesis

requires a separately calibrated mechanistic model.

G | G | G
three glycine units + required coupling resources
1 ¥ 423
G -G, | G G | G2-Gs
first join (1,2) first join (2, 3)
| q9(12)3 q1(23) |

common labeled backbone; 2H,O net released

G1-G2—Gs

The two routes are alternative formal derivations. Their physical realizations can be
studied by enriching the state with activation, solvent, and intermediate information.

Figure 6: Derivation Histories Can Be Non-Unique for a Given Terminal Graph. Two formal orders of joining three glycine units
yield the same labeled three-unit backbone with the same net stoichiometric bookkeeping. This illustrates the non-injectivity of the

derivation-to-product map, a prerequisite for history-dependent functional differences and a useful starting point for an explicit physical test.

Chemical realization is strengthened by activated chemistry and explicitly modeled intermediate conditions.

Py.,c,; on an output space and write u(x,C,J) = Py c,;,
or use a justified functional of that law. In a symmetric
evaluation framework, transformation of context and protocol
yields the corresponding transformed response; holding a
chiral environment fixed while reflecting only a molecule
need not preserve its response. A candidate functional effect
of history must therefore be assessed through the richer
terminal state x, or through an explicitly historically defined
attribution, as required by Remark 3.1.

This formalism is general enough to state the first two
conjectures without assigning them truth values. It specifies
what a corresponding mathematical or experimental test must
preserve, what it must compare, and which physical claims
remain external to the grammatical construction. The second
formalism instead starts with a space of relational complexes
and asks whether a group-theoretic interaction model can
generate organized histories which admit a justified chemical
reading.

5 Relational Complexes And
Group-Field-Inspired Generation

The second formalism investigates an alternative generative
order: relational complexes themselves are constructed from
interactions of group-labeled constituents. This approach is
motivated by the combinatorial organization of group field
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844
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10

theory (GFT), whose stranded diagrams naturally define

849

two-complexes (Boulatov, 1992; Oriti, 2014; Oriti et al., 850

2014). Its role here is exploratory and specific. It supplies

851

a way to encode possible organization and histories of 852

formation, while physical chemical structures enter only
after a separately defended interpretation. It is thus neither
a translation of the preceding graph grammar by definition
nor a quantum-gravity theory of molecular bonding.

5.1 Two-Complexes With Distinct Chemical
Readings

Let K be a finite oriented two-dimensional cell complex

with vertex, edge, and face sets (V, E, F), characteristic

attaching maps, and type labels ¢. Its cellular chain groups
and boundary maps satisfy
& 2]

C2(K) — C(K) — Co(K),

816, =0. (14

The attaching maps, not solely the cardinalities

(|V1,|E|,|F|), determine the relevant incidence relations.

For a CW complex, attaching data can represent loops and
repeated incidences; a simplicial model is a more restrictive
special case. Betti numbers and homology groups derived
from Eq. (14) record properties of the chosen complex, but
they do not by themselves identify chemical functionality.
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Definition 5.1 (Relational Two-Complex Datum). A rela- srv is required to define a convergent real finite-dimensional
tional two-complex datum is Ky = (V,E, F,d,¢, 3), where 872
0 abbreviates cellular attaching and incidence information, 873

¢ assigns declared discrete or group-representation labels,
and S specifies optional boundary data. Isomorphisms pre-
serve all declared incidence, label, orientation, and boundary
structures, up to explicitly allowed relabelings.

There are at least two distinct intended readings. In
a structural complex, vertices and edges may represent
constituents and bonds while selected faces encode cycles,
multi-center interactions, or motifs; these faces are repre-
sentational choices to be physically justified. In a history

3 complex, vertices may represent interaction events, edges

may encode compositional continuation, and faces record
relations among strands of such processes. Neither reading
identifies a chemical ring with a face of a GFT Feynman
diagram by fiat. A map from history complexes to chemistry
must declare which cells are events, which are conserved
components, how boundary data correspond to input/output
conditions, and what information is discarded.

A key methodological consequence is that different com-
plexes may have isomorphic boundary structures. Con-
versely, two isomorphic complexes can bear different ad-
missible labels. Thus the equivalence relation on complete
generative histories may be finer than equivalence of ob-
served terminal structures. This mathematical possibility
underlies an informative test of Conjecture I, although it
provides no physical evidence until the complex carries a
chemically calibrated realization law.

The representation step is made concrete in Fig. 7. The
graph of a benzene carbon ring has six edges and a cycle;
choosing to fill that cycle with a 2-cell produces a different
topological model, rather than discovering a preexisting
chemical “face”. The distinction is essential when giving
labels chemical meaning.

5.2 Group Fields As Generators Of Gluing
Patterns

Choose, for a regulated construction, a finite group G or
compact group with a declared measure and a finite set
M of internal types. The finite Z, examples below use
counting measure, yielding Vi [1] = 2% = 64. Replacing
each sum by normalized Haar integration changes this value
to 1; every normalization-dependent amplitude and Gaussian
covariance must then be adjusted consistently. Let d > 2.
Consider a complex-valued field

/8

A conventional GFT often uses an additional diagonal right-
invariance (or projector) on its group arguments. We treat
such invariance as an optional specification of the model’s
kinematics. It must not be conflated with a chemically
observable symmetry that may be broken: the corresponding
gauge redundancy has a different interpretative status.

A general regulated action takes the form

SAl, 0] = W Kap) + ) AaVanly,i]

a€cA

G4xM — C. (15)

(16)
+ Sreg,A [llf, ‘/7]’

where the kernel K, controls pairings, each polynomial
Va.a prescribes a stranded gluing pattern, and the regulator

11

partition integral for the specific sign-indefinite tetrahedral
quartic below. The cutoff A can restrict representation
labels or other degrees of freedom. No particular chemical
bond potential is implied by this abstract action. At a fixed
regulator the partition function is

Zy = / dy dy exp[-Salv.d1]. (a7
For a genuine probability interpretation, the regularized
measure must be real, nonnegative, normalizable, and used
with an explicitly suitable action. Complex amplitudes in
a quantum-field expansion are not automatically reaction
probabilities or physical elapsed-time weights.

Example 5.1 (A Finite-Group Tetrahedral Interaction).
Take d = 3, M = {«}, finite G, and a real field y : G> — R.
One possible fourth-order stranded interaction is

2

a,b,c,d,e,feG

Xy (e, b, HY(f.d.a).

Vtet['yl’] = (//(a’b’c)(//(c’ d’ 6)

(18)

Every index occurs twice, defining a six-strand pairing be-
tween four field factors. With an invariant quadratic part,
the transformation (Ugy)(a, b, c) = (g 'a,g7 b, g7 ")
leaves this interaction invariant under simultaneous relabel-
ing of the summed indices. A positive coercive regulator,
for example € 3, , . ¥ (a, b, ¢)® with € > 0, is required for a
convergent real-field integral when the sign-indefinite tetra-
hedral quartic enters with nonzero coupling. The quartic
is positive on constant fields and negative on other real
fields, so either sign of a standalone quartic coupling ad-
mits an unbounded-below direction. The example specifies
a combinatorial invariant, not a molecular reaction or a
demonstration of spontaneous chemical symmetry breaking.

Figure 8 provides a visual dictionary for group-field argu-
ments, strand identification, labeled two-complex formation,
and the additional chemical realization map. In particular, it
locates the currently unvalidated step: the transition from
combinatorial histories to measured chemical states. The
drawing indicates the type of gluing operation involved,
rather than claiming that an arbitrary two-triangle patch is
the exact Feynman amplitude of Eq. (18).

A Gaussian expansion generates stranded Feynman
graphs; their strand faces define two-complex incidence
data. For the convention So[y] = % > 2, counting measure,
covariance (Y apcWabr e )0 = Oaa’OpbOccr, and interaction
term AV, the precise formal series is

Z(ﬂ) Z( _Z

n>0 (T

W[‘(/l, G)

. 1
| AutT| (19

(Vierho

Here [I'] ranges over admissible stranded Wick-contraction
graphs, including self-contractions and disconnected vac-
uum components. With slot-preserving identity propagators,
each closed strand contributes |G|, so the graph weight
includes |G|F(1). If each quartic vertex is divided by its
automorphism order four, the equivalent graph convention
can be expressed with factors of (—42)"(); precise graph
automorphism factors follow the adopted labeled/unlabeled
convention. The expansion may be formal even when a
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(a) Carbon Connectivity (b) Chosen 2-cell

@ . @

O f = Zlel H =0

(c) Higher-Order Interpretation

assign a
physical label

motif or concerted interaction
Only if Chemically Justified

Ce: Hy = Face Labels Require Extra Evidence

Figure 7: A molecular graph does not uniquely determine a 2-complex. The six-carbon benzene skeleton is a cycle graph (hydrogens
and electron states suppressed). Attaching an oriented disk changes the homology of the chosen representation. A chemical meaning for
the face must be specified independently; aromaticity is not explained by the attached 2-cell, and a molecular motif face is not automatically

a group-field interaction-history face.

(a) Field Arguments (b) Gluing

Shared Incidence
(heavy edge)

¥(a,b,c)
group-labeled slots

(c) Complex (d) Readout

typed chemical

state X

Ke with
boundary data 8

requires physical
validation

Figure 8: Group-field-inspired route, read from left to right. Group-labeled field arguments are coupled through interaction data, here
schematized as Shared Incidences. The resulting labeled 2-complex is a candidate relational description. The dashed realization map
requires independent chemical calibration; the figure is not a derivation of a particular physical reaction from Group Field theory.

coercively regulated integral exists. Its symmetry factors
and allowed propagators belong to the field-theory definition.
The existence of such a sum offers a constructive represen-
tation of relational histories, but an amplitude A, cannot
be interpreted as a measured yield without independent cali-
bration. In standard GFT the complexes have a gravitational
or simplicial interpretation; that physical reading does not
transfer automatically to molecular or reaction complexes.

5.3 Interaction Symmetries and Gauge
Constraints

The finite tetrahedral polynomial admits a larger translation
symmetry than the single diagonal action used in Exam-
ple 5.1. Reversing the first and third argument slots is another
discrete symmetry of this particular contraction pattern. The
exact continuous/full symmetry depends on field reality,
restrictions, and the quadratic part. For finite G, define

(Ugn)(ab,c) =y(g ™ a,h™"b, g "),

(g,h) e GXG. 0)

The first and third argument slots transform together, whereas
the second slot transforms independently. Each contracted
index in Eq. (18) is therefore reindexed consistently. The
following statement concerns the polynomial itself; the
symmetry of a complete regulated action also depends on
its kinetic and regulator terms.

Proposition 5.1 (Extended Symmetry of the Finite In-
teraction). The interaction Vi is invariant under Eq. (20).
If |G| = n and ¢ is a real array, the same contraction
pattern is invariant under the larger O(n) X O(n) action
Za 'b’'c Qaa'Rbb’Qcc’Wa’b’c’, for orthogonal Q’ R.

The proof in Appendix C.4 uses index contraction and or-
thogonality. In this finite setting, G X G is a useful physically 1008

abc
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interpretable subgroup of a generally larger algebraic sym-1009
metry group. A claim about the symmetry of the full field 1010
theory requires an audit of the quadratic kernel, regulator,i011
field restrictions, and chosen gauge projector. 1012

For G = Z;, a diagonal right-gauge projector is 1013

(Py)(a,b,c) = S[y(a,b,c)+y(a+1,b+1,c+1)]. 211014

For the abelian group, diagonal left translation acts asiois
the same operation on the group arguments. Conse-1016
quently, P = (I + U)/2 projects out the entire simultaneous-1017
translation-odd sector. This example retains a clear distinc-1018
tion between the unprojected toy theory and the projected,1019
gauge-constrained theory. 1020

5.4 Field-Level Symmetry-Selection Mechanism 1021

Consider first the unprojected real field space for G = Z;, with 1022
counting measure. Denote its characters by y;jx(a, b, c) =1023
(=1)ia+ib+ke Under simultaneous translation U by the non-1024
trivial group element, the odd subspace is four-dimensional,1025
spanned by X100, X010, X001, X111- A complete test for broken 1026
U-symmetry is the nonzero odd field component 1027

Vodd = 3(¥ —UY),  Stabz,(¥) = {e} & toaa # 0.
(22)1028

A scalar Fourier coefficient detects one sector but is insuffi-1029

cient for a general symmetry test. For an interaction-derived 1030

reduced example choose the second-slot coefficient 1031

mly] =277 Z (-D)y(a,b,c). (23)1032

a,b,c
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On the one-dimensional subspace ¥; = tx010, this coeflicient
equals ¢, and exact finite summation gives

Vieltxoro] = 64t*, % Z y:(a,b,c)? = 4ur?,

a,b,c

Sred (1) = 4ut® + 6411*.

(24)

For A > 0, this sector-restricted polynomial has the famil-
iar Landau form with quartic coefficient derived from the
tetrahedral interaction. It is the restriction of the chosen
quadratic-plus-quartic action; global integrability still re-
quires a regulator. In comparison, Vie[?x100] = O for the
first-slot mode. The original first-slot coeflicient is there-
fore a flat direction of the quartic, while the second-slot
coefficient provides the stated nonzero term.

Proposition 5.2 (Symmetric Potential And Asymmetric
Minimizers). For a real scalar reduced potential W(z) =
at® + Bt* with 8 > 0, if @ > 0 the unique minimizer is t = 0.
For @ < 0, the minimizers are t. = +1/—a/(28). The result
applies to the second-slot restriction in Eq. (24) with @ = 4u
and 8 = 641 whenever A > 0.

The diagonal right-gauge projector P of Eq. (21) averages
over the same simultaneous translation U for abelian Z,.
It removes every U-odd mode, including yo10: Pxoio = O.
Accordingly, this direct quartic symmetry-selection example
lives in the unprojected toy model. Nonabelian left and right
translations need not coincide, but a physically meaning-
ful order parameter would still have to respect the gauge
constraints of the chosen theory. The projected relative-
odd sector below illustrates an alternative, with a distinct
symmetry subgroup acting on gauge-invariant fields.

Example 5.2 (Gauge-Invariant Relative Odd Sector). For
G =7, let

Yz =z(x110 + xo11)- (25)
Then Py, = ¥, and the residual relative operation U o of
Eq. (20) changes its sign. Direct enumeration gives

Valyel = 1282, 3 ye(a.bo) = 1627, (26)

a,b,c

The selected one-dimensional action is 8uz? + 1281z*. Its
minima can be analyzed by Proposition 5.2 with the cor-
responding coefficients. A full-field stability analysis, a
precise residual-symmetry interpretation, and an indepen-
dent chemical readout remain essential.

Thus the unprojected second-slot sector derives a positive
quartic, while the projected relative-odd sector provides a
gauge-compatible nonzero quartic. Their physical interpre-
tations depend on the associated choice of symmetry and
admissible field space.

5.5 Symmetry, Complex Measures, And Chemical
Readout

Let # be the set of admissible labeled complexes and let G
act on their labels in a manner preserving attaching maps. For
a selected regulated model, suppose a probability measure
mc on K is available. This may be obtained by a valid
positive ensemble construction, but is not identified with
the general complex amplitude in Eq. (19). The physical 1083
interpretation is represented by a stochastic kernel 084

Re(dx | Ke), xeX, (27) 10z

13

which returns a distribution of terminal chemical states given 1086
a labeled complex and a declared context. Deterministic 1087
readout is the special case of a point mass. This formulation 1088
makes unresolved or many-to-one chemical interpretations 1089
visible instead of hiding them inside a putative bijection. 1090

Assumption 5.1 (Equivariant Realization Law). The com-1091
plex ensemble and readout kernel obey, for every measurable 1092
AcCKX, 1093
T D) =nc(D),
gc(gD) = nc(D) (281004

Roc(gA | gKe) = Rc(A | Ke),

for measurable D C . The kernel is concentrated on states 1095
compatible with explicitly declared chemical accounting and 1096
admissibility conditions. 1097

Proposition 5.3 (Covariance Of Generated Structures).1098
Under Assumption 5.1, the induced chemical output law 1099

Oc(A) = / Rc(A | Ke) nc (dKr) (29)1100
X

is equivariant: Qoc(gA) = Oc(A). 1101

The complete measure-theoretic argument is given in1102
Appendix C. The result identifies a precise way to propagate 1103
an assumed symmetry through generation and interpretation.i104
It does not assert that the symmetry assumptions are fulfilled 1105
for any specific chemical preparation, or that a symmet-1106
ric ensemble forces each sampled state to be symmetric.1107
The relevant failure cases include a non-invariant context,1108
a symmetry-violating regulator, and a chemically invalid 1109
readout. 1110

5.6 Conditions for Relating Two Formalisms 111

A derivation in Formalism I is a composable sequenceiii2
of grammar rules and state changes. A history complexi113
in Formalism II is a labeled incidence structure with aii14
potentially different notion of order, locality, and amplitude.i115
The frameworks can be compared after selecting a common 1116
observational domain and an explicit bridge. Let # denote 1117
an appropriately specified class of grammatical histories, and 1118
consider a candidate encoding F : #z — % and chemical 1119
semantics E¢ : #Zz — P(X). A desirable compatibility 1120
condition is 121

Ec(h) = Rc(-| F(h)), h e s, B0)1122

possibly up to a quantified approximation error in an appro-1123
priate probability metric. For histories with multiple possible 1124
physical realizations, F may itself need to be stochastic or1125
relational. 1126

Definition 5.2 (Faithful Generative Correspondence). A1127
faithful correspondence at resolution r is a bridge satisfying 1128
a declared form of Eq. (30) and preserving the stipulated 1129
structural observations, group action, and composition of 1130
histories on their common domain. Faithfulness here is1131
relative to these observations and morphisms, rather than 1132
a claim that all microscopic histories or physical states are 1133
recoverable. 1134

Nothing in the construction guarantees such a bridge. Two 1135
distinct grammatical histories may map to the same complex; 1136
the same complex may admit several inequivalent chemical
interpretations; and a field-theoretic amplitude need not
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define a time-ordered stochastic trajectory. Thus equivalence
of the two formalisms is a research question, not a premise.
One may instead seek a restricted correspondence for a
benign reaction network, a simplified ordering transition, or
a finite labeled assembly model and derive the implications
of its exact assumptions.

The common symmetry-first orientation has therefore
been realized in two mathematically separate ways. Formal-
ism I begins with a rewriting language and a chemically
interpreted dynamical generator. Formalism II begins with
group-dependent field interactions and relational incidence
structures, then requires an independent chemical readout.
Neither makes group symmetry an absolute ontological
primitive. Both can be useful even if their generative objects
are merely effective representations. The next part of the
manuscript will examine how these constructions bear on
the three conjectures, and which questions can be settled
by theorem, by modeled counterexample, or only through
experiment.

6 Functional Differentiation Across
Generative Histories

The first conjecture concerns the gap between a structural
description of a chemical product and the experimentally
accessible consequences of its preparation. Chemical con-
stitution, molecular or network topology, three-dimensional
arrangement, defects, configurational populations, and the
dynamical state retained at the end of preparation are not
interchangeable descriptions. In particular, a coarsened
structural representation may identify two products that
subsequently behave differently. Pathway complexity and
kinetic trapping in supramolecular assemblies supply a well-
studied physical motivation for distinguishing preparation
protocols from terminal structural summaries (Sorrenti et al.,
2017; Wehner and Wiirthner, 2020). The present conjecture
asks a narrower, falsifiable question: can symmetry-breaking
histories help distinguish functional outcomes among such
structurally equivalent products, and can the relevant effect
be traced to retained physical variables?

6.1 Equivalence Of Structures And Distinction Of
Histories

Fix an admissible history space #Z¢ for context C, together
with an endpoint map e, : Zc — X. A history can be a
piecewise continuous physical trajectory, a realization of
a stochastic reaction process, or a history represented by
an interpreted relational complex. The last case requires
the readout assumptions of Section 5; a bare field-theoretic
diagram is not yet a chemical history. Let 7, : X — &, bea
structural representation at resolution r, whose codomain is
equipped with an isomorphism relation preserving declared
attributes. The quotient of its image by isomorphism is
assigned the induced final o-algebra, as specified in Ap-
pendix D.

Definition 6.1 (Terminal Structural Equivalence). Two
histories hy, hy € ¢ are terminally structure-equivalent at
resolution r, written hy ~, hj, exactly when

B1)1194

T, (er(hy)) = Ty (er(h)). 1249

This equivalence is relative to the declared labels, topology, 1o

1248

14

observation scale, and admissible isomorphisms. 1196

By contrast, define B : Z¢ — 3B to record an explicitly 1197
selected symmetry-breaking descriptor: for example, an1198
order-parameter history, a sequence of residual stabilizers,1199
or the formation and coarsening of topological defects. A 1200
comparison B(h1) #p B(h;) is meaningful only after the de-1201
scriptor and its equivalence relation have been specified. Two 1202
paths with different descriptions need not correspond to phys-1203
ically different preparations; symmetry-related relabelings,1204
reparameterizations, and differences below instrumental res-1205
olution may be immaterial. Nor does B(h;) # B(hy) by1206
itself imply different products or functions. 1207

The central physical distinction is visualized in Fig. 9.1208
Two hypothetical materials share the same declared unit 1209
connectivity while retaining different orientational domain 1210
patterns, schematically attributed to different preparation 211
histories. Their physical response can be compared under 1212
the same terminal environment and protocol. The figure 1213
does not assume that structural topology already encodes 1214
the retained order or that the two preparations are known 1215

experimentally. 1216
6.2 Response Kernels And The Factorization 1217
Question 1218

Write K¢y (dy | x) for the probability law of an observable 1219
functional output y under a fixed environment C and an 1220
admissible evaluation protocol J. The kernel can include 1221
a prescribed duration of subsequent dynamics and, when 1222
relevant, permitted interventions. Let uc j(x) = K¢, s(- | x) 1223
denote this operational meaning of functional semantics. The 1224
central mathematical question is whether the response factors 1225
through the terminal structural representation. 1226

Definition 6.2 (Structural Sufficiency For Function). The 1227
representation 7, is functionally sufficient on an admissible 1228
state domain D C X, relative to (C,J), if there exists ai229
kernel EC, s on the isomorphism classes of &, such that 1230

Kcs(-1x) =K (| [T (x)]) (32)1231

for every x € D. All such statements are conditional on the 1232
chosen observable and context. 1233

Proposition 6.1 (Criterion For Structural Sufficiency). A1234
response kernel factors as in Eq. (32) on D if and only if it is 1235
constant on each fiber of the map x — [7}(x)] within D. Ini236
particular, two states in one fiber with unequal response laws 1237
prove that 7, is insufficient for the designated functional 1238
protocol. 1239

The complete set-theoretic proof, including the conditions 1240
for a measurable quotient kernel, is given in Appendix D.1241
This criterion turns a proposed semantic distinction into an 1242
identifiable failure of a particular structural coarse-graining.1243
It does not require the conclusion that chemistry possesses 1244
an additional, nonphysical semantic force. 1245

In a stochastic preparation, let v; be the endpoint-state law 1246
of preparation protocol i. Its predicted response is 1247

Py = [ Keaay 1wt @3
Even if both protocols produce the same structural repre-
sentation with probability one, P and P, may differ if their
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Figure 9: A visually testable version of Conjecture 1. Two hypothetical histories produce the same declared coarse connectivity and
composition but leave different mesoscale orientational domains (arrows). A symmetry-sensitive test may distinguish the retained states.
The panel is a toy materials schematic rather than data from a particular compound; a real comparison must control preparation confounders

and report the resolution of the declared equivalence.

endpoint distributions occupy distinct parts of that structural
fiber. Conversely, different endpoint distributions need not
give different functional laws if the protocol cannot dis-
tinguish them. In empirical work, the comparison should
be quantified by an appropriate distance d; (P, P;) and a
predeclared uncertainty threshold, as in Eq. (2).

6.3 First Conjecture and a Discriminating
Construction

Conjecture 6.1 (Generative-History Dependence). There
exist physically realizable chemical preparations /4y, i, and
a common functional testing protocol (C, J) for which (i)
their terminal chemical structures are equivalent at a speci-
fied resolution r, (ii) their physically interpreted symmetry-
breaking histories are distinguishable, and (iii) their func-
tional response laws differ beyond a justified tolerance. The
functional difference is mediated by retained physical or-
ganization or by an explicitly history-indexed functional
attribution.

The conjecture’s first clause specifies a coarse structural
equivalence; an exact equality of full physical state and envi-
ronment, under a complete Markovian description, would
remove the proposed physical dependence on preparation
history (Remark 3.1). The reference to functional attribution
additionally permits an observer to assign different historical
roles to physically identical outcomes, but such a difference
belongs to a declared interpretation and cannot be passed
off as a difference in physical response.

Example 6.1 (A Minimal Retained-Order Model). Let
z € {—1,+1} denote a retained domain orientation gener-
ated by alternative symmetry-selection histories, and let s
denote a common coarse topology. Set x, = (s,+1) and
x_ = (s,—1) with T, (x4) = T (x_) = s. Consider a fixed,
symmetry-sensitive evaluation environment under which a
binary response Y obeys

1+0
Pr(Y:1|xi,C,J):T, 0<o<l1l. (34
The total-variation distance between these two Bernoulli
laws is 9, although their observed topologies coincide. This
is a mathematically consistent countermodel to the universal
sufficiency of T, not an experimentally identified material 1289

or a derivation of the response from molecular physics. 1290
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The example deliberately makes the hidden physical vari-1291
able explicit. Such variables could include domain orienta-1292
tions, defect networks, conformational populations, residual 1293
strain, or long-lived supramolecular aggregates, depending 1294
on the selected chemical system. The scientific challenge is 1295
to show that a measured B(h) predicts a retained feature z 1296
and that the feature, rather than a confounded preparation 1297
condition, predicts the functional response. The literature 1298
on non-equilibrium supramolecular polymerization suggests 1299
plausible test beds but does not establish this specific cross-1300

formalism conjecture (Sorrenti et al., 2017). 1301
6.4 Criterion for Physical and Inferential 1302
Adequacy 1303

A prospective test should first choose a harmless, well-1304
characterized assembly or material transition and declare 1305
the resolution of structural identity. Next, two prepara-1306
tion protocols should be compared under the same final 1307
environment and testing conditions. The histories should 1308
differ in an independently observable symmetry-selection 1309
variable, rather than merely being assigned different verbal 1310
descriptions. Structural and response measurements should 1311
then establish whether d; (P, P;) > ;. Finally, candidate 1312
retained variables should be measured and included in the 1313
terminal-state representation; if the difference disappears 1314
once 7T, is enriched, that is positive evidence for a physically 1315
mediated history effect rather than a failure of causal closure.1316

For Formalism I, a history is a sequence of allowed con-1317
textual rewritings and physically calibrated stochastic events.1318
A history descriptor can be evaluated along that sequence.1319
For Formalism 1II, it is an interpreted labeled complex with 1320
an explicit temporal or process reading. Distinct complexes 1321
may share a terminal readout; whether the distinction is1322
functionally predictive depends on the readout kernel and 1323
on extra physical labels. Neither the abstract non-injectivity 1324
of a complex-to-boundary map nor the existence of several 1325
grammatical derivations suffices to establish Conjecture 6.1.1326
The latter requires a chemically meaningful mechanism and 1327
observation. 1328
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7 Functional Emergence Through
Symmetry Breaking

1384
1385

1386
The second conjecture moves from a comparison of two .,

terminally equivalent preparations to a comparison of the
functional possibilities of symmetric and symmetry-reduced
organizations. The mathematical fact that a group-invariant
law can admit non-invariant states is familiar from bifurcation
theory and phase transitions. The scientific question pursued
here is more selective: under which conditions does a change
of residual symmetry open a measurable response channel, a
distinguishable interaction, or another functional role that is
unavailable to a specified symmetric reference? Asymmetric
autocatalysis and nonlinear amplification provide relevant
chemical contexts for investigating symmetry selection, but
do not establish a universal route from broken symmetry to
functional emergence.

Figure 10 juxtaposes a mirror-symmetric autocatalytic
rule family with a standard pitchfork normal form. The two
panels are intentionally distinguished: the rate equations
for a real or idealized chiral network require their own
kinetic derivation, whereas the normal form illustrates the
possibility of asymmetric stable branches in an equivariant
system. A separate functional measurement is required to
claim functional emergence.

7.1 Residual Groups And The Interpretation Of
Breaking

Take a group G acting on physical or effective states, and let
Gc = {g € G : gC = C} be the subgroup preserving the
declared environment. For x € X, write H(x) = Stabg,. (x).
The useful comparison is between an initial reference xo and
areachable state x s with H(x s) a proper subgroup of H(xo),
possibly after identifying conjugate isotropy groups. The
subgroup condition is not the only possible pattern: residual
groups may be non-nested, change along trajectories, or
be meaningful only statistically. Statements about broken
symmetry must consequently name both the acting group
and the state or ensemble whose invariance is at issue.

Definition 7.1 (Operational Functional Capability). For
a fixed environment C, observation family J, admissible
intervention set A, and tolerance €, define Fc 7 4, (x) as
the set of predeclared response tasks that the state x can
realize under interventions in A, according to a measurable
success criterion with tolerance e. Comparisons of capability
are valid only when the reference and realized states are
evaluated with the same task family, intervention rules, and
success thresholds.

This definition does not equate every physical difference
with a new function. A new function requires a task that was
specified independently of the state transition and whose
operational performance is demonstrably changed. The
functional set can include selectivity, signal discrimination,
directional transport, or persistent coupling to an external
perturbation. It need not be a set of anthropocentric purposes;
the choice of tasks is nevertheless an explicit part of the
interpretation.
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Conjecture 7.1 (Symmetry-Breaking Functional Emer-
gence). There exist physically realizable chemical systems
and specified contexts in which a generative process reduces
the residual physical symmetry of an initially symmetric
reference and thereby enables at least one operational func-13ss
tion unavailable to that reference under the same admissible 1389
testing conditions: 1390
H(xy) & H(xo),

Fxp) \F(xo) #@. (351391

The claimed enabling relation must be assessed against 1392
alternative concomitant changes in the physical state and 1393
environment. 1394

The notation ¥ (x) in Eq. (35) abbreviates the indexed 1395
capability set of Definition 7.1. As an existence hypoth-1396
esis this conjecture is compatible with systems in which 1397
symmetry breaking produces no new evaluated function.1398
In contrast, the universal proposition that every symmetry 1399
reduction creates a useful function is unwarranted. The 1400
central objective is to identify conditions for the possibility 1401
and mechanism of functional differentiation. 1402

7.2 An Odd-Observable Result

A rigorous minimal link between symmetry and function 1404
can be obtained from a response observable that transforms 1405
nontrivially under the group. Consider the case G¢ =1406
Z, = {e,p} and a real observable g : X — R that is1407
odd: g(px) = —q(x). The observable might represent a 1408
signed polarization or an enantiomeric excess, provided its 1409
interpretation has been physically justified. 1410

1403

Proposition 7.1 (Symmetric States Suppress Odd Observ-i4i1
ables). If pxo = x¢ and g(px) = —q(x), then g(xg) = 0.1412
Thus a prescribed response task requiring |g| > &, with1413
6 > 0, is inaccessible to the symmetric reference state under 1414
a protocol that measures this g without altering the reference 1415
before measurement. 1416

A proof is given in Appendix E. The second statement 1417
is explicitly protocol-dependent: an intervention that firsti41s
breaks the symmetry may enable an initially symmetric sys-1419
tem to produce a nonzero response, changing the capability 1420
comparison. The result establishes a selection rule, rather 1421
than a physical prediction that the system will generate a 1422
state with ¢ # 0. In a finite stochastic system an invariant 1423
probability distribution can have E[g] = 0 even when indi-1424
vidual samples display g # 0; the distinction between mean 1425
symmetry and trajectory-wise asymmetry is essential. 1426

7.3 A Bifurcation Model And Its Limits

For an illustrative scalar order parameter m odd under m > 1428
—m, consider the reduced dynamics 1429

1427

1 = am — bm?, b>0. (36)1430
Whena < 0,m = Oislocally attracting. Fora > 0, the origin 1431
is unstable and the two nonzero equilibria m, = ++/a/b are 1432
attracting. The associated reflection symmetry of the vector1433
field remains exact. A symmetry-related pair of selected 1434
states may thus exist even though the equations are symmetric.1435
These statements follow by solving for equilibria and testing 1436
the derivative of the vector field; detailed calculations appear 1437

in Appendix E. 1438
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(a) Symmetric Reaction-Rule Family
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Mirror exchange p : L < R relates the rules.
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Figure 10: Rule symmetry and asymmetric realizations. A schematic autocatalytic grammar admits two rules related by reflection.
In a suitable nonlinear regime a small initial bias or fluctuation may be amplified. The independent pitchfork panel illustrates a generic
symmetry-breaking normal form, a generic normal form to be compared with independently derived chemical kinetics. Functional

emergence requires an additional response protocol.

Suppose a separately calibrated chemical readout assigns s
q(x;,) = m. For a fixed threshold 0 < § < W, a pre-i483
pared selected branch m,. or m_ can meet a signed-response 4t
task inaccessible to m = 0 under the restricted protocol of 485
Proposition 7.1. This supplies a conditional model of the 1485
conjecture’s proposed mechanism. It neither identifies a 1487
specific chemical system nor shows that the cubic normal
form applies to asymmetric autocatalytic reactions in gen-
eral. Moreover, an exact symmetric initial condition remains
at m 0 under deterministic uniqueness; branch selec-
tion requires an initial perturbation, stochastic fluctuations,
boundary bias, or another explicitly modeled source.

A more informative chemical model would derive reaction
propensities or effective free-energy terms from physically
constrained interactions, identify the order parameter, esti-
mate its distribution under controlled conditions, and link it
to a functionally discriminating observable. In Formalism II,
the field-level construction of Eq. (24) offers an analogous
symmetry-selecting sector. Its chemical significance still
depends on the realization kernel in Eq. (27); Proposition 5.3
alone does not supply a functionally separating readout.

7.4 Defects, History, And Conditional Semantics

A broken-symmetry phase can have a space of degenerate or-
der parameters with a homogeneous-space form G /H when
the required group-action assumptions apply. The homotopy
groups of that space can classify candidate defect types in
appropriate spatial dimensions. Yet classification does not
determine the density, arrangement, or lifetime of actual
defects; these depend on dynamics, boundary conditions,
and preparation history. Consequently, the same residual
subgroup may coexist with distinct mesoscale organizations
and functions. This is the point at which Conjecture 7.1
joins, without collapsing into, Conjecture 6.1.

Remark 7.1 (Three Distinct Assertions). The following
assertions must be evaluated separately: (i) an interaction
law possesses a group symmetry; (ii) a realized state or
phase selects a smaller stabilizer; (iii) the selected organiza-
tion enables a new operational functional role. Neither (i)
implies (ii) nor (ii) implies (iii) without further assumptions.
Moreover, symmetry-related outputs may be functionally
equivalent when the entire environment and testing protocol
are transformed together.

Important experimental antecedents already establish chi-
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ral symmetry selection and amplification in specific chem-
ical systems. Stirring sodium chlorate solutions produced
strongly homochiral crystal populations in the experiments
of Kondepudi et al. (1990), and Soai et al. (1995) demon-
strated amplification of enantiomeric excess by asymmetric
autocatalysis. These observations motivate the mechanism-
level inquiry here. The conjecture is therefore interpreted in 1488
its stronger sense: a specified symmetry-breaking genera-1489
tive mechanism should be connected, through a calibrated 1490
response protocol, to an identifiable enlargement or differ-1491
entiation of functional capabilities relative to an explicit 1492
reference organization. Demonstrating chirality or opti-1493
cal activity alone would be a precursor rather than a new 1494
verification of that stronger claim. 1495
The original scientific contribution sought here is there-1496
fore a family of conditional links between group structure,1497
possible generated organizations, and functionally defined 1498
observations. The conjecture becomes substantive only 1499
when a system is specified for which the links can be derived 1500
or independently tested. Chemical chirality, collective phase 1501
organization, and supramolecular pathway selection provide 1502
possible case classes; their similarities should not erase the 1503
important differences in conservation laws, timescales, order 1504
parameters, and experimental accessibility. 1505

8 Ontological Status of Generative Order 150

The third conjecture serves a different role from the firstis507
two. It constrains the interpretation of successful mathemat-1508
ical constructions. Formalism I uses an equivariant gram-1509
mar to describe admissible transitions; Formalism II gener-1510
ates labeled relational complexes through group-structured 1511
fields and an additional chemical interpretation. Both are 1512
symmetry-first models in an explicitly relative sense. Their1513
success, even if established in particular domains, would 1514
not by itself demonstrate an independently existing, univer-1515
sal, or ontologically prior chemical meta-grammar. Thisis16
methodological restraint applies equally when a linguistic 1517
formalism is taken as evidence for a biologically realized 1518
Universal Grammar; the latter is a distinct empirical thesis 1519
about language capacity, not a corollary of generativity or1520
structural regularity (Chomsky, 2005). 1521
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8.1 Three Existence Claims 112D

It is useful to distinguish the claims Hgr, Hg, and Hp. The 5%
representational claim H asserts that a mathematical gener-1557
ative description can be written and applied to a specified do-1555
main. The explanatory claim Hg asserts that the description 1526
yields a successful explanatory or predictive account under
independently assessable criteria. The stronger ontological
claim Ho asserts that the relevant meta-generative order
has the proposed independent physical or causal standing.
An arbitrary enumeration of chemical structures can satisfy
a weak version of Hg with little explanatory significance.
Demonstrating Hg requires nontrivial constraints, predic-
tions, or informative unification. Inferring Hp needs an
additional account of what ontic structures the model refers
to and what could distinguish this account from alternatives.

Definition 8.1 (Substantive Meta-Generative Hypothesis).
For a specified chemical domain D, Hys (D) is the proposi-
tion that a nontrivial meta-generative organization exists in
the stipulated physical sense and plays a specified explana-
tory or causal role across a family of effective generative
mechanisms on D. The hypothesis must declare what counts
as independence, unity, and causal or nomological standing.
It is distinct from the mathematical existence of a grammar
that enumerates or generates formal chemical descriptions.

One may reject the proposed independence of Hps (D)
while accepting all relevant quantum, thermodynamic, struc-
tural, and kinetic regularities. Conversely, one may regard
a shared physical generator as a real component of an ex-
planatory hierarchy. The models disagree over an explicit
ontological commitment, not over whether matter obeys
physical constraints. Accordingly, the negation —H (D)
is not the denial of every chemical law or every grammar
representation.

8.2 Conjecture of Relative Existential
Underdetermination

Conjecture 8.1 (Ontological Underdetermination Of Gen-
erative Order). For at least one scientifically relevant
chemical domain D and nontrivial, properly specified meta-
generative hypothesis Hyy (D), there may exist two physically
coherent models with distinct ontological commitments, one
satisfying Hys (D) and the other satisfying its negation, that
agree on a substantial declared class of chemical structural
and dynamical observations. Under those conditions, regu-
larity and generativity alone fail to determine the existence of
an ontically independent universal meta-generative structure.

The first sentence is explicitly an investigable hypothesis
about the availability of serious competing models, rather
than a theorem about all possible chemical theories. Once a
pair of models satisfying the premises of Definition 3.1 has
been demonstrated, Proposition 3.1 gives the corresponding
logical non-entailment. If the pair also agrees on all stipu-
lated experimental protocols within tolerance, Eq. (5) gives
relative empirical underdetermination. Neither observation
implies that no future protocol can separate the models.

8.3 Finite Contrastive Construction

A toy example isolates the logical mechanism without pre-
tending to settle metaphysics. Consider a two-state effective
chemical variable x € {0, 1} and a set Py of presently admis-
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sible observation protocols. Let two stochastic models 90t ,

and PMi_ have exactly the same transition law K for every

preparation and observation in $y. In 9., introduce a latent

rule-selector z € {0, 1} whose effects are suppressed for

these protocols but which changes the effective transition un-15s4
der a new context C,. In 9t _, use a flat context-independent 1585
transition law equal to K. The models then agree on Py but 1586
can disagree when a protocol activates C,. If the ontological 1587
hypothesis attributes substantive meta-generative status to 1588
the independently modeled selector z, these are contrast-1589
ing model interpretations over the stated evidence. Their 1590
empirical difference at C,. makes the construction stronger 1591
than attaching a permanently inert metaphysical label to an 1592
otherwise identical model. 1593

Proposition 8.1 (Restriction-Relative Observational 1594
Equivalence). Suppose two stochastic models have identical 1595
initial observed-state laws, transition kernels, and observa-159%
tion kernels for every protocol in a declared class $y. Then 1597
their induced output laws coincide under all finite observa-1598
tion schedules in Py. Equality need not persist for protocols 1599
outside that class. 1600

An explicit finite construction and proof are given in 1601
Appendix F. The proposition itself proves only a conditional 1602
fact about restricted evidence; the assignment of an onto-1603
logically substantive Hj, to a hidden mechanism must be 1604
justified separately. In particular, adding an arbitrary unused 1605
symbol z would not provide a credible case of ontological 1606
underdetermination. A scientific alternative should identify 1607
plausible physical dependencies, an intelligible theory of the 1608
latent layer, and conditions under which the rival accounts 1609
might diverge. 1610

8.4 Implications For Chemical Meta-Grammars
And Universal Grammar

1611
1612

A formally adequate chemical meta-grammar may organize 1613
a family of molecular grammars and allow economical i614
generation of structures. The grammar is then a genuine 1615
mathematical object with some degree of descriptive utility.1616
Whether the natural world implements that meta-grammar as 1617
a distinct mechanism remains another proposition. Similarly,i618
a shared structural or learning constraint in human languages 1619
is compatible with multiple accounts of its source, including 1620
domain-specific biological mechanisms and more general 1621
computational, developmental, or interactional constraints.1622
The existence and content of a particular Universal Grammar 1623
require their own empirical and theoretical support; treating 1624
the presence of structural regularities as a proof would 1625
conflate the logical levels. 1626

Nor does a common symmetry-first approach resolve the 1627
ontological matter. The symmetry group in Formalism I is 1628
an explicit modeling input constraining rewrite rules; the 1629
group in Formalism II appears in the domain and interactions 1630
of a field whose chemical interpretation is provisional. The 1631
physical roles of these groups can differ, and a further theory 1632
might account for either symmetry as emergent from more 1633
general relations. Symmetry’s relative priority inside a1634
model therefore supplies an explanatory starting point, while 1635
Conjecture 8.1 cautions against treating that priority as an 1636
absolute origin. 1637
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Remark 8.1 (Scope Of The Negative Claim). The paper 638
contests an inference from observed structural regularity or1639
successful generative representation to a uniquely privileged 1640
ontic meta-grammar. It neither disproves the existence of 1641
such a grammar nor denies that future evidence might justify

a stronger realist interpretation. A claim of permanent unde-
cidability would require substantially stronger assumptions
than the present contrastive methodology provides.

The three conjectures thus have complementary scopes.
Conjectures 6.1 and 7.1 concern possible chemical structure—
function relations and their mechanisms; Conjecture 8.1
concerns the limits of inference from modeled mechanisms
to the existence of a universal higher-order generator. The

. . . . e 1695
third clarifies the epistemic scope of verifying the first two.

1696
1697
9 Case Studies: Two Finite Generative

Constructions

The preceding sections define two generators in abstract
terms. The following miniature cases provide concrete
test objects for independent reproduction. Both use chem-
ically familiar structures, exact finite combinatorics, and
declared symmetry actions. They test the syntax and mathe-
matical consistency of the proposed machinery; any claim
about reaction kinetics, chemical synthesis, or measured
functionality would additionally require physical calibration.
The examples are intentionally small enough for exhaustive
enumeration.

9.1 Case Study I: Group-Equivariant Grammar
for a Tetrahedral Stereocenter

Consider the constitutional graph of bromochlorofluo-
romethane, CHBrCIF. It contains one carbon vertex con-
nected to four distinguishable terminal substituents H, F,
Cl, and Br. Its constitutional graph is the labeled star K 4.
This case highlights the difference between constitutional
isomorphism and an orientation-sensitive chemical-state
representation.

Take £t = {C, H, F, Cl, Br, single bond, 7 = +1,7 = -1}
and XN = {A}, where the start graph S = Ay has four
typed attachment ports. Let p, and p_ each replace the
nonterminal with the same labeled atom-and-bond star, to-
gether with one of two orientation annotations 7 € {+1, —1}.
The nonterminal expands into one carbon with four labeled
ligands; the prescribed geometric embedding places these
ligands at a nondegenerate tetrahedral arrangement. For the
fixed ligand order (H, F, Cl, Br), a possible orientation test
is

7(X) = sgn det[l']: —TH, I'cl — Iy, I'Br — I'H]. 37)

Translation and proper rotation preserve this sign, while re-
flection changes it. Odd permutations of the declared ligand
order also reverse the sign. Assigning the stereochemical
descriptor (R) or (S) requires the CIP-priority convention
and a consistent viewing/orientation convention; the sign 7
is kept distinct from the CIP descriptor in these tests. The
group G = Z; = {e, o} acts on enriched terminal states by
o0X+ = X_ and on production schemas by op; = p_, with
the context transformed where required. Here o denotes re-
flection, whereas p. are production symbols. The grammar
first generates two 7-labelled terminal graph classes; their
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Table 1: Case Study I: explicit grammar data and generated outputs.

Item Concrete Choice in the Tetrahedral Example

{C,H,F,Cl,Br,singlebond, 7 = +1, 7 = -1}

one four-port symbol A e

one copy of At with ordered ports (um, ug, Ucy, Upr)
p+ and p_, each replacing A by one carbon center,
four ligand vertices, and one orientation label 7 = +1

G =7y = {e, o} acting by reflection: oX; = X_
and op, = p-

two enriched states X, and X_ with the same constitu-
tional projection Teonn (X54) = Teonn (X-)

vertex count 5, bond count 4, two 7-labelled graph
classes; two realized SE(3) classes, one reflection
orbit

Terminal alphabet X1
Nonterminal alphabet XN
Start graph S

Production schemas
Symmetry group

Terminal outputs

Verification targets

embeddings into three-dimensional geometry are obtained
through a separate realization map & respecting the selected
orientation tags:

L (D) = {[T4]=,. [T-1=, }-

The map &(T.) yields two proper-rotation (SE(3)) classes 1699
when nondegenerate geometries are chosen. Both become 1700
one class under the constitutional projection Tconn; theiri7oi
enriched configurations form one two-element Z;, orbit. The 1702
construction is a grammar for structural possibilities; it1703
does not identify an experimentally resolved route to either 1704
enantiomer. 1705

(38)1698

How Formalism I Models the Example. The tetrahedral 1706
case can be encoded by the data listed in Table 1. The point 1707
of the example is not synthetic realism; it is the expliciti70s
separation of (i) a formal grammar object, (ii) an enriched 1709
state carrying orientation, and (iii) a response test that may 1710
or may not distinguish the two outputs. 1711

How the Generation Proceeds. The generation can be 1712
read as a one-step derivation with two admissible outputs: 1713

P P-
S=Ae = X, S=Auw=—X_. (391714
A convenient explicit replacement schema is 1715

At 3, 3) = (CO). @)}y 7= %1),

(40)1716
where (ai,as,as, as) are the ligand vertices carrying the 1717
labels (H,F,CL Br) and the sign 7 records the oriented 1718
tetrahedral embedding. The constitutional graph component 1719
is the same in both productions; the enriched state differs 1720
through the orientation tag or, equivalently, through a chosen 1721
tetrahedral embedding. For implementation, one can store 1722
the formal output as an attributed graph together with either1723
a signed orientation invariant or explicit coordinates that 1724
realize the sign in Eq. (37). 1725

What the Example Generates. The grammar generates 1726
two enriched terminal states, one reflection orbit, and one 1727
constitutional isomorphism class. If a response protocol 1728
keeps only T,onn, the two outputs collapse into one class.1729
If the protocol also reads the orientation-sensitive part of 1730
the state, then the pair remains distinguished. This is the 1731
smallest example in the paper where a group action, a finite 1732
terminal language, and a chemically familiar structure appear 1733
simultaneously. 1734
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(a) Start Symbol

(b) Terminal Rule Choice

(c) Generated States

Xy X_

Atet ‘ Attach Br, CI, F, H

_‘ p+ T +1
four typed ports ‘ "

‘ p-:tH -1

- F

\Cl

F Br Br
}—» \C/ \C
a” um w”

© : X+ < X_ under spatial reflection

The constitutional star has 5 atomic vertices and 4 bonds; the enriched terminal domain distinguishes the two orientations 7 = +1.

Figure 11: Case Study I: Two Mirror-Related Terminal Structures. A four-port nonterminal is resolved by attaching four distinct
chemical substituents and assigning an orientation. The two terminal graph embeddings share their atom-and-bond connectivity and form
one orbit under the abstract reflection action. This is a schematic grammar construction; orientation labels represent geometry beyond a

plain constitutional graph.

Proposition 9.1 (Terminal Orbit of the Tetrahedral Ex-i7y
ample). For the finite construction above, assuming an 1736
ideal nondegenerate tetrahedral embedding with the labeled 17m
ligand order fixed, the terminal configurations form two 17
proper-rotation equivalence classes and one reflection or-i7
bit. Their constitutional projections are isomorphic, and
7(pX) = —-1(X).

The proof is the determinant transformation law applied
to the fixed ligand ordering; a detailed derivation and repro-
ducibility checks appear in Appendix L. In a fixed chiral
test environment, the two outputs may admit different re-
sponse kernels K¢ (- | X+) and K¢ 7(- | X-). In a parity-
symmetric environment with a parity-even scalar observable,
a corresponding covariance condition instead makes them
equal. Both predictions depend on the stated evaluation
protocol, and neither is inferred from connectivity alone.

9.2 Case Study II: Six-Carbon Cycle and a Finite
Group-Field Complex

The second case begins with the six-carbon connectivity
cycle of benzene, written here only as a carbon skeleton. Let
V = {vi,...,v¢} and oriented edges e¢; : v; — v;;; with
indices modulo six. As a graph, the chosen skeleton has
V| = |E| = 6 and H, = Z. If a structural representation
attaches one oriented two-cell f along the cycle, then

(41)

32f=€1+~~-+€6, (91(9sz0.

The resulting cellular complex has H; = 0 and H, = 0.
Attaching this face is a deliberate representational operation;
it is independent of aromatic electronic structure.

Now consider the separate group-field construction of
Eq. (18). Let G = Z, and take a real rank-three field
¥ : G — R. The interaction comprises four field factors
and six shared group indices. Withy(a, b, ¢) = 1 throughout
G?, its finite sum contains 2° unit contributions, giving

Vie[1] = 64. (42)

With ¢ (a,b,c) = (-1)%, each contribution contains the
sign (—=1)@*<*e+f 5o summing over all six indices yields
Viet[¥] = 0. Both values are preserved under the simul-
taneous translation action U defined in Section 5.4. They
are exact finite calculations of a polynomial interaction,
independent of chemical rate parameters.

The chosen odd test field ¢ (a, b, ¢) = (=1)¢ also illus-
trates a limitation: its quartic vanishes along the entire ray
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ty 1, and the diagonal projector in Eq. (21) removes this
mode. A different odd character, y¢10, has a nonzero quartic
Viet[txo10] = 64t* in the unprojected theory; the gauge-
invariant relative sector of Example 5.2 gives an alternative
where the quartic remains nonzero after projection.

For a minimal closed stranded example, consider the 1782
cross-vertex Wick contractions that pair four fields at one 1783
vertex with four at the other, using propagators that identify 1784
corresponding argument slots. These contractions depend 1785
on the Gaussian covariance, independently of the test fields.1786
Its incidence skeleton has two interaction vertices u, v, four17s7
directed propagator edges e; : u — v, and six faces f;;17ss
labeled by pairs 1 <i < j < 4. Choose the orientations 1789

0ie; =v—u, Orfij=ei—ej. (43)1790
Hence 010, fij = 0. The cellular chain groups have ranks 1791
(rk Co, 1k C1,1k C3) = (2,4, 6), withrtk §; = 1andrk 9, = 3.1792
Consequently, Hy = Z, H; = 0,and H, = 73 for this chosen 1793
cellular structure; the Euler characteristicis 2 —4 + 6 = 4. 1794

The six-face complex uses a particular Gaussian Wick 1795
pairing. With eight fields in Vét there are 7!! = 105 total 1796
pairings: 24 cross-only pairings, 72 pairings with two cross-1797
propagators and one tadpole at each vertex, and 9 with1798
self-pairings only. The latter nine are disconnected at the 1799
interaction-vertex level. At order A2, all these terms occur in 1800
the unnormalized vacuum series, with connected-graph and 1801
vacuum-normalization conventions determining subsequent 1802
selections. To expose the corresponding combinatorial 1803
choice, label the four factors at each interaction vertex by 1804
1,2,3,4 and let a permutation o € S4 pair factor i of one 1805
vertex with factor o~ (i) of the other, preserving each of the 1806
three argument-slot positions along the propagator. The 1807
resulting number of closed strand faces depends on o . 1808

Proposition 9.2 (Face Counts for Slot-Preserving Two-Ver-ig0o
tex Gluings). For the contraction pattern in Eq. (18), the 24 1810
permutations in S4 give the face-count distribution 1811

#{o : F(o) =6} =4,
#{o: F(o) =4} =4,
#{o : F(o) =3} = 16.

(44)1812

The four six-face permutations form the cyclic order-fourisi3
automorphism subgroup of the chosen tetrahedral vertexigi4
under the factor ordering used in Eq. (18). The previously 1815
analyzed dipole corresponds to the identity pairing, one of 1816
these four cases. 1817
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Table 2: Case Study II: explicit complex / field data and generated
outputs.

Item Concrete Choice in the Complex / Field Example

V=A{v,...,vw} and E = {ey,..
six-edge cycle

one oriented face f withdhf = e +--- + eg

G =7y, rank d = 3, real field ¢ : G3 >R

one quartic tetrahedral interaction with six shared group
indices

Yo(a,b,c) = 1and ¥1(a,b,c) = (-1)¢ (polyno-
mial checks only)

Gaussian Wick contraction of two vertices; one six-face
pairing chosen from 24 cross pairings

Ore; =v-uand O fij = e; — ej

Viet[¥0] = 64, Viet[¢1] = 0, Betti numbers (1, 0, 3)
Among 4! = 24 pairings, face counts F = 6,4, 3 occur
4,4, 16 times

Cycle graph ., ec} with one

Attached face
Field domain
Interaction

Test fields
Generated complex
Boundary maps

Verification targets
Slot-preserving gluings

The verification in Appendix L.5 traces each strandisis
cycle under the two interaction-vertex pairings and theisi9
slot-preserving propagators. If strand-slot permutations or
other propagators are allowed, the admissible gluing family
changes, so Eq. (44) is scoped to this declared convention.

How Formalism II Models the Example. The second
case deliberately uses two linked constructions. The first is
a structural lift of a benzene carbon cycle to a chosen two-
complex. The second is a finite group-field interaction whose
gluing pattern yields a small labeled relational complex.
Table 2 lists the declared data.

How the Generation Proceeds. The first half of the ex-
ample is a representational enrichment:

attach f
— kqn,

=(V,E,0),
(V.E.A{fDs

ey +-- +eg.

kring
kring (45)
kfin =

o f

The second half begins with two separate calculations. First,
selected test fields Y and ¥ are substituted into Vi as
elementary finite-polynomial checks. Separately, a Gaussian
covariance and perturbative expansion of <V£t>0 generate two-
vertex Wick contractions, including a four-propagator sector.
The value of ¥ or ¢ plays no role in the Wick-contraction
graph classification. Choosing one of the four six-face slot-1838
preserving pairings then determines the incidence skeleton 1839
of the displayed dipole complex: 1840

% = (ZZa 33 K09 Vvlet)s

<Vt%at>0,cross ~> kdip,

(46)1841

kdip = ({“’V}’{ei}?:l’ 1881
1882

{fijh<i<j<a). 883

This separates two tasks cleanly: the field interaction gener-I§#
ates a weighted combinatorial object, while a later readout 1$

Rc would interpret it in chemical terms. 180

1887
What the Example Generates. The case produces three lingsg
types of exact output. The quartic evaluations and Gaussian 846

graph contributions are separate calculations: Vi [1] = 64 1847

and a six-face dipole factor |G|® = 64 coincide numerically 1s4s
for the selected conventions, although their origins differ.1849

21

Table 3: Compact Symbol Glossary for Both Formalisms.

Symbol Definition or Operational Role

X1, 2N Terminal types and nonterminal types with declared ports

S, P, T’ Start graph, production schemas, and grammar tuple

ChemG Category of admissible attributed chemical graphs

X,C Effective chemical states and environmental contexts

G, p, Stabg Symmetry group, its actions, and state stabilizer

Ty, [X]= Structural projection and specified isomorphism class

q.m, xXq,Vq Matched rewrite rule, predicate, and state-lift map

Lc,agm Jump generator and event propensity

v, B(y) Realized history and a declared history descriptor

Kcj.u Response kernel and functional interpretation

V,E,F,0;,0, Complex cells and cellular boundary maps

Y, Kn, Vo Group field, quadratic kernel, and interaction terms

c, Rc Positive complex ensemble and chemical readout (the ensemble
is not the Feynman amplitude)

Heor, F Grammar-history space and candidate complex encoding

First, the benzene cycle and the chosen filled cycle form two 1850
different structural representations. Second, the finite field 1851
interaction yields the exact amplitudes in Eq. (42). Third, the 1852
dipole gluing yields a concrete chain complex with the Betti 1853
numbers stated below. Together these objects show how 1854
Formalism II moves from declared field data to a generated 1855
relational complex and then to topological invariants that an 1856
implementation can verify exactly. 1857

Proposition 9.3 (Boundary Consistency of the Finite 1853
Dipole). The two-vertex, four-edge, six-face incidence da-1859
tum in Eq. (43) defines a valid finite cellular chain complex 1860
with 910> = 0 and Betti numbers (bg, b1, by) = (1,0,3). 1861

Appendix L gives the integer boundary matrices and an 1862
exact rank calculation. The benzene skeleton, its chosen 1863
filled cycle, and the finite stranded dipole are three distinct 1864
mathematical objects (Fig. 12). The dipole illustrates how 1865
a group-field-style interaction can produce a nontrivial re-1866
lational complex. A mapping R¢ from that complex to a 1867
chemical state would be an additional, physically testable 1868
specification; choosing the mapping by fiat would only 1869
illustrate representational flexibility. 1870

1871

9.3 Lessons of the Two Examples

Case Study I makes explicit the terminal / nonterminal dis-1872
tinction, the two production outcomes, the enriched state that 1873
carries tetrahedral orientation, and the induced reflection 1874
orbit. Case Study II makes explicit the declared cell sets, the 1875
boundary operators, the finite field interaction, the gluing 1876
that produces the dipole complex, and the resulting topo-1877
logical invariants. Taken together, the examples show how 1878
each formalism starts from declared data, applies its own 1879
generator, and arrives at exact outputs that can be checked 1880
independently. They therefore provide practical regression
targets for future software while remaining complementary
to physical validation of the three conjectures.

At the level of implementation, the expected outputs are
the two tetrahedral orientation classes, the Z, orbit, the exact
field-interaction values 64 and 0, and the dipole homology
ranks. Each has an independent mathematical derivation.
Source-code reproduction can therefore report which asser-
tions pass at the formal level, followed by a separate record of
any physical assumptions added for chemical interpretation.
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The six-carbon chemical cycle, its filled 2-complex, and the two-vertex stranded dipole are three
mathematically distinct objects. A chemical readout from the dipole is an additional model choice.

Figure 12: Case Study II: Structural Cycle and Group-Field-Induced Complex. The left and middle panels compare a six-carbon
connectivity cycle with a chosen 2-cell attachment. The right panel depicts the incidence skeleton of the two-vertex, four-propagator dipole
of a rank-three quartic stranded interaction; each pair i < j of propagator edges bounds a strand face f;;. The chemical meaning of such

faces requires a separately specified readout.

10 Relations Between Two Formalisms

The two constructions share a symmetry-first modeling
orientation, but they do not thereby share an ontology, a
natural notion of time, or a common probability measure.
The first begins with chemically interpreted production rules
and may attach a stochastic or deterministic law to their
realizations; the second begins with group-structured field
interactions that generate labeled complexes and acquires
a chemical interpretation only through a further map. The
relationship between these constructions is therefore itself
a mathematical and physical question. The present section
states what a useful relationship would preserve, which
kinds of correspondence are possible, and how the three
conjectures constrain their interpretation.

10.1 Shared Operational Target

The relevant object for scientific comparison is a distribution
of outcomes under a declared preparation, environment, and
observation protocol. This permits the two models to be
evaluated on a shared domain without presupposing that their
underlying generative objects are identical. Let # be a class
of specified preparation protocols. For p € $, Formalism I
produces an endpoint law Q¥ . € P (X) by interpreting the
stochastic grammar of Section 4. Formalism II supplies a
positive ensemble 7, ¢ on a suitable complex space # and
areadout R, c(dx | k), yielding

Q;’ic(dx) = /%R,,,c(dx | k) 7y c(dk). 47

The p index is significant. A preparation must be associated
with physical operations, initial conditions, or independently
characterized constraints; freely changing model parameters
after observing an outcome would make agreement vacuous.
Similarly, an interaction amplitude arising from a group-
field-inspired action cannot be substituted for the positive 1922
normalized 7, ¢ without a mathematically valid probability 1923
construction. 1924
For an evaluation protocol J, both endpoint laws enter the 1925
same response kernel K¢ 7(dy | x) introduced in Section 6.1926
The corresponding observable measures are 1927

=0, cKc.s.

This formulation is intentionally asymmetric in epistemic 1929
status: Formalism I may be informed by measured reaction 1930

Pi

p.C.J (48)1928

i € {gr,cx}.

22

rates, whereas Formalism II may only generate candidate 1931
relational organizations. A good fit of both to the same 1932
terminal structural dataset would not establish a common 1933
physical mechanism. Agreement should additionally be 1934
checked on interventions, paths, response times, and physi-1935
cally meaningful retained variables. 1936

Definition 10.1 (Operational Correspondence). For a1937
declared class Py € P, contexts Cy, and test protocols Jp,1938

the two formalisms are g-operationally corresponding if 1939
or
sup dTV(Pp’CJ,P;",CJ) <eg, (49) 1940
(p.C,J)eDy

where Dy C Py X Cy X Jo is explicitly specified and dry 1941
is the total-variation distance between probability laws. A1942
correspondence at the trajectory level requires a separate 1943
path-space comparison. 1944

This is weaker than the structural faithfulness of Defini-1945
tion 5.2. Two models may have matching measured outputs 1946
yet differ radically in their generated complexes and rewrit-1947
ing histories. That weaker correspondence is nevertheless 1948
useful for systematic model comparison, especially when 1949
the observation domain is limited and the claims concern 1950
relative empirical performance rather than physical identity.1951

10.2 Relations Between the Two Representations 1952

Let #;: be a measurable space of finite grammatical histories, 1953
and let «, c be a probability law on it. A proposed mathe-1954
matical bridge from grammar to complex representation may 1955
be deterministic, F : ¥, — J, or probabilistic, F(dk | h).1956
The latter accommodates ambiguity in the representation 1957
of branching, simultaneity, or spatial adjacency by a two-1958
complex. Let Ec(dx | h) describe the chemical endpoint 1959
law of a grammatical history. A strong correspondence asks 1960
that 1961

Ec(dx | h) =/ Re(dx | k)F(dk | h), (50) 1962
K

for the histories in the agreed domain, together with con-1963
sistency of the relevant group actions and composition 1964
operations. Here group equivariance is a compatibility re-1965
quirement, not a substitute for the chemically interpreted 1966
kernel Ec. 1967
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Proposition 10.1 (Observable Contraction Of Bridge misy
Error). Fix a preparation and context. Let Q" and Q* be nns
probability measures on the same chemical endpoint space,ny
and let K be a common Markov response kernel. Then D9BD

2031
drv(Q¥K, QK) < drv(Q¥, 0%). 5Dy

. . . 2033
If both endpoint laws arise as mixtures of two kernels whose 1973

.. .. . . 2034
conditional total-variation distance is at most £ on a common 1974

. N . . 203
history distribution, their response laws differ by at most €. i975

A proof appears in Appendix G. The result is a data-
processing inequality and does not establish either chemical
accuracy or equality of microscopic mechanisms. Its utility
is methodological: one can distinguish errors in translating
a generated relational complex into a chemical state from
errors introduced by a subsequent observation protocol.
When two state kernels differ appreciably but a particular
observation hides the difference, functional agreement alone
offers weak evidence for a proposed bridge.

A more demanding bridge would preserve information
about a selected symmetry-breaking descriptor B, perhaps
by placing B in a common marked path space. It would also
need to distinguish a two-cell used as a structural ring from
a two-cell encoding a composition of events. Neither the
boundary identity ;3> = 0 nor the existence of a group-field
perturbation series supplies a canonical mapping between
these interpretations. Work on chemical graph rewriting and
its categorical formulations provides rigorous precedents
for tracking atom maps and reaction contexts, while recent
higher-order molecular representations highlight why multi-
constituent relations merit explicit treatment (Andersen et al.,
2013; Kajino, 2019; Huang et al., 2026; Smith et al., 2024;
Restrepo, 2026; Gale et al., 2025). Their existence is a
reason to specify the bridge rather than assert its novelty by
naming it.

10.3 Physical Content of Symmetry

In both formalisms, a group is selected together with a
domain of action. This choice carries substantive physical
commitments. Permutations of indistinguishable atomic
labels, rigid rotations, inversion, crystal space groups, and
auxiliary group variables in an effective field construction
express different invariance claims. A mathematical action
of G on a state space may exist even where a physical prepa-
ration breaks it through boundary conditions, a solvent, a
substrate, or applied fields. One should therefore identify
the symmetry of the equations, the symmetry of the admis-
sible ensemble, and the stabilizer of a realized configuration
separately.

A second distinction concerns the role of symmetry in
enabling a function. In the first formalism, a residual
subgroup H may label a selected branch of an effective
chemical dynamics. In the second, H may label a minimum
of a group-field-inspired potential. The latter need not
refer to the same observable order parameter as the former.
Conjecture 7.1 becomes supported across the formalisms
under the condition that a validated realization map identifies
the selected states with a chemically measured organization
and a protocol J detects a genuinely new attainable response.
A constant readout supplies an immediate counterexample
to any claim that a field-theoretic broken-symmetry sector
necessarily produces a distinguishable chemical material
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(Appendix C).

Likewise, even a physically established symmetry reduc-
tion cannot be equated with arbitrary loss of conservation
laws or with spontaneous breaking of a gauge redundancy.
Noether-type conservation statements, spontaneous break-
ing of physical global symmetries, and gauge constraints

3 involve different mathematical conditions. The finite-group

constructions of Sections 4-5 are valuable controlled ex-

5 amples, but their G-actions must be justified anew when

transferred to molecular rotation, chirality, crystalline order,2036
or electronic structure. The theory’s chemical content rests 2037
on that justification and on measured or derived kinetics,2038
thermodynamics, and spectroscopy, in combination with2039
group-theoretic structure. A growing body of chemical2040
theory investigates quantum-field approaches to molecular2041
interactions; those results should not be conflated with a2042
demonstrated group-field theory of chemical bonds (Karim-2043
pour et al., 2026). 2044

The direct connection between the two mathematical 2045
viewpoints is shown in Fig. 13. The left-to-right steps in2046
Formalism I explicitly depict chemical states and rewrites;2047
Formalism II first produces a labeled complex and only2048
then seeks a chemically calibrated readout. This difference 2049
matters when evaluating what each model generates, what is2050

observable, and which claims remain untested. 2051
10.4 Concrete Chemical Structures for 2052
Representation Checks 2053

The proposed formalisms should discriminate chemically2054
distinct structures before claiming more ambitious generative 2055
explanations. Figure 14 gives two minimal stereochemical 2056
tests. The (Z) and (E) configurations of 1,2-dichloroethene 2057
share a constitutionally labeled graph, yet differ in their2oss
alkene configuration and in symmetry-relevant electric re-2059
sponses. Likewise, the two enantiomeric configurations of2060
bromochlorofluoromethane share a constitutional graph but2061
can be distinguished in a specified chiral context. These2062
examples demonstrate representation insufficiency, not Con-2063
jecture 6.1: their enriched terminal physical states already2064
differ. Full definitions, caveats, and sources are given in2065
Appendix I. 2066

A contrasting example concerns the second formalism.2067
The carbon ring skeleton of benzene is a six-edge cycle;2068
representing it as a two-complex by attaching a face changes 2069
the homology of the chosen representation. That opera-2070
tion does not by itself encode aromaticity, an electronic2071
mechanism, or a GFT interaction history. Appendix 1.52072
makes this contrast explicit with a figure and a boundary2073
calculation. Finally, proton transfer between acetic acid2074
and water illustrates how a group-equivariant grammar must2075
still impose atom and charge accounting and obtain rates2076
from physical chemical conditions (Appendix 1.3). A fur-077
ther abstract Frank-type autocatalytic network illustrates2078
a symmetric set of chemical production rules capable of2079
amplifying a small chiral imbalance under explicit kinetic 2080
assumptions (Appendix 1.4). Together these small checks20s1
expose what the formalisms can represent, what they omit,2082
and which additional physical mappings are required. The 2083
key definitions and operational comparison equations are2084
summarized for reference in Appendix H. 2085
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Figure 13: What Connects Two Generative Formalisms. The first starts from chemically interpreted states and admissible graph
transformations; the second generates labeled relational complexes from field interactions. A chemically defensible readout is required
before comparing predictive response laws. A shared observable does not entail equality of histories, generators, or ontological substrates.
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Figure 14: Two chemical tests of representation resolution. (a) (Z)- and (E)-1,2-dichloroethene have the same element- and bond-labeled
constitutional graph but different spatial configurations; this can change a vector response such as the electric dipole. (b) The two
configurations of bromochlorofluoromethane, CHBrCIF, are mirror-related while retaining the same constitutional graph. The diagrams
illustrate that graph isomorphism at one resolution does not determine all stereochemical properties. Neither pair, by itself, demonstrates
history-dependent functionality or spontaneous symmetry breaking. Drawings are schematic.

10.5 History, Semantic Function, And
Counterfactual Tests 97

The relationship between the first two conjectures is asymmet-22<)lxl§§

ric. Conjecture 6.1 asks whether two preparations yielding 3085

120

the same declared structural equivalence class can have 7090
distinguishable responses. Conjecture 7.1 asks whether 2170192 1l
symmetry-selecting transition can enlarge a separately de- 2055
fined set of attainable functional responses. In a system with 3093
both effects, a symmetry-breaking path can leave retained 2094
material organization that makes a coarse terminal graph
insufficient for function; the new function can then be char-
acterized as a causal response to an intervention. Yet either
effect can occur without the other. A history effect may
follow from kinetic trapping without symmetry breaking,
while a symmetry-broken branch may have a function indis-
tinguishable from its symmetric reference under the chosen
protocol.

The term functional semantics accordingly refers to a
relational and operational assignment, as a specified rela-
tional and operational assignment of chemical roles. Ata
minimum, specifying J requires an observation timescale,
permissible interventions, a system boundary, and a target
response. Different choices can produce different functional
equivalence classes on the same underlying states. In biolog-
ical contexts one might additionally investigate historical or
evolutionary accounts of function; these require assumptions
beyond a chemical response kernel. Research on molec-
ular codes and semantic information offers precedents for
precisely stated notions of chemical function, although the
definitions and objectives are distinct (Gorlich and Dittrich,
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2086

2013; Kolchinsky and Wolpert, 2018).

A disciplined test of Conjecture 6.1 would therefore com-
pare progressively enriched descriptions 7;.,, T;,,, . . ., record-
ing connectivity, spatial order, defects, and other retained
physical variables as independently justified. The task is
to identify a representation at which the response kernel
becomes approximately constant on its structural fibers un-

3 der a fixed protocol, rather than to declare all variation an

irreducible historical effect. In the absence of a sufficiently2124
measured state, a functional difference between prepara-2125
tions might reflect an uncontrolled covariate rather than2126
a symmetry-breaking mechanism. Experimental work on2127
nonequilibrium supramolecular organization and pathway2128
control provides motivation for such a strategy (Sorrenti2129
et al., 2017; Wehner and Wiirthner, 2020). 2130

10.6 Tests of the Proposed Scope

The present framework provides three distinct routes for2132
assessment. The first is a mathematical audit: test whether2133
the chosen graph category, incidence structure, group action,2134
and stochastic kernels are jointly well defined; establish213s
when a translation preserves admissibility and equivariance;2136
and give counterexamples when information is lost. The2137
second is a chemical audit: on benign, documented model2138
systems, compare independently calibrated structure, order2139
parameters, Kinetic paths, and outcomes under controlled 2140
environments. This audit should use negative cases where2141
symmetry changes but functional response does not, as2142
well as positive cases proposed by the conjectures. The2143
third is an ontological audit: construct rival explanatory2144

2131
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models with explicit commitments and a declared class of zees
observations; distinguish restricted observational agreement2ne6
from an ultimate impossibility of empirical discrimination. zee7
In chemical applications, a useful sequence begins with 2o
public datasets and safely characterized model networks.zpe
One can compare a discrete grammar-based prediction with 2050
a continuum order-parameter model and then investigate2151
whether a complex-derived history descriptor improves out-2153
of-sample predictions. The inclusion of a complex represen-2153
tation is warranted under the condition that it contributes 757
something beyond a conventional reaction hypergraph or
state-space model: for example, a measurable invariant, a
constrained composition structure, or a lower-complexity de-
scription of observed multibody interactions. Any proposed
advantage calls for comparison with established alternatives.
Two broad failure modes would substantially limit the
proposal. First, the group-theoretic constraints might be
so permissive that they exclude few physically impossible
structures; then symmetry-first modeling offers little ex-
planatory compression. Second, a chosen two-complex may
possess numerous inequivalent chemical interpretations, so
that a field-theoretic ensemble cannot meaningfully predict
chemical measurements without an independently fitted,
high-capacity readout. In both cases a mathematically con-
sistent generator may remain an uninformative chemical
theory. The mathematical and empirical tests described
above are designed to expose these possibilities.

10.7 Interpretation of Generative Order

Conjecture 8.1 places a limit on what can be inferred even
from success in all preceding tests. A family of structural
grammars can be generated by a meta-grammar, and a
field interaction may generate complexes with the desired
combinatorial properties. That establishes mathematical
and perhaps explanatory adequacy relative to the specified
evidence. It does not by itself establish the existence of an
independent physical meta-grammar, much less a unique
ultimate origin of structure. The contrastive-model method
of Section 3 explicitly seeks the premises that would make a
stronger conclusion justified. A competing model may share
the successful predictions while interpreting the common
constraints as effective regularities of interactions rather than
as the activity of a distinct higher-order generator.

This distinction connects chemical generativity to broader
questions about genomic organization and linguistic uni-
versal grammar without identifying these domains. The
mapping from genetic sequences to regulatory organiza-
tion and molecular products involves particular biochemical
mechanisms and developmental contexts. Human language
concerns a different class of cognitive, social, and biological
mechanisms. The mathematical construction of grammars
for all three does not entail a common causal grammar or a
universal origin. Any cross-domain correspondence must
preserve precisely specified structures and explanatory condi-2256
tions and must withstand evidence particular to each domain.
For linguistic universals, an account of shared formal regu-2257
larities is still distinct from a hypothesis of an independently 2258
realized biological Universal Grammar (Chomsky, 2005; 5,59
Stanford, 2023).

The resulting research stance is deliberately non-final.
Symmetry is a relatively primitive modeling ingredient in 2261

2260

25

both proposed formalisms; the formalisms can be assessed by
derivations, predictions, and counterexamples. The question
whether that primitiveness reflects a privileged ontological
level remains open. This separation permits productive
mathematical commitments while avoiding an inference
from representational order to ontological necessity.

11 Scope and Limitations

The two proposed formalisms define families of generative

descriptions, with distinct mathematical objects and distinct2213
routes to chemical interpretation. Their examples establish2214
consistency for selected finite constructions. A statement2215
covering chemical structures in general requires a specified2216
domain of systems, a resolution of structural description,2217
and an observable whose physical behavior the model aims2218
to explain. It is useful to distinguish three levels of scope:2219
(i) representability, the capacity to encode an object; (ii)2220
generative reachability, the capacity to produce it through 2221
admissible transformations or interaction patterns; and (iii)2222
physical adequacy, the capacity to reproduce independently2223
measured states, paths, or responses under declared chem-2224
ical conditions. The second property imposes constraints 2225
beyond encoding, while the third introduces experimentally2226
accountable physics. 2227

11.1 Representational Scope Across Chemical
Domains

2228

2229

For ordinary finite covalent molecules, typed atom-and-bond 2230
graphs provide an effective structural language, and enriched 2231
attributes can represent stereochemistry. The chemically2232
relevant object can require additional information: delocal-2233
ized electrons, multicentre bonding, charge and spin states,2234
solvent organization, conformational ensembles, or an evolv-2235
ing reaction environment. Aromatic, organometallic, and 2236
multicentre-bonded systems can benefit from hypergraph2237
or higher-order relational descriptions (Restrepo, 2026; Ka-2238
jino, 2019). In materials science, periodicity, defects, phase 2239
boundaries, extended electronic states, and collective order2240
often become central; their treatment requires an explicit2241
choice of system boundary and resolution (Reiser et al.,2242
2022). The graph-rewriting formalism can be extended2243
with attributed, spatial, periodic, or higher-order structures,2244
provided the associated category, matching conditions, and 2245
rules are reformulated consistently. 2246

A relational two-complex can record higher-order inci-2247
dence or history organization, yet a chosen face has a meaning 2248
only after an interpretation is specified. For example, filling2249
the six-carbon cycle in Case Study II changes the homology2250
of the representation, while a chemically informative account2251
of benzene additionally addresses electronic delocalization.2252
A group-field-generated complex and a molecular motif com-2253
plex may therefore require separate readout maps. The two2254
constructions remain distinct even when both use vertices,2255
edges, and faces.

11.2 Generative Reachability and Restricted
Universality

For a chemically specified domain D¢ C X at structural
resolution r, write its representable target set as

Tc.r (D) ={[T-(x)]= : x € Dc}. (52)
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Table 4: Representative Chemical Domains and Additional Mod- 534
eling Requirements. Entries describe possible extensions, with
physical adequacy to be established for each application.

2305

2306
2307

Chemical Domain Relevant Enrichment or Validation

Finite covalent
molecules

Aromatic and multicen-
tre systems
Coordination and
organometallic systems
Macromolecules and as-

Typed connectivity, stereochemical state, chemically ad- 2308
missible rules 2309
Electronic structure, delocalization, hyperedges or justi-

fied higher-order relations 2310
Metal-ligand interactions, variable coordination, spin and 731
electron accounting

. . . . . i
Conformations, solvent, mesoscale organization, kinetics 2312

semblies and history
Crystals and extended Periodic or infinite-limit representations, defects, collec-
materials tive order, electronic bands

Reactive mixtures and
excited states

Time-dependent populations, open-system balance,
electronic-state dynamics and measured rates

Formalism I has terminal coverage on this declared domain
when

7&,1’(@) c Lterm(r;c)~ (53)

Coverage is a property of the selected grammar, context,
and resolution. In particular, a finite alphabet and a fixed
production family delimit the reachable terminal language.
Increasing the family of rules can increase coverage, but an
unrestricted rule that simply inserts a target graph would
provide little insight into chemical generation. Meaningful
universality therefore calls for a compact, independently
justified rule family, together with nontrivial predictions or
exclusions.

Formalism II similarly generates a particular class of
labeled complexes selected by its field rank, admissible
gluing patterns, kinetic kernel, and interaction terms. A
specified group-field action may sample only part of the
broader space of mathematical two-complexes. The chemical
output law also depends on the readout Rc. For a finite
discrete ensemble, the support satisfies

U

k: e (k)>0

supp O = supp Rc (- | k). (54)

Consequently, claims about chemical coverage require both
the generated complex class and the readout family. The
finite Z, construction in Case Study II verifies one interaction
and one incidence type; it supplies a controlled test fixture
for the chosen model.

Proposition 11.1 (Unrestricted Readout and Output
Nonidentifiability). Let 7 be a normalized probability
distribution on a finite nonempty complex space and let
P* be an arbitrary target probability law on chemical
states. The constant kernel R(dx | k) = P*(dx) yields
i m(k)R(dx | k) = P*(dx) independently of the complex
generator. Thus arbitrary readout flexibility is sufficient
for output matching while leaving the generating complex
empirically unidentified by those outputs.

The identity follows immediately from normalization of
m. It illustrates why chemical readouts need externally
motivated constraints, explicit parameter counts, and tests
beyond the data used for calibration. A correspondence
between the two formalisms acquires explanatory content
when it preserves a specified property under changes of
preparation or intervention and improves prediction relative
to established alternatives.
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11.3 Symmetry Assumptions and Physical
Mechanisms

Both formalisms introduce a group action as a relatively
primitive modeling choice. Symmetry can constrain the laws
of generation while individual structures and trajectories
have smaller stabilizers. The relevant group depends on the
state variables, environment, and proposed transformation.
For example, a fixed chiral solvent or external field can
reduce the action compatible with a given experimental
context. A trivial group is mathematically available for many2313
models, but it contributes no substantive symmetry-selection2314
prediction. Accordingly, the usefulness of a symmetry-first23is
account lies in a nontrivial and chemically defensible action2316
that restricts allowed operations, laws, or outcomes. 2317
Structural generation can proceed through symmetry-2318
preserving transformations as well as symmetry-selecting 2319
transitions. The phrase through symmetry breaking in the 2320
title designates the mechanism investigated in this paper,2321
rather than a proposed universal requirement for chemical 2322
formation. Moreover, symmetry selection alone specifies 2323
neither the energetic accessibility of a process nor the acqui-2324
sition of a functional role. Physically interpretable conclu-2325
sions may require electronic Hamiltonians, potential-energy2326
surfaces, conservation laws, transition rates, environmental 2327
coupling, and an operational response protocol. In particular,2328
a group-field-inspired amplitude is a mathematical weight on2329
relational complexes; identifying it with a chemical pathway2330
probability requires a positive normalized construction and a2331
chemically calibrated readout. The use of group field theory2332
here is an inspiration for combinatorial generation, with its2333
originating physical setting and interpretation kept distinct2334
(Oriti, 2014; Oriti et al., 2014). 2335
A more specific mathematical restriction arises for the2336
finite tetrahedral interaction: its translation symmetry in-2337
cludes G X G, the real polynomial admits an orthogonal-index 2338
extension, and a diagonal gauge projection can remove pro-2339
posed odd field variables. The field sector used for symmetry2340
selection should therefore be chosen after the kinetic and2341
gauge constraints have been declared. Similarly, the number2342
of faces in a two-vertex complex varies with the propagator2343
pairing. These distinctions give useful tests of whether a2344
claimed structure is generated by the stated model or by an 2345
added representational choice (Section 5.3, Proposition 9.2).2346

11.4 Verification Conditions and Present Research 2347

Boundary 2348

A broad applicability study can report three nested tests for2349
each chemical domain. A representation test checks whether2350
chemically distinct states of interest retain the differences23s1
required by the chosen observations. A generation test enu-2352
merates or bounds the outputs of the stated rules or field 2353
interactions, including counterexamples and unreachable 2354
classes. A physical test compares independently calibrated 2355
energies, trajectories, symmetry-sensitive observables, and 2356
functional responses with measurements or trusted refer-23s7
ence calculations. Performance should be compared with 2358
conventional graph or reaction-network models, hypergraph2359
representations, and relevant molecular or materials theory.2360

The finite examples in Section 9 address the first two2361
tests for narrow mathematical domains. Their successful 2362
reproduction would confirm specified algebraic claims and 2363
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implementation consistency. General chemical applicabil-zeo
ity, reliable generation of a broad range of experimentally 2365
realizable structures, and prediction of chemical function 2366
remain open tasks. This restricted scope also preserves the 7467
ontological distinction developed in Conjecture III: success 7565
within a large representational domain would support the 755
usefulness of the proposed models while leaving the inde-2370
pendent physical existence of a universal meta-generative 2371
structure open to further argument.

12 Conclusion

This inquiry has developed two complementary ways of rep-
resenting chemical structure generation through symmetry-
constrained processes. The group-equivariant grammar
begins with contextual structural transformations, separates
syntactic admissibility from physical realizability, and con-
nects chemically interpreted events to stochastic dynam-
ics. The group-field-inspired formalism begins instead
with group-dependent interactions capable of generating
relational two-complexes, then introduces a distinct and
explicitly provisional map from such complexes to chemical
states. Their connection requires preserved symmetries,
compatible history information, and a sufficiently justified
chemical readout. An operational correspondence can be
formulated without claiming equivalence of the underlying
generative mechanisms.

The resulting framework articulates three conjectures.
The first proposes that symmetry-breaking histories can
leave physical organization omitted by a coarse terminal
structural representation and thereby differentiate measured
functional responses. The second investigates conditions
under which symmetry selection is accompanied by new
functional possibilities, while allowing broken symmetry
to remain functionally silent in some contexts. The third
concerns the possible underdetermination of ontologically
independent meta-generative order by structural regulari-
ties and generative descriptions. Conditional mathematical
propositions and explicit countermodels specify parts of
these questions, but they do not constitute empirical confir-
mation of the conjectures.

The analysis of scope and limitations further distinguishes
representational coverage, reachable outputs, and physically
adequate explanations across chemical domains. The central
methodological distinction is among a formal language of
chemical possibility, a physically calibrated account of its
realization, and a relationally specified account of function.
A symmetry-first formalism can be rigorous at the first level
and productive at the second while remaining silent about the
absolute origin of structure. Future work should therefore
prioritize a delimited, well-characterized chemical system;
explicit group actions and measured order parameters; path-
resolved or state-resolved observations; and controlled tests
of whether a complex-based representation adds predictive
information beyond established graph and reaction-network
descriptions. These steps would allow the mathematical
proposals to acquire a concrete chemical interpretation while
preserving the openness of their wider ontological questions.
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A Contrastive Non-Entailment: A Formal
Note

This appendix supplies the complete model-theoretic argu-
ment invoked by Proposition 3.1. It also specifies why the
result does not, by itself, establish empirical equivalence.

Proof of Proposition 3.1. Let K be the admitted class of2425
interpretations for the signature in which T and Hj, are for-2426
mulated. By the standard definition of semantic entailment,2427

TExHy & VYMeK MET = M |=Hy. 2428

By hypothesis there is M_ € K satisfying T A =Hpy. It2420
is therefore a counterexample to the universal condition on 2430
the right, and T [£x Hps. Similarly, M, € K satisfies2431
T A Hypy, so it is a counterexample to T ¢ —Hps. Both2432
non-entailments follow. 02433

Remark A.1 (The Role Of The Interpretation Class).2434
The conclusion is relative to K. If additional background 2435
assumptions rule out one of the models, the non-entailment2436
may cease to hold. A proposed two-model argument must2437
therefore declare the allowable mathematical and physical in-2438
terpretations rather than suppressing them in an unrestricted 2439
quantifier. 2440

Remark A.2 (From Logical To Empirical Comparison).441
Truth of the same finite set of observational sentences is2442
weaker than equality of prediction laws under a declared2443
protocol class. Even equality of all predictions in a stipulated 2444
class P does not establish equality across every conceivable 2445
experiment or inferential standard. A scientifically informa-2446
tive application therefore records the observational domain,2447
its limits, and the independent adequacy of the competing 2448

interpretations. 2449
B Proofs For The Group-Equivariant 2450

Grammar 2451
B.1 Derivations Under A Group Action 2452

Proof of Proposition 4.1. Consider an admissible step with2453
rule span L, < K, — R, and injective match m : L, <2454
T, (x) in the category of partially labeled interfaces. Assume 2455
the group action preserves both immutable typing and the2456
partial-label compatibility conditions. By hypothesis, the 2457
selected graph-category equivalence associated with g car-2458
ries the rule span and match to gL, < gK, — gR, and2459
gm : gLy — gT,.(x). An equivalence preserves the uni-2460
versal property of a pushout, and hence takes each pushout24e1
in an admissible double-pushout construction to a pushout2462
up to canonical isomorphism. Its inverse carries the trans-2463
formed construction back to the original one; therefore the 2464
existence of the required pushout complement and the match-2465
ing admissibility conditions is preserved in both directions.2466
The hypothesis on y ensures that transformed contextual 2467
guards are satisfied exactly when the original guards are, and 2468
covariance of v, supplies the transformed state lift. Thus2469

8q,gm:gC , S
gx ———= gx’. Conversely, the result with g~ transports 2470

a transformed transition back to an original one. For a finite 2471
derivation, apply this correspondence to its first step; the2472
target is the source of the transformed second step. Induction2473
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on the number of steps proves the claim. This construction2474 invertible, its inverse is equivariant on the relevant image. For2s25

establishes an equivariant correspondence between deriva-2475 h € H(Dtc

tions; it does not endow an irreversible rewriting step with
an inverse. ]

Remark B.1 (Limits Of The Categorical Hypotheses). An
arbitrary transformation of drawn graphs need not preserve
the relevant category or the chemical attributes. In particular,
identifying chirality-related spatial configurations or chang-
ing atom types while claiming exact chemical equivalence
can invalidate the assumptions. The proposition concerns a
specified functorial symmetry of a formal rewriting system.
It does not infer such a symmetry from a visually symmetric
diagram.

B.2 Stochastic Generator And Induced Semigroup

Proof of Proposition 4.2. Write I (x) for the set of ad-
missible rule—-match occurrences (g,m) from x. The
group action and matching hypotheses establish a bijec-
tion I (x) — I(gx), (q,m) — (gq,gm). Applying the
definition of the transformed generator and reindexing the
sum gives

(Lecf)(gx) = ag .m(gx,gC)
(q'.m’')eT(gx)

X [f(Jq/,m’gx) - f(gx)]

Z ag.m(x,C)

(g.m)el(x)
X [f(gjq,mx) - f(gx)]
= (Lc(fog)(x).

Convergence in Assumption 4.2 legitimizes reindexing. Sup-
pose now that gC = C, and define (Ug f)(x) = f(gx). Then
LcUg = Ug L. For finite-state chains, the matrix exponen-
tial therefore obeys P,U, = U, P,. For general well-posed
Markov processes, the same conclusion follows from unique-
ness of the semigroup solving the corresponding evolution
equation on the specified function space. This second con-
clusion is explicitly conditional on existence and uniqueness;
a formal generator identity alone would be insufficient. O

Remark B.2 (State Counting And Symmetry Factors).
The bijection in the proof operates on physically dis-
tinguished event occurrences. If one counts equivalent
matches several times, a corresponding normalization or
orbit—stabilizer factor must enter the propensities. Alterna-
tively, the event set may be quotiented by automorphisms
with correct effective rates. Both conventions can produce
the same generator when their multiplicities are handled
consistently; mixing the conventions generally produces
incorrect kinetics.

B.3 Stabilizers And Exact Symmetry
Proof of Lemma 4.1. Take g € Hy,, so gxo = xo, and recall
gC = C. By equivariance and uniqueness,

8P (x0) = Py (8%0) = P (x0).

Thus g belongs to the stabilizer of @, (xo) for every time at
which this flow is defined, and Hy,, C Hq,zc (xo)- In particular

it cannot be a strict supergroup of the later stabilizer. If @/ is

28

applying the inverse to h® (xg) = @ (xo) 2526
)y € Hy,, proving equality for2s27
02528

(x0)>
gives hxo = xo. Hence H(ch( X0

such invertible flows. This establishes both assertions.

Remark B.3 (Symmetry Of A Distribution Versus Symme-2529
try Of A Sample). For a well-defined equivariant stochastic 2530
process with symmetric context and G-invariant initial law2531
7o, the time-¢ law is G-invariant, provided the Markov evo-2532
lution is unique. This does not imply that a single sample 2533
state x; has G as its stabilizer. In finite systems, fluctuating 2534
realizations can be asymmetric even when the ensemble has2535
exact symmetry. An order parameter that acquires a selected 2536
sign may require an explicit seed, conditioning, or an appro-2537
priate limiting construction for a persistent broken-symmetry 2538
phase. 2539

C Relational-Complex Constructions And 2540
Proofs 2541
C.1 Cellular Incidence And Structural Labels 254

Let a finite oriented 2-complex have cellular basis elements 2543
vi, ej, and fi. The boundary operators can be represented 2544
by integer matrices D and D,. Their cellular property 2545
is D1 D, = 0. To verify this explicitly for a 2-cell whose2546
boundary is an oriented cycle vi — vy — -+ —= v, — v[,2547
write b f = ejp + -+ - + en1. Then 25438

alasz(Vz—v1)+---+(v1—vn)=0. 2549
Linearity extends the identity to every cellular 2-chain.2550
More general CW attaching maps satisfy the same chain-2551
complex identity by the cellular boundary construction, even 2552
when incidences repeat. The identity constrains incidence 2553
information but is insufficient to infer ring strain, molecular2554
orbital structure, or a reaction barrier. 2555

C.2 Finite-Group Interaction Invariance 2556

Proposition C.1 (Symmetry Of The Tetrahedral Interac-s57
tion). For finite G and real ¢ : G3 — R, the quartic poly-2sss
nomial in Eq. (18) is invariant under the simultaneous left-2559

translation action (Ugy)(a, b, c) = ¢(g'a, g7 b, g7"c). 2560

Proof. Substitute Ugys for each occurrence of i in Eq. (18).2561
Every summation index a,b,c,d,e, f is replaced by2s62
g 'a,g7'b, g7 c,g7d, g7 e, g7 f, respectively. Left mul-2s63
tiplication by g~! is a bijection of the finite group. Rein-2564
dexing all six summations therefore reproduces exactly the 2565
original polynomial. The result is independent of commuta-2566
tivity of G; it uses only bijectivity and the shared appearance 2567
pattern of the indices. 02568

Remark C.1 (Distinguishing Invariant Action From Bro-2569
ken State). The invariance just proved is a symmetry of an2570
interaction functional. It does not establish that the model 2571
has a non-invariant equilibrium or a symmetry-breaking2s72
transition. A finite-dimensional measure with a positive in-2573
variant action is itself invariant; a selected broken-symmetry2574
state requires an additional specification, such as a biased 2575
boundary condition or a limiting regime. Moreover, whether2576
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this group operation corresponds to a chemically observ-2577
able mirror or rotational transformation requires a separate 2578
interpretation. 2579

C.3 Selection Of A Broken-Symmetry Field Sector

Proof of Proposition 5.2. For W(t) = at® + Bt* with 8 > 0,
W’(t) = 2t(a + 2f3t*) and W(t) — +oo at large |t|. For

a > 0, t = 0 is the unique minimizer. For a < 0, the critical
points t. = ++/—a/(28) satisfy W (t.) = —4a > 0 and

W(ts) = —a*/(4B) < W(0). This proves the conditional
scalar result. The subgroup stabilizer of a general field is
determined by its full odd component ¢/,qq from Eq. (22):
the nontrivial group element fixes ¢ precisely when o4q = 0.
A single Fourier coefficient such as 7, diagnoses only its
selected sector. O

Remark C.2 (The Readout Can Erase Broken Symmetry).
Let Rc (- | k) be the point mass at a single, G-fixed chemical
state x.. for every complex k. The readout is equivariant, yet
every input distribution and every group-related pair of field
realizations yield the same terminal structure and output.
Therefore, group-field symmetry breaking alone does not
entail new chemical functions or even distinct chemical
structures. Such an implication would require additional
properties of the interpretation kernel, potentially including
injectivity on a relevant symmetry orbit and a functionally
discriminating observation protocol.

C.4 Extended Symmetry, Gauge Projection, and
Relative Odd Modes

Proof of Proposition 5.1. In Eq. (18), the indices a, c, e, f
each occur once in the first slot and once in the third slot of i,
while b, d each occur twice in the second slot. Under Eq. (20),
reindex a, c, e, f by g‘1 and b, d by h~!. Because each map
is a bijection of G, the sum is unchanged. For the orthogonal
extension, transform both the first and third slots by Q and
the second slot by R. Contraction of the two appearances
of each index uses , OxiQxj = 0;; or 2. RxiRx; = 6;j.
Every transformed contracted pair reduces to a Kronecker
delta, recovering the original polynomial. Hence the quartic
is invariant under O (n) X O(n). The extension concerns the
unconstrained real tensor space; gauge, kinetic, and regulator
restrictions may reduce the full theory’s symmetry. O

For G Zy define characters y;jx(a,b,c) =
(=1)ia*ib+ke "The quartic on a pure character satisfies

641%, =
07

k’

i #k. ©2)

Vtet[t/\/ijk] = {

Indeed the four factors contribute exponent (i + k)(a + ¢ +
e+ f) +2j(b + d); the finite sum vanishes unless i = k.
The old first-slot character y1¢p has zero quartic, whereas
the second-slot character yo10 has Viet[fx010] = 647*. The
Gaussian quadratic term (u/2) Y 2 evaluates to 4ut> on
this character, proving Eq. (24) directly.

The simultaneous translation has eigenvalue (—1)*/**
on each character. Thus the odd eigenspace has basis
{x100> X010> X001> X111 }» of dimension four, and any scalar
character coefficient is only a projection onto one direction.
For the diagonal gauge projector P = (I + U)/2, every odd2630
character vanishes under projection, in particular P g9 = 0.2631

29

The projected relative field in Eq. (25) satisfies Py, =2632
Y, because each character contains an even number 0f2633
nonzero indices. Under Uj o, both y119 and xo11 change2634
sign. Orthogonality gives }; l//% = 16z%. Direct expansion 2635
of the quartic and summation of its 2% index assignments 2636
gives Vit [t,] = 128z*. The two Z, transformations used 2637
here act on distinct model components: diagonal projection 2638
identifies gauge-related configurations, whereas Uj o acts2639
nontrivially on the projected field sector. 2640

C.5 Pushforward Of Complex Ensembles

2641

Proof of Proposition 5.3. By Eq. (29), 2642
Ouc(eh) = [ ReclsA | K) mc (k) 26t

= /%Rgc(gA | gk) mc(dk) 2644

2645

- / Re(A | k) me(dk)
H
=0c(A).

2646
The second equality changes variables by the measurable 2647
group action k’ = gk and uses the pushforward identity 2643
for mec in Assumption 5.1. The third equality applies2649
covariance of the readout kernel. The argument requires the 2650
readout to be a genuine probability kernel on a measurable 2651
space of labeled complexes; it does not follow by replacing 2652
¢ with arbitrary complex-valued field amplitudes. 02653

C.6 Comparison of Two Constructions 2654

Consider a finite, type-preserving rule sequence h =2655
(q1, - --,qn) with its specified match data. An encoding26s6
into a two-complex may use vertices for events, edges for26s7
persistent typed incidences, and faces for compatible strands 2658
of repeated participation. Even in a finite toy setting, a2659
map F(h) generally discards temporal durations and rate 2660
information unless these are explicitly labeled. Thus the 2661
condition Ec (h) = Re(- | F(h)) in Eq. (30) is an additional 2662
constraint, not a consequence of constructing F'. 2663

For an exact map F respecting group actions, F(gh) =2664
gF(h), and a readout satisfying Eq. (28), covariance of2665
the chemically interpreted history follows by substitution.2666
Conversely, finding one observable for which E¢ (&) and2667
Rc (- | F(h)) differ disproves that candidate bridge at the 2668
declared resolution. If the terminal structural map 7, discards 2669
attributes needed to predict this observable, the failure may2670
be traced to the coarsening rather than to a failure of either2671
separate generative formalism. 2672

No field-theoretic perturbation parameter is interpreted2673
here as laboratory time, and no Feynman amplitude is re-2674
garded as a reaction propensity. Such identifications would2675
require their own physical construction and independent2676
evidence. These restrictions preserve the intended indepen-2677
dence of the formalisms while giving a meaningful test of 2678
proposed correspondences. 2679

D Structural Fibers And History-Dependentsso

Response 2681
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D.1 Proof Of The Functional-Factorization
Criterion

2680

By
Put ¢, : D — @,, q,(x) = [T, (x)], where @, is the quo-2588
tient of the represented structural image under the declared 25
isomorphism relation. Give @, the final o-algebra for g,: a 2740
subset A is measurable if ¢! (A) is measurable in D. This
choice ensures that a function on @, is measurable whenever 2741
its composition with g, is measurable. (Alternatively, for

a finite or countable graph-state model, use the discrete
o-algebra.)

Proof of Proposition 6.1. Suppose first that K¢ 7 (- | x) =
Kc.g(- | gr(x)). If g, (x) = g,(x"), their two response
kernels coincide by substitution; thus K¢ ; is constant on
fibers. Conversely, assume fiber constancy. For every s € @,
choose any x; with ¢, (x5) = s and define

Kc,j(Als)=Kc(Alxy)

for each measurable output set A. Fiber constancy makes this
independent of the representative x;. Every EC, J(G]s)isa
probability measure since every K¢ (- | x5) is. Moreover,
for fixed A the function s > K¢ s (A | s) is measurable with
respect to the final o-algebra because its pullback along g,
is the measurable function x — K¢ j(A | x). Hence EC, J
is a valid Markov kernel and Eq. (32) holds. Finally, unequal
kernels at two points of the same fiber contradict fiber
constancy and therefore disprove functional sufficiency. O

Remark D.1 (Which Equivalence Is Being Tested?). The
equivalence ¢, (x) = g, (x") is about the chosen structural
representation. Enlarging the representation to include re-
tained configurations, mesoscale defects, or relevant internal
variables can split a coarse fiber into finer fibers. A previ-
ously established failure of sufficiency at resolution r can
therefore disappear at a finer resolution r’. Such a refinement
is expected in physically mediated history dependence and
does not invalidate the earlier resolution-relative result.

D.2 Stochastic Mixtures And Failure Of
Identification

For a preparation i yielding endpoint law v;, the law of
total probability gives Eq. (33). If the two preparation laws
coincide as measures on X, then the induced output laws
coincide for every common kernel K¢ ;. If v| # vy, distinct
output laws are possible but need not follow. For instance,
choose K¢, ; (- | x) constant in x; then P = P, for arbitrary
endpoint laws. Thus the existence of distinct histories, and
even distinct endpoint distributions, is insufficient for a
functional difference without a separating observation.

For the binary-response model in Eq. (34), put p; =
(1+6)/2and p_ = (1 = 6)/2. The total-variation distance
between two Bernoulli laws is |py — p_| = 6. Both full
states map to the same coarse topology s, hence the quotient
criterion of Proposition 6.1 is violated for the specified
functional response. An observer who measures the retained
variable z instead uses a finer representation 7, (s, z) = (s, z)
and can define a response kernel that factors through that
enlarged structure.

30

D.3 History Variables And Conditional Sufficiency

Let (X;)s>0 be a Markov process in a fixed context, and let
Y be any output sampled from the future trajectory after
7 using a common testing protocol. The Markov property
implies

Pr(Y € A| Xe, {Xs:s <)) =Pr(Y € A | X;)

for all measurable A when the observation is itself determined 2742
by the post-t process and its independent testing noise. A2743
symmetry-history statistic B(y) measured before 7 then2744
supplies no further predictive information conditional on a2745
complete state X,. If an empirically estimated history effect2746
persists after conditioning on the available state, possible 2747
explanations include omitted state variables, unmodeled 2748
context dependence, incorrect Markov closure, or a response 2749
criterion that evaluates historical origin itself. It would be2750
unwarranted to identify any one explanation without further27s1
evidence. 2752

These observations motivate a falsifiable hierarchy: test275s3
sufficiency of 7}, then test an enriched 7, then test a can-2754
didate dynamical state closure. The sequence connects the 2755
philosophical notion of generative history to ordinary infer-2756
ence about physical memory, without requiring a separate 2757

historical force. 2758
E Symmetry Selection And Operational 2759

Functions 2760
E.1 Odd-Observable Selection Rule 2761

Proof of Proposition 7.1. Since pxg = xo, oddness implies 2762
q(x0) = q(pxo) = —q(x0), s0 2q(xp) = 0 and g(xo) =2763
0. Therefore |g(xg)| > ¢ is false for every 6 > 0. The2764
second assertion holds only for a protocol evaluating ¢ in the2765
reference state without first applying a symmetry-breaking 2766
intervention. If interventions can induce an asymmetric2767
state, the reference state’s broader intervention-dependent2768
capability set must be recalculated rather than inferred from 2769
its initial g value. 02770

For an invariant probability law v satisfying v(pA) =2771
v(A) and an integrable odd observable g, we also obtain 2772

/q(x)v(dx):/q(px)v(dx):—/q(x)v(dx)=O. 2773

This is a statement about the ensemble mean, not an asser-2774
tion that ¢(x) = 0 for each individual realization. In an2775
equivariant stochastic dynamics with a symmetric initial law,2776
the law remains symmetric when the corresponding Markov2777
evolution is well defined and unique. Nevertheless, individ-2778
ual paths can leave the fixed-state set and select signs. A2779
finite-volume ensemble may still mix both signs, even when 2730
conditionally selected sectors display large order parameters.2781

E.2 Stability Of The Cubic Normal Form

Write f(m) = am—bm3. The equilibria solve m(a—bm?) =27s3
0. For a < 0, only m = 0 exists and f/(0) = a < 0, s02784
it is locally asymptotically stable. At a = 0, i1 = —bm?> 2785
still attracts nearby states with algebraically slow relaxation;2786
linearization alone is inconclusive. For a > 0, the fixed2787
points are 0 and m, = ++/a/b. Here f/(0) = a > 0, whereas27ss

2782
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f'(ms) = a—3bm% = —2a < 0, establishing instability zss
of the origin and asymptotic stability of the two nonzero279
equilibria. The vector field satisfies f (—m) = — f(m), hence2791
is equivariant under reflection for all parameter values.
The gradient representation nr = —3,,U (m) has U(m) =285
—am?/2 + bm* /4. When a > 0 this potential has two min-794
ima of equal depth. Exact deterministic evolution from 770
the invariant state m(0) = O remains there by unique-2796
ness, even though it is unstable. In a stochastic exten-
sion, for example a reflection-symmetric diffusion with
dm = f(m)dt + o dW; and symmetric noise, the distribu-
tion of m, remains reflection-invariant from symmetric initial
data, while individual realizations may depart from zero.
Care is required to distinguish transient sign selection, noise-
driven switching, and the persistence of broken-symmetry

states in an appropriate limiting regime.

E.3 A Sufficient Conditional Capability
Construction

Let g(x,,) = m be a separately specified physically measur-
able odd response. Fix a > 0, a threshold 0 < ¢ < \/c%,
and a test that passively records ¢ without interventions that
alter m on the testing timescale. Let fs denote the func-
tional task of producing a response magnitude exceeding
6. Then fs ¢ ¥ (m = 0), while fs € F(m = my) and
fs € F(m = m_). The reference and selected states must
be compared under the same protocol. This construction
satisfies the mathematical form of Eq. (35) in an abstract
model, conditional on the claimed readout. It demonstrates
logical consistency, not physical realizability of the proposed
chemical mechanism.

Conversely, choose a constant readout g(x) = 0 for all
states or a task family depending only on an invariant
quantity shared across the states. In that case the same
symmetry-breaking dynamics yields no new functional ca-
pability according to the selected protocol. Therefore, the
group-theoretic symmetry reduction alone is insufficient to

25 derive a universal functional-gain theorem.

E.4 Relation To Representations And Defects

Suppose an observable transforms in a nontrivial one-
dimensional representation y : G — {£1}. If x is fixed by
some g with y(g) = —1, then covariance g(gx) = x(g)q(x)
implies g (x) = 0. This generalizes the elementary Z, selec-
tion rule to any symmetry that acts with a sign change in
the chosen response channel. For vector- or tensor-valued
observables, the allowed response at x lies in the fixed sub-
space of the residual representation p(H(x)). Reduction
of H(x) may enlarge this fixed subspace, but whether the
enlarged components are actually nonzero depends on in-
teractions, constitutive coefficients, and preparation. The
formal selection rule gives an allowance, not a guarantee of
spontaneous generation or useful function.

Similarly, when a homogeneous order-parameter space
G/ H is physically justified, nontrivial homotopy groups iden-
tify candidate topological defect charges. Their existence as
mathematical classes does not suffice to establish dynamical
formation or functional relevance. Boundary conditions,
conservation constraints, kinetic pathways, and lifetimes
must be supplied by a physical model. These qualifications
prevent extrapolation from group-theoretic classifications to
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unsupported claims about a chemical product.

9 F Contrastive Models And Limits Of

Ontological Inference

F.1 Proof Of Restricted Observational Equivalence

Proof of Proposition 8.1. Fix a protocol 7 € Py with a2s52
finite observation schedule 7y < --- < t,, and measurable 2353
observation outputs Yy, ..., Y,. For each model, the joint2ss4
law is formed by composing the initial-state distribution,28ss
successive controlled transition kernels, and observation2sse
kernels at the selected times. By hypothesis, all these2857
factors coincide in both models for this protocol. Induction28ss
over the finite sequence of kernel compositions therefore 2859
gives identical joint measures for the observed sequence.2860
Marginalization preserves equality, so any finite collection 2861
of output statistics has the same law. Since 7 was arbitrary,2862
the models agree over all stipulated finite schedules in $y.2863
The conclusion imposes no equality on a kernel under a2ss4
context or intervention not belonging to #. 012865

F.2 An Explicit Two-State Alternative

Take the observed state space {0, 1}, choose 0 < p,g < 12867
with p # ¢, and define Markov kernels Ky and K, whose2868
rows are independent of the previous state: 2869

o) b
l-p p l-q ¢

Let all presently allowed protocols use only context Cy.2871
Model Mi_ uses Ky in every context. Model M, has an2s72
additional latent selector z € {0, 1}, fixed to z = 0 in context2873
Cp and activated to z = 1 in a new context C,. Conditional 2874
on z = 0 it uses Ky, and conditional on z = 1 it uses K, .2875
Identical initial observed-state and observation laws are2876
stipulated. Every protocol confined to Cy therefore yields2s77
identical observed laws in the two models by Proposition 8.1.2878
Under a one-step test in C., however, 2879

2866

2870

Pr(X'=1]|C,) =g, Pr(X'=1]|C.) =p.
Pr(X'=11C)=q.  Pr(X'=1]C)=p.

Thus their predictive difference is |g—p| > 0in a new domain.2gs1
The construction illustrates why current observation does28s2
not settle a claim about a proposed higher-order selector,2883
while also displaying a route to distinguish the hypotheses2ss4
through additional evidence. It does not show that such a2sss
selector actually exists in chemistry. 2886

To give z an ontic meta-generative interpretation, a sci-2887
entific account must specify what physical object or organi-2sss
zational degree of freedom it denotes, how it changes the 2889
underlying transition mechanism, and why it constitutes a2890
distinct level rather than a useful parameterization. The flat2891
model can be extended differently, and hidden mechanisms 2892
are never established merely because one may write them in a2893
larger state space. Consequently, opposite truth assignments 2894
to Hps (D) require declared semantics of that hypothesis2s9s
and scientifically coherent interpretation of the competing 2896
models; formal parameter augmentation alone cannot carry2897
the philosophical conclusion. 2898
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F.3 Proof-Theoretic Scope And The Problem Of zm

Trivialization 2950

. . . 2952
The countermodel result of Proposition 3.1 is semantic 7901

and relative to T. If the theory already contains Hjs as 22
an axiom, a model of T A —=Hj; cannot exist; similarly,2903
if it contains =Hj, a model of the opposite cannot exist.Z56#
Absence of an established pair is not a proof that one side is 25
entailed, since constructing physical model classes is itself aZ568
substantive undertaking. Nor does non-entailment from a 237
finite evidence set establish that every possible evidence set 2958
remains indecisive.

There are three further limitations. First, an existentially
quantified formal object can often be postulated by encoding
a structure collection into a grammar; this does not satisfy the
substantive definition of Hy; (D) in Definition 8.1. Second,
observational equivalence at one resolution can be broken
when a more discriminating measurement or intervention is
admitted. Third, if two ontological accounts are equivalent
under all physically accessible interventions, pragmatic or
metaphysical criteria may still favor one, but such criteria
should be stated rather than smuggled into the empirical
data. These qualifications preserve the paper’s principal
methodological distinction: the availability of a symmetry-
first generative model differs from evidence for the unique
or primitive existence of its generative ontology.

G Operational Bridges And Their Limits
G.1 Markov Contraction And Mixture Bounds

We give the proof of Proposition 10.1, with all relevant
probability assumptions made explicit. On a measurable
space (X, B) let P and Q be probability measures, and let
K (dy | x) be a Markov kernel from X to another measurable
space (Y, D). Define the total-variation distance by

drv(P,Q) = sup |P(A) - Q(A)]. (56)

For any measurable A C Y the function k4(x) = K(A | x)
is measurable and lies in [0, 1]. Writing o = P — Q, one has

I(PK)(A) - (QK)(A)| = ‘/X ka(x) o (dx) (57

<drv(P,0Q),

where the last inequality follows from the Hahn decompo-
sition, or equivalently from the layer-cake representation

ka(x) = /01 1¢,(x)>} dt. Taking the supremum over out-
put events proves Eq. (51).

Now let k be a probability measure on grammatical his-
tories and let E(dx | h) and E(dx | h) be two endpoint
kernels. If

drv(E(-| h),E(- | h)) <& (58)

for k-almost every ki, then their mixtures P = / E(- |
h)k(dh) and Q = [ E(- | h)x(dh) satisfy

a(P.0) < [ drv(En Bxan) <.
A subsequent common response kernel cannot increase

the discrepancy. In particular, setting E(-| h) = f R(- |
k)F(dk | h) quantifies the endpoint consequence of the
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bridge error in Eq. (50). The argument is independent
of chemistry; establishing chemical relevance requires a
correctly interpreted E, F, and R.

G.2 A Non-Identifiable Bridge Example

Consider two distinct grammatical histories 4; and &,, and
let the complex space have a single element k.. Define
F(k, | h;) =1forbothi = 1,2. Any readout R(- | k.) must
then return the same output law for both histories, even if
their true chemical endpoint laws E(- | h;) and E(- | hy)
differ. Thus Eq. (50) cannot hold simultaneously for both 2959
histories unless the endpoint laws happen to coincide. A2960
many-to-one bridge is therefore insufficient whenever its2961
identified fibers contain chemically distinguishable states or2962
histories under the selected protocol. Conversely, if the two2963
histories are deliberately equivalent at the chosen resolution,2964
a many-to-one encoding may be appropriate. The constraint 2965
is relative to the claimed explanatory target. 2966
A second limit arises even when the map h — k is injec-2967
tive. Let R(- | k) = 6y, for all complexes & in a nontrivial 2968
orbit. Then structurally distinct complex histories become a2969
single chemical state, and the output law cannot detect the2970
complex-level group action. This example reproduces the2971
logical point already encountered for field-level symmetry2972
selection: the algebraic distinction must survive chemi-2973
cal realization and observation to carry an experimentally 2974
meaningful functional claim. 2975

G.3 Symmetry Of The Integrated Observable Law 2976

Suppose G acts measurably on the chemical endpoint space2977

X and on the functional output space Y, and Q¢ and K¢ ;2978

satisfy 2979
Qqc(8A) = 0c(A),

Kec,gs(gB | gx) = Kc,y(B | x)

for all measurable A € X, B € Y. Define Pc j(B) =2981

(59)2980

f Kc.7(B | x)Qc(dx). Then substitution x” = gx gives 2982
Pacas(@B) = [ Kecas(eB |¥)Qucld') 2

= [ kea®190c(@) -

= Pc.j(B). 2985

Thus an equivariant generative law and an equivariant evalu-2986
ation protocol imply covariance of the resulting output law.2987
This conclusion does not assert equality of the measured 2988
responses of two symmetry-related materials in one fixed,2989
symmetry-breaking environment. Such equality would re-2990
quire holding the proper environmental transformation and 2991
the meaning of the measured output fixed consistently. 2992

G.4 A Concise Falsification Checklist

A proposed correspondence can fail at independent steps:2994
the graph rewrite may not preserve chemical accounting;2995
the group action may not preserve reaction propensities;2996
the complex distribution may not be a positive probability 2997
law; the readout may violate declared conservation rules;2998
the bridge may discard a retained state variable; or the2999
experimental protocol may be insensitive to the predicted 3000
broken-symmetry sector. Each failure is informative. Math-3001
ematical consistency tests should be reported separately3o02

2993



3009

3010

3011
3012
3013
3014
3015
3016

3017
3018

3019
3020
3021

3022

3023
3024
3025
3026
3027
3028
3029

3030
3031

3032
3033

3034

3035
3036
3037

3038

3039
3040

from physical validation; mechanistic parameters should be 3ma
independently constrained where possible; and predictions 3o
should be assessed on observations that were not used merely 3w
to define the readout. These requirements are especially oo
important for comparison of models with strongly different3oo7
numbers of adjustable parameters. 3008

H Compact Recapitulation of Two
Formalisms

This appendix collects the principal mathematical objects
and conditions used in the main text. It functions as a
reference map, not as an additional set of axioms or a
replacement for the detailed proofs in Appendices B-G. In
particular, a formal construction and a physically validated
chemical mechanism are distinct claims.

H.1 Common Modeling Objects And Their
Meanings

Fix an effective physical-state space X, environment space
C, acting group G, and structure extraction 7, : X — &, at
resolution r. The principal distinction is

T,(x1) =T (x2) =» (60)

X1 = X2.

The projection may discard configuration, electronic state,
collective order, or other information needed for a response
test. We must therefore declare r and the precise types
of graph isomorphism used. A group action requires an
explicitly specified domain: structural symmetry, invariance
of a probability law, and covariance of the dynamics are
distinct propositions.

Table 5: Minimal notational crosswalk.

Symbol Meaning and required declaration
X,C Effective states and environments; boundary between them fixed
T, Resolution-dependent structural projection
G,g Group and a physically justified action on each domain
R, q Chemically interpreted production-rule family and one rule
Lc Continuous-time stochastic jump generator when defined
v, B(y)  Realized path and a declared history descriptor

C.J Measurable state-to-response kernel for a fixed protocol
K,k Space of labeled relational two-complexes and one complex
v, SA Group field and regulated model action
c, Rc Positive complex ensemble and chemical realization kernel
H(x) State stabilizer within the environment-preserving group

H.2 Formalism I: Equivariant Rewriting And
Response

The syntax is defined in Definition 4.1, and its state-level
interpretation appears in Definition 4.3:
r'=(Zr,2N, S, P,
ChemG, C, G, p),
G=,X,T,,R, x,v).

(61)

A rule uses a typed DPO span L, < K; — R, a context
predicate, and a separately specified physical-state lift. Its
symmetry requirement is the conditional implication

q,m;C 8q,em;gC

x—m—x = gx ——— gx’. (62)

Graph-theoretic admissibility is not a measured chemical
reaction rate. Atom and charge accounting must be checked
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for the complete chemical system, including any reservoirs:
compare Eq. (9).

For a countable-state jump process with valid propensities,
the operational dynamics are specified by

(LcH®) =D agm(x, O£ (g mx)
q.,m
- f®].

Under the assumptions of Proposition 4.2, the transformed 3046
generator satisfies 3047

(Lgcf)(gx) = Le(f o g)(x).

A functional claim additionally needs a fixed response ker-3049
nel K¢ j(dy | x), measured or justified independently of3050
the grammar. Neither Eq. (62) nor Eq. (64) determines a3051
response kernel. 3052

(63)3045

(64)3048

H.3 Formalism II: Complexes, Field Weights, And 3053
Chemical Readout

A labeled two-complex is the incidence-and-label datum of3055
Definition 5.1; its cellular boundary maps obey 3056

3054

G 2 () 2 o), 910,=0.  (65)3057

Faces may denote selected structural motifs or relations30ss
among generative events, according to the separately de-3059
clared interpretation. The same face cannot silently switch3o60
meanings across a comparison. 3061

The group-field-inspired generator uses a regulated field 3062
¥ : G4 x M — C and interaction-dependent weights, repre-3063
sented schematically by 3064

AW U] = (W Kad) + D daVan + Sregns
@ (66)3065
Zp = / e Shdy di.

The expansion organizes stranded Wick-contraction graphs,3066
which can be interpreted as labeled two-complexes after their3o67
incidence data are extracted. Field evaluations Vi [/o] and 3068
Gaussian perturbative weights (V7)o are separate quantities.3069
Field-theory amplitudes do not themselves define probabil-3070
ities of chemical products. Where a positive normalized3071
complex ensemble 7 and a physically defended readout3o72
kernel R¢ exist, a chemical output law can be defined by 3073

Q& (dx) = / Rc(dx | k) ne(dk). (67)3074
F

The covariance result of Proposition 5.3 requires covariance 3075
of both the ensemble and readout. A symmetry-selected3076
field configuration does not automatically yield a symmetry-3077
selected chemical material. 3078

H.4 Comparisons, Conjectures, And Proof Status 3079

For matched preparation and context, operational comparison 3080

passes both models through the same response protocol: 3081
P;’C, ;= Q;’CKC, 7, i€ {grcx}. (68)3082

Proposition 10.1 gives the total-variation contraction bound 3083
for a shared response kernel. It does not prove that the two30s4
models are physically equivalent. 3085
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Three open inquiries remain distinct. Conjecture 6.1 con-386
cerns states with isomorphic terminal structural projections 387
but different test responses; Conjecture 7.1 concerns new30ss
functional capabilities enabled under a specified symmetry-3us9
reducing transition; Conjecture 8.1 concerns evidence failing 3o
to force an independently existing meta-generative order. The 3oy
third is evaluated using contrastive models and specified 3oy
observations, rather than by treating an unsuccessful proof o
of existence as a proof of nonexistence. A%

Remark H.1 (Logical And Empirical Status Of The
Recap). Conditional equivariance and probability-kernel
identities admit mathematical proof under stated hypothe-
ses; chemical realization maps, kinetic parameters, semantic
protocols, and claims about ontological existence require sep-
arate justification. The recap introduces no further physical
postulate beyond those already declared.

I Chemical Structures for Illustrative Model
Checks

The following examples are chemically familiar and alge-
braically transparent. They are used to audit the expressive
resolution of the two proposed formalisms and the meaning
of their group actions. They are illustrations rather than
experimental demonstrations of Conjectures 6.1-8.1. The
examples deliberately avoid an inference from two config-
urations of a molecule to two distinct physical generation
histories.

1.1 Geometric Stereoisomers And The Structural
Fiber

The (Z) and (E) isomers of 1,2-dichloroethene have molec-
ular formula C,H,Cl, and the same constitutional labeled
graph, yet differ by the relative arrangement of chlorines
around the C=C bond (Fig. 14a) (International Union of Pure
and Applied Chemistry, 2025b; National Center for Biotech-
nology Information, 2026a,b). Define T¢on, to retain atoms
and bond orders but discard alkene stereochemical configu-
ration. If xz, xg describe idealized configured molecules,
then

(69)

Teonn (xZ) = Teomn (XE ) » Ttereo (xZ) % Tstereo (XE) .

The second relation uses an enriched representation whose
morphisms preserve the selected relative configuration. The
net electric dipole (in the molecular rest frame, with a
fixed geometrical convention) supplies a particularly sim-
ple physical-response distinction: the idealized trans ar-
rangement is centrosymmetric and has vanishing permanent
dipole, while the cis arrangement permits a nonzero perma-
nent dipole. The implication follows at the ideal symmetry
level; precise measured moments require external chemical
data and specified conditions. An abstract response proto-
col Jgip may therefore distinguish the isomers despite the
common constitutional graph.

This example illustrates why a structural language that en-
codes only unlabeled or constitutionally labeled connectivity
can fail to be sufficient for a functional observation. It is
not a test of generative-history dependence: a difference in
E/Z configuration already differentiates the complete stereo-
chemical terminal states. The symmetry relating two spatial
configurations must not be confused with the stabilizer of a
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given molecular geometry or with the group that leaves the
surrounding environment invariant.

1.2 Enantiomers And Covariance Of Context

Bromochlorofluoromethane CHBrCIF has a tetrahedral car-
bon bearing four distinct substituents. Its mirror configu-
rations are non-superposable, while their atom- and bond-
labeled constitutional graphs are isomorphic (Fig. 14b) (In-
ternational Union of Pure and Applied Chemistry, 2025a).
Let p denote an orientation-reversing map on the enriched3151
molecular-state space, and suppose x_ = px,. Then 3152

Teonn (X4) = Teonn (x_), p’=e. (70)3153

The statement p2 = e describes an abstract mirror operation;3154
it does not say that the individual chiral molecule possesses3iss
mirror symmetry. The molecules need not have a shared3ise
physical stabilizer containing p. 3157

In a fixed chiral receptor or solvent context C, , the re-3158
sponse kernels K¢, ;(- | x+) and K¢, s(- | x-) may dif-3159
fer. Yet a consistent simultaneous transformation of both3i6o
molecule and context can yield covariance, 3161

Kpc.s(pD | px) = Kc,y(D | x) (7T1)3162

for an appropriately transformed response event D and parity-3163
compatible protocol J. Equation (71) is a conditional model3164
symmetry, not a universal empirical identity for all interac-3165
tions. It isolates an essential lesson for the two formalisms:3166
equivalent structures under a coarse graph semantics need3167
not exhibit identical effects in a fixed chiral environment,3168
while equivariance is formulated by transforming the full3169

context as well. 3170
L.3 Chemical Rule with Explicit Material 3171
Accounting 3172
A familiar acid-base event supplies a small illustration of3173
Formalism I. Consider the equilibrium 3174
CH3COOH + H,O == CH3;COO~ + H30".  (72)3175

At a constitutional level, an abstract DPO-style rule can3i7s
delete the matched acid oxygen—hydrogen incidence and3177
insert an oxygen—hydrogen incidence on the base, together317s
with appropriate charge-state changes. This is a coarse-3179
grained event schema, not an elementary transition-state3180
geometry. Both total elemental composition and net charge31s1
are conserved in Eq. (72). The labels on all species and the 3182
rule’s effective state lift must preserve this accounting. 3183

The ambient solvent, temperature, and chemical activities3184
affect the effective propensities; an actual microscopic pro-318s
ton transfer may involve solvent-mediated rearrangements3186
not represented by a single elementary graph edit. Accord-3187
ingly, the graph rule supplies structural bookkeeping while a31ss
context-dependent kinetic model supplies physical frequency3189
or probability. The choice of an oriented rule does not itself3190
determine reversibility, equilibrium constants, or a catalytic3191
mechanism. 3192

I.4 Symmetric Autocatalytic Rule Family

3193

A deliberately abstract variant of Frank-type chiral amplifi-3194
cation supplies a generative-process example rather than an-3195
other static structure comparison (Frank, 1953; Blackmond,3196
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2010). Let A be a precursor and L, R two mirror-related out-3197
puts, with identical elemental composition in the idealized 3198
accounting. A symmetric pair of catalyzed conversion rules3199

and a mutual-antagonism rule are 3200
a+L520,  A+R5 2R,
k_ (73)3201
L+R -5 D.

Here D is a nominal product containing the combined mate-
rial of L and R; the symbols do not identify an experimentally
verified collection of species. Mirror exchange p : L < R
fixes A, D and maps the first rule into the second while
preserving the third. Thus the rule family is Z,-equivariant.

Under ideal homogeneous mass-action kinetics and with
concentrations a, £, r, a simplified closed-batch description
has

{ = kat — k;tr,

F=kar — k;tr,

a=-ka(t+r), 74
d = kifr.

The output d denotes the concentration of D. Let m
(¢ —-r)/(€+r)when s =€ +r > 0. Direct differentiation
yields

m = Em(l - m?).

5 (75)

5 Subtracting the two rate equations also gives the exact

identity
S§=C0-r, $ = kaé. (76)
For a >

> 0, the sign of any nonzero initial imbalance is
preserved. In the idealized system with k; > 0, £y, r9 > 0
and 59 # 0, the ratio obeys % log(€¢/r) = k;6. Since
[6(¢)| = |d0], the ratio tends monotonically toward +co or
zero, and m(t) — sgn(dp). This asymptotic statement con-
cerns the ideal irreversible model and its stated positivity
assumptions. For positive cross-inhibition, the magnitude of
anonzero small imbalance increases while both enantiomers
remain present. The exactly racemic deterministic solution
m = 0 persists; a selected branch requires an initial pertur-
bation or a stochastic preparation mechanism. The reduced
irreversible scheme is a kinetic illustration, and a physically
realizable system would require chemically specified species,
reversible pathways or driven conditions as appropriate, and
thermodynamically consistent rate parameters. In particular,
Z; covariance of the reaction family does not by itself imply
functional novelty: a new response task must be assessed
separately under the protocol of Definition 7.1.

L.5 Benzene and the Choice of a Two-Complex

The benzene carbon skeleton supplies a transparent com-
parison of graph and two-complex descriptions. Let Cg
denote the six-carbon cycle graph, suppressing the attached
hydrogens and the electron-density information. As a one-
dimensional CW complex, Cg has

Hi(Ce;2Z) = Z. (77)

Choose to attach a2-cell f along the six-edge cycle, obtaining 3243
a disk-like CW complex Ky. With consistently oriented 5280
edges, 324

3282

6
of=) e Diaf=0, Hi(KpZ)=0. (I8)f
i=1 e

35

attach face
_—

carbon-ring graph Cg
no attached 2-cell

chosen filled 2-complex
Ohf=e+---+eg

Figure 15: Two abstract topological representations of the benzene
carbon skeleton (hydrogens omitted). Attaching a 2-cell to the six-
edge ring changes the homology of the chosen representation; it is a
modeling decision, not a claim that aromatic electron delocalization
is literally a topological face or a GFT history.

This calculation demonstrates that homological sum-3247
maries depend on the chosen lifting of a chemical graph into 3248
a two-complex. Neither the attached face nor the resulting 3249
homology group is, on its own, a physical explanation of3250
benzene aromaticity. Nor does it establish an equivalence32s1
between a molecular ring face and an interaction-history3252
face of a group-field diagram. To earn explanatory value, the 3253
selected 2-cell and its labels must encode additional experi-3254
mentally or theoretically grounded chemical relationships. 3255

1.6 How These Cases Probe the Proposed Claims 3256

The E/Z and enantiomer pairs discriminate coarse connec-3257
tivity from sterically enriched chemical states, revealing the 3258
importance of specifying the equivalence relation in Conjec-3259
ture 6.1. The acid-base event checks reaction accounting and 3260
context-specific propensities in Formalism I. The symmetric3261
autocatalytic network illustrates how a group-equivariant3262
rule family can amplify a selected branch without supplying a3263
new function by assumption. The benzene construction tests 3264
what a putative higher-order representation genuinely adds 3265
beyond an ordinary ring graph. None of these examples iden-3266
tifies a validated chemical readout from the GFT-inspired 3267
field construction; that remains a separate open task. A3268
proper empirical test of history dependence must compare 3269
matched final enriched states or deliberately quantify re-3270
tained defects and other preparation-dependent variables,3271
while a proper symmetry-breaking test must resolve a group,3272
an order parameter, and a prespecified functional response. 3273

J Visual Atlas Of Generative And Physical 3.7

Interpretations 3275

The diagrams in the main text form a deliberately ordered3276
visual introduction to both generative formalisms. They3277
connect familiar chemical constitution, symbolic rewrites,3278
group-equivariant transformations, and higher-dimensional 3279
relational representations without equating these mathemati-
cal descriptions with verified molecular mechanisms. This
appendix records the exact interpretation and limitations of
each drawing so that each can be read alongside its formal
definition.
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Visual case Question made visible 3321

Fig. 3 How can a typed rule create the next chemi- 3322
cally labeled backbone while accounting for 3323
the byproduct?

Fig. 4 Which atomic incidences change in a local 3324
matched graph rewrite? 3325

Fig. 5 What transforms when a group acts on both a 3354
rule and its chemical context? 1397

Fig. 6 Can multiple derivations end at the same coarse
chemical product? 3328

Fig. 7 Which extra topological object is introduced 3329
when a molecular ring is filled?

Fig. 8 Where do group-field gluing and chemical re- 0
alization diverge?

Fig. 9 What information may be erased by a coarse
structural map?

Fig. 10 How can a symmetric rule family admit asym-
metric realizations?

Fig. 13 Whatis required to compare the two formalisms

experimentally?

J.1 Explicit Atom-and-Bond Ledger

For the net acid—base rule in Fig. 4, introduce an atom-
mapped proton /™ originally attached to an acid oxygen o,
and an oxygen o,, belonging to water. At the graph level,
the relevant incidence update is

{(0a, ")} — {(ow, ")} (79

It is accompanied by the local charge-state relabelings of
the two oxygen-containing molecular fragments and by
preservation of all other specified atoms. This accounting is
asmall typed rewriting example. Bond-order representations,
proton solvation, transition-state structure, diffusion, reaction
reversibility, and rates lie in the state lift and the separate
chemical model. The ledger is not a claim that a multistep
solvent proton shuttle is a single elementary event.

J.2 Inference Limits of Diagrammatic Images

The diagrams have three roles. Construction diagrams state
operations internal to a formalism (e.g., DPO-like graph edits,
attaching a 2-cell, or gluing group-field strands). Chemical
illustrations connect the notation to known types of molecule
and reaction while supplying explicit limitations. Conjecture
diagrams specify potential distinguishing measurements
without claiming that their abstract outcomes have been
experimentally observed. In every case, visual similarity is
weaker than a structure-preserving mathematical map. In
particular, a filled benzene polygon, a GFT-like face, and a
correlated chemical mechanism require separate definitions
and cannot be substituted for one another.

K Implementation-Oriented Restatement of
Two Formalisms

This appendix restates the two formalisms in a way that
supports direct coding and independent formal checking.
The emphasis is on declared data structures, execution order,
and interfaces among modules. The appendix complements
the mathematical definitions in Sections 4-5 and the compact
recap in Appendix H.
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K.1 Formalism I: Executable Grammar Object

A software representation of the grammar in Definition 4.1
can use the following records.

1. Terminal types Xt: atom labels, bond labels, optional
attributes, and admissible terminal annotations.

2. Nonterminal types Xy: symbol name, port arity, and
port typing constraints.

3. Start graph S: a typed attributed graph together with a
list of marked nonterminal sites.

4. Production schema p: left nonterminal symbol, inter-
face ports, replacement graph H,, and predicate y, on333i
the host state and context. 3332

5. Physical rule g: a DPO span (L; < K; — R;), admis-3333
sibility predicate, and state-lift map v,,. 3334

6. Environment record C: declared fields, reservoirs, con-3335
trol variables, and any fixed external constraints. 3336

7. Group action p: methods that transform states, contexts,3337

labels, matches, and rules. 3338
A derivation engine can then be stated as follows. 3339
1. Initialize the sentential graph with S. 3340

2. Identify each nonterminal site and the admissible produc-3341
tion schemas that match its port type. 3342

3. Apply one schema, producing a new sentential graph. 3343

4. Continue until all sites are terminal and the closure checks 3344
pass. 3345

5. Where a physical interpretation is desired, pair each rule3346
application with its state lift, propensity, and response-3347
kernel update. 3348

A practical implementation can store the formal language 3349
Lierm (I'; C) separately from the stochastic process generated 3350
by Eq. (11). This separation is especially helpful for verifi-33s1
cation because the grammar can be unit-tested before kinetic 3352
parameters are introduced. 3353

K.2 Minimal Rule Format for Reproducible Code 3354

A convenient serializable rule format is 3355

g = (id, Ly, Ky, Ry, xq. v metadata),  (80)3356

where metadata may contain stoichiometric bookkeeping,3357
atom identity maps, default rate-law parameters, and docu-3358
mentation. For coding purposes, the following checks are 3359
useful. 3360

1. Interface preservation: every node or port in K, appears336l
consistently in L, and R,,. 3362

2. Typing consistency: atom and bond types match the host3363
graph and replacement graph. 3364

3. Accounting consistency: declared atomic counts and3365
charges agree with the intended whole-system interpreta-3366
tion. 3367

&

Action consistency: for each selected g € G, the trans-3368
formed rule gq is represented by the same data format. 3369

These checks can be implemented as assertions prior to any3370
stochastic simulation. 3371
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Formalism I: Executable Grammar Pipeline

Declare
21, N

Build Start Graph S
and Port Types

{

Encode Produc-
tion Schemas
and Predicates

Run Derivation /
DPO Rewriting
with Match Selection

Physical Calibration

Attach Rates, State Lifts,
and Response Kernel K¢,y

A coded implementation can keep the formal terminal language and the physically interpreted jump process as distinct layers.

Formalism I1: Executable Complex / Field Pipeline

Declare Cell Sets
V,E, F and Labels

Encode Boundary Maps
01,0,

g

N

Generate Weighted
Complexes
or Sample ¢

Specify Field Data
!// s KA’ Va,A

%.

Interpretation Choice

Apply Chemical Readout R¢ ¥
and Response Kernel K¢,y

A reproducible implementation records the complex generator, the normal-
ization convention, and the chemical readout map as separate modules.

Figure 16: Implementation-Oriented View of Two Formalisms. Each formalism can be translated into software by storing the declared
symbols, state objects, transformations, and readout maps in separate modules. The panel summarizes an execution order that can be

mirrored in a codebase.

K.3 Formalism II: Executable Complex / Field
Object

3302

A software representation of Formalism II can use the records 3374

K= (V.E,F,d,0, 0y, g, lr),
together with a field-theoretic record

% = (G, d,M, W, Ka, {Va/,A}ara Sreg,A)-

A coded workflow can proceed by

(82)

1. generating or loading admissible complexes,
2. checking the chain condition 9,9, = 0,

3. evaluating the chosen field weight or normalized ensem-
ble,

4. sampling a complex or integrating over the ensemble,
5. applying the chemical readout R,
6. evaluating the response kernel K¢ ;.

This modular order makes it straightforward to test distinct
choices of complex interpretation without changing the field
generator.

K.4 Cross-Formalism Verification Targets

For a code-based comparison, three kinds of outputs are
especially useful.

1. Terminal structural outputs: graphs, isomorphism
classes, or labeled complexes.

3396

(81)3375
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2. Dynamical outputs: path distributions, event counts, or
sampled trajectories.

3. Functional outputs: the response law P, c, ; or a de-
clared functional of that law. 3397

A verification study can therefore ask whether the same3398
terminal structure is reached, whether the same output law3399
is produced after calibration, and which assumptions are 3400
responsible for any agreement. 3401

Remark K.1 (Scope of the Implementation Restatement).402
The present appendix offers a translation guide from mathe-3403
matics to code. It preserves the paper’s separation between 3404
formal derivation, physical interpretation, and ontological 3405
discussion. In this way, an external reader can reproduce 3406
the constructions step by step, compare them with the de-3407
tailed proofs, and attach further mechanistic modules where 3408
desired. 3409

L Exact Checks for Finite Case Studies

The following calculations provide independent check val-3411
ues for the examples in Section 9. They are formulated3s412
as algebraic identities and finite combinatorial invariants,3413
permitting implementation in graph, linear-algebra, or finite-3414
group software without prescribing a particular programming 3415
language. 3416
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L.1 Orientation And Orbit Calculation For The 3uss

Tetrahedral Grammar 36
3467

Let vy, ..., v4 be four noncoplanar ligand endpoints with 3419
fixed labels, and set 3155
3469

D = det[vy — vy, V3 — Vi, V4 — V{]. 9P

For an orthogonal transformation Q, translation t, and V; =3422
Qv; +t, multilinearity gives D’ = det(Q)D. Proper rotations 33
have det Q = +1, and a reflection has detQ = —1. In a rigid
tetrahedral model, the two signs identify the two classes
modulo proper rotations. With the nontrivial element p € Z,
represented by reflection, p2 = e and pX; = X_, so the
terminal orbit has two members while the constitutional star
has a single labeled-graph isomorphism class.

A finite regression table can therefore test: five atomic
vertices; four atom—bond edges; zero nonterminal sites
in terminal products; both orientation signs; equality of
constitutional classes; and exchange of signs under the
chosen reflection. These checks are conditional on a fixed
ligand ordering and nondegenerate spatial embedding.

L.2 Cycle Graph and Filled Two-Complex

Orient the six edges of a ring cyclically. With vertex basis

Vi,...,Ve, the boundary matrix D has column i equal to
—Vv; + v;41, indices modulo six. Its rank is 5. The unfilled
ring has D, with zero columns, so tkH; = 6 =5 = 1.

Attaching a two-cell f with &, f = Z?: | €; adds the column
(1,1,1,1,1,1)", which spans ker D ;. Thus the filled model
has H; = 0 and H, = 0. This computation concerns the
selected complex representation.

L.3 Two-Vertex Stranded Dipole Boundary
Matrices

Order the vertices (u, v), propagator edges (ey, €2, €3, €4),
and faces (fi2, f13, f14, f23, f24, f34). Then the integer

boundary matrices are
-1 -1 -1 -1
b=ty v 1 ) (83)
1 1 I 0 0 O
-1 0 0 1 1 0
Da=lo -1 0 -1 0 1 (84)
0o 0 -1 0 -1 -1

Direct multiplication gives D1D, = 0. Over Q, tk D; = 1
and rk D, = 3. Moreover, columns fi», fi3, and fi4 of D;
form a primitive basis of the integer kernel of D1; hence
im D, = ker D; and there is no residual H; torsion. The
rank-nullity identities give bg = 2—1=1,b; =4-1-3 =0,
and by = 6 — 3 = 3, with free integral homology as stated.

L.4 Explicit Z, Interaction Checks

For the quartic interaction in Eq. (18), the six summation
indices a, b, c,d, e, f each take values in {0, 1}. For the
constant field ¥y = 1 there are 2° = 64 identical terms.
For y(a,b,c) = (—1)¢, the product of four fields is
(=1)a*cterf Therefore

1

2

a,c,e,f=0

Vtet[¢’1] — (_1)a+c+e+f ( =0.

el

b,d=
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Under simultaneous left translation U, the constant field
stays fixed and ¢; changes sign. The quartic polynomial is
invariant, so the values 64 and 0 remain unchanged. A finite
enumeration or symbolic expansion checks these identities
independently of the perturbative interpretation of the field
action.

L.5 Exhaustive Slot-Preserving Gluing Counts

The four field factors in Eq. (18) are (a, b, c), (c,d,e),3472
(e, b, f),and (f,d, a). At one interaction vertex, each pair3473
of factors shares exactly one strand index, giving the six3474
pairings a, b, c, d, e, f. At two vertices, pair factor i of the3475
first copy to factor o (7) of the second by identifying each of3476
its three argument slots with the same slot of the paired factor.3477
Every strand then alternates between an internal interaction 3478
identification and a propagator identification. Tracing the3479
resulting closed cycles counts the faces. More formally, let 3480

3481

H={A,B}x{1,2,3,4} x {1,2,3}

be the 24 strand endpoints. Let I be the fixed-point-free invo-3482
lution pairing endpoints carrying the same interaction index 3483
within one vertex, and let J, pair (A, i, s) with (B, o (i), 5) 3484
The connected components of the two-regular graph defined 3485
by I and J, are its faces. Equivalently, if c(7) counts34s6
permutation cycles, then 3487

F(o) = %c(l oJy). (85)3488

Each alternating component contributes two permutation 3489
cycles to I o J,. Enumerating the 24 permutations against3490
this exact formula gives the table below. 3491

For the chosen ordering, the 24 possible o € Sy distribute 3492
as follows: 3493

Table 6: Exact Face Counts for Slot-Preserving Two-Vertex Glu-

ings.

Faces  Pairings Characterization

6 4 Cyclic rotations of (1,2,3,4)

4 4 Reversals (1,4,3,2),(2,1,4,3),
(3,2,1,4),(4,3,2,1)

3 16 Remaining slot-preserving pairings

The sum of the multiplicities is 4 + 4 + 16 = 24 = 4!. The 3494
identity pairing gives six faces, described by the boundary349s
matrices in Eq. (83). The same six-face count applies to3496
the other three cyclic pairings in this chosen slot convention 3497
General propagator identifications can include permutations 3498
of strand slots and may lead to a different enumeration.3499
The distinction between a specific dipole and the complete 3500
two-vertex pairing family should be retained in independent3s01
code verification. 3502
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L.6 Reproducibility Checklist

Table 7: Expected Exact Outputs for Independent Verification.
3546

3547
3548
3549

Test Object Expected Output

Tetrahedral terminal graph
Constitutional projection
Reflection action

Unfilled six-cycle

Filled six-cycle
Two-vertex dipole

|V] =5, |E| = 4; two enriched orientations
One labeled-star isomorphism class

p2 =e, pX; =X_
bop=1,b;=1,b=0
bp=1,b;=0,b, =0
(V,E,F)=(2,4,6)

3550
3551
3552

Dipole boundary product DDy =0
Dipole homology (bo, b1, by) = (1,0,3) 3553
Constant Z, field Viet = 64

QOdd first-index field 3554

Odd second-index field

Gauge projection of odd modes
Relative gauge-invariant field
Two-vertex gluing count

Viet[tx100] =0

Veee[txo10] = 641

Pxi100 = Pxo10 = 0; Piyoga = 0
Py, =y, Vil Yz ] = 12824

F = 6,4, 3 with multiplicities 4, 4, 16

3555

3556
3557

The tests establish the reproducibility of selected formal 3598
objects. The independent reproduction of physical response 335
kernels, reaction rates, or chemical realization maps would
require specifying additional empirical or computational
models and validating their provenance.

M Verification Notes and Remaining
Mathematical Obligations

This appendix records the conventions and regression targets
for independent replication. A formal identity proved under
stated assumptions, a finite computational identity, and
a chemically validated mechanism are different kinds of
evidence. In particular, test fields inserted into a polynomial
should be stored separately from Wick-contraction graphs
arising from a Gaussian measure.

M.1 Exact Finite Tests for the Tetrahedral

Interaction
For G = Zp use unnormalized counting
measure and the lexicographic array  order

(000), (001), (010), (011), (100), (101), (110), (111). The
field tensor

v=(-11,-2,1,-2,0,-1,-1) (86)

has Vit [¢/] = =30, by direct summation over the six group
indices. The constant field gives Vi[1] = 64. Quartic
homogeneity implies that for either nonzero sign of A, the un-
regulated action ’7' > 2 + AV [¢/] diverges toward negative
infinity along at least one real-field ray. A positive coercive
regulator such as € Y, /¢ makes the finite-dimensional real
integral convergent for € > 0.
Character orthogonality gives the exact identity

Ve[t xije] = 641* 1oy (87)

Thus the original y oo direction is quartically flat, while yo19
yields 64¢*. The full U-odd subspace is spanned by four
characters, and the gauge projector annihilates this whole
subspace. The relative odd field z(y110 + yo11) is gauge
invariant while transforming oddly under the separately
defined U o subgroup.

M.2 Wick Pairings and Graph Weights

For the real Gaussian covariance (Yapcarbcr)o
OaaObbOcers Wick’s theorem gives a sum over all per-

39

fect pairings of the 4n field factors in V{},. For two quartic
vertices there are 7!! = 105 pairings. Among them, 24 join
every leg across the two vertices, 72 have two cross-vertex
contractions, and 9 use internal pairings only. The latter
class gives disconnected two-vertex vacuum graphs. The 24
cross-only pairings split into face counts 6,4, 3 with multi-
plicities 4, 4, 16 under slot-preserving propagators, as proved
in Appendix L.5. For the identity propagator and counting
measure, each closed face contributes exactly |G|; hence a
six-face dipole has an index-summation factor 2 = 64. Its
numerical coincidence with Vi([1] follows from separate
contractions and should be interpreted accordingly.

M.3 Grammar Semantics and Relabelling Tests

An implementation of the acid-base production should test
both incidence edits and changes to mutable charge attributes
on preserved oxygen vertices. The partial-label interface
of Habel and Plump (2002) provides this possibility while
preserving atomic identifiers. A strict label-preserving3seo
DPO rule would fail this test if charge labels are treated as3sol
immutable. The tetrahedral grammar produces attributed 3562
terminal graphs with 7 = +1; an independent realization3s63
map produces embedded structures, whose classes are then3se4
considered modulo proper Euclidean motions. The determi-3s65
nant sign depends on the ordered ligand list (H, F, Cl, Br) 3566
CIP R/S assignment is a separately declared convention and 3567
remains outside the present finite-output assertions. 3568

M.4 Notation and Interpretation Discipline 3569

The following notation is preferred in reproductions. Here3s70
o can denote the reflection action on a stereochemical state,3571
while p. denote the two production schemas; these are3s72
conceptually distinct from the probability measure w¢. The3573
symbol v, refers to a state lift, whereas the species-level 3574
stoichiometric increment is written An,. The DPO interface 3575
K, is a graph; the kinetic kernel K acts on fields; K¢,y 153576
the response kernel. These objects are distinguished by their3s77
domains and codomains, and implementations should use 3578
corresponding distinct identifiers. 3579

Table 8: Verification Status and External Dependencies.

Status Mathematical or Scientific Item

Vixioo]l = 0; Vxoio] = 64; negative field
witness V[y] = =30

Four-dimensional U-odd subspace; P/oqq = 0

105 two-vertex pairings; 24 cross-only; six-face
distribution 4, 4, 16

Equivariant DPO rewriting, generator covariance,
readout pushforward, and invertible-flow stabi-
lizer conservation

Action normalization, graph automorphism fac-
tors, Haar versus counting measure, CIP parity
labeling

Gauge-invariant chemical observable, field-to-
chemistry readout R, reaction rates, and func-
tional capability tests

Exact finite identity

Exact linear algebra

Exact Gaussian combinatorics
Conditional theorem

Convention-dependent

Independent physical validation

For chemical symmetry breaking, the experimental ob-3580
servations of Kondepudi et al. (1990) and Soai et al. (1995)3581
are precedents. The paper’s stronger inquiry concerns the3ss2
conditional production and identification of new operational 3583
functions under symmetry-reducing generative dynamics.3584
Models that successfully reproduce optical activity alone3sss
should therefore be evaluated as a component of, rather than3sse
a complete demonstration of, that proposed mechanism. 3587
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