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Abstract

We develop a unified formal framework connecting welfare
economics, algebraic group theory, gauge field theory, and
the theory of dynamical systems. The indifference curves of
consumer theory are identified as orbits of a one-parameter
Lie group acting smoothly on the consumption manifold; this
identification is made concrete with explicit computations for
Cobb-Douglas, CES, and quasilinear utility functions. Budget
constraints are recast as spontaneous symmetry breaking that
selects a point from the orbit, and price signals are identified,
via the Goldstone—-Nambu theorem, with the cotangent direc-
tions corresponding to the broken generators. The marginal
rate of substitution is shown to equal the ratio of components
of the connection one-form on the preference fibre bundle, and
its variation along the indifference curve equals the bundle

s curvature, which is zero for perfect substitutes and generically

non-zero for convex preferences. The social path integral is
formulated in Euclidean signature, yielding a rigorous stochas-
tic interpretation via the Feynman—Kac formula. We argue that
the equilibrium paradigm in economics rests on an ergodicity
assumption that is empirically unwarranted for path-dependent

» social systems; convergence to the Pareto frontier is generically
2 not guaranteed. Building on this analysis, we survey classical

ethics (Aristotle, Kant, Mill) and theories of justice (Rawls,

»s Nozick, Sen, Dworkin), develop their formal representations

within the dynamical-systems framework, and propose genera-

27 tive justice: a functional on trajectory space that evaluates the

normative quality of each symmetry-breaking event rather than

» any terminal state. Open problems are explicitly demarcated
s throughout.

Keywords. Pareto efficiency; group orbit; spontaneous sym-
metry breaking; Goldstone theorem; fibre bundle; curvature;
Euclidean path integral; ergodicity; generative justice.
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1 Introduction

The mathematical apparatus of neoclassical economics was
assembled during the 1870s by Jevons, Walras, and Edgeworth
through an explicit but largely unreflective borrowing from
classical mechanics [Mirowski, 1989]. Utility was modelled
on potential energy, equilibrium prices on force-balance condi-

tions, and the optimising agent on a particle seeking an energy 2

minimum. The conceptual consequences of the analogy, and
its limits, were rarely examined.

The present paper undertakes a more deliberate and struc- 2

turally motivated synthesis. We draw on three developments in

20th-century theoretical physics: gauge field theory [Weinberg, 2

1995], the Goldstone-Nambu theorem on spontaneous sym-
metry breaking [Goldstone, 1961, Nambu and Jona-Lasinio,

> 1960], and the Euclidean path-integral and Feynman—Kac for-
25 malism [Feynman and Hibbs, 1965, Simon, 1979]. We also
use the orbit theory of Lie groups [Hall, 2015] and the theory 2o

of connections on fibre bundles [Nakahara, 2003], together
with the modern theory of dynamical systems [Strogatz, 2018,
Guckenheimer and Holmes, 2013].

Central claims.

219 (I) The indifference curves of consumer theory are the orbits

220

221

222

of a one-parameter Lie group Gy acting smoothly on the
consumption space X . The utility function U is the invariant
of this action and separates orbits. This correspondence is
exact and requires no analogy.

»(II) The variation of U along an orbit is zero by definition. Via

225

226

227

228

the Hamiltonian interpretation of the orbit flow (Claim III),
this is the statement that U is the conserved Hamiltonian,
and Noether’s theorem identifies it as the charge of time-
translation symmetry.

»dIT) The orbit flow on X is the Hamiltonian flow of U with

20 respect to a symplectic structure on X, which for n = 2
x1 goods is the standard area form on R%.
»IV) Budget constraints break the orbit symmetry Gy, select-
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272

ing a unique point x* from Z... The price vector p is the
covector dU(z*) evaluated at the optimum and normalised
by the Lagrange multiplier, playing the role of a Goldstone
covector for the broken symmetry.

The marginal rate of substitution equals the ratio of com-
ponents of the connection one-form on the preference fibre
bundle 7 : X — R, and the curvature of this connection is
zero if and only if preferences are linearly separable (perfect
substitutes).

The social path integral is well-defined in Euclidean signa-
ture via the Feynman—Kac formula and corresponds to a
stochastic welfare optimisation. The parameter hg,. is an
institutional noise level.

The ergodicity assumption implicit in equilibrium eco-
nomics fails for path-dependent social systems; the Pareto
frontier need not be reachable from given initial conditions.

Generative justice is a functional on social trajectory space
that evaluates each symmetry-breaking event normatively,
superseding both terminal and procedural conceptions of
justice in non-ergodic systems.

Claims (I)-(V) are proved below under clearly stated as-
sumptions. Claims (VI) and (VII) invoke standard results.
Claim (VIII) is a formal proposal whose normative complete-

»s6 ness depends on the choice of local scoring function 7, an open

problem.

The paper is structured as follows. Section 2 provides mathe-
matical and physical background. Section 3 presents economic
concepts with full formulas. Section 4 develops the algebraic
and physical interpretation. Section 5 covers ethics, justice
theory, and their formal representations. Section 6 discusses
implications and limitations. Section 7 surveys related litera-
ture. Section 8 concludes.

2 Preliminaries

2.1 Quantum Field Theory
2.1.1 Lagrangian and Action

A classical field theory over a spacetime manifold M is speci-
fied by a Lagrangian density £(¢, 0,¢), where ¢ : M — V' is
a field and 0, denotes spacetime differentiation. The action is

Sl = [ gt 0w) a0
M
The equations of motion §5 = 0 yield the Euler-Lagrange

equations
oL oL

o6~ a0, "

2
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2.1.2  Euclidean Path Integral and Feynman—Kac

In the Minkowski path integral, amplitudes involve e*5/",
which is complex and not directly a probability. The Euclidean
path integral is obtained by the Wick rotation ¢ — —¢7 (imagi-
nary time), yielding

z(T)=xzy 1
Dlz] exp(—

SOC

K(zg,aT) :/

z(0)=z,

Selal), )

where the Euclidean action is

/0 (4162 + V()] ar.

The Feynman—Kac formula [Simon, 1979] gives the rigorous
interpretation: K (zs,z;;T) = Exi[e’foT Vier)dr | P—
where the expectation is over Brownian paths starting at z;

> with diffusion coefficient hg,.. This identifies (3) as a gen-

uine probability kernel and connects it to the Fokker—Planck

equation
OP e s
— = —V*P - (P .
o > V*P+V-(PVV) (5)

Caveat 2.1. The Minkowski path integral [ D[z] e*%/" used in
some physics-economics translations [Smith and Foley, 2008]
is not a probability measure and requires additional regularisa-
tion. All social path integrals in this paper use the Euclidean
form (3) and are interpreted via the Feynman—Kac formula.

2.1.3 Gauge Fields and Curvature

A gauge field is a connection on a principal G-bundle over a

»> base manifold M. In local coordinates, it is a g-valued one-
» form A = A, dz*. The field strength (curvature) is

F;u/ = auAV - 8I/A[L + [A;u Au] (6)

For an Abelian group G = U(1), the commutator vanishes and

F,, =0,A, — 0,A, is the ordinary electromagnetic tensor.
Physical observables are gauge-invariant quantities built from
F,

iz

2.1.4 Spontaneous Symmetry Breaking

A symmetry is spontaneously broken when the action S[¢] is
invariant under a group G but the ground state is not [Nambu
and Jona-Lasinio, 1960]. The canonical example is a complex
scalar with potential V (¢) = — % |¢[2+2|¢|*, invariant under
U(1), but whose minimum ring |¢| = /v is not U(1)-
invariant.

Theorem 2.1 (Goldstone-Nambu, 1961). If a continuous sym-
metry group G of dimension n is spontaneously broken to a
subgroup H of dimension k, then the low-energy spectrum
contains at least n — k massless scalar particles (Goldstone

bosons). In the absence of gauge fields, the count is exactly
n — k.

@ »
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Proof. Goldstone [1961]; for the general proof, Weinberg
[1995], §19.2. O

2.2 Group Theory
2.2.1 Lie Groups and Algebras

Definition 2.1 (Lie group). A Lie group is a group G that is
also a smooth manifold such that the multiplication G xXG — G
and inversion G — G are smooth maps [Hall, 2015].

The tangent space at the identity, g = 7T.G, with the Lie
bracket [-, -] induced by the adjoint action, is the Lie algebra
of G. The exponential map exp : g — G converts Lie algebra
elements to one-parameter subgroups.

> 2.2.2  Orbits, Stabilisers, and the Orbit-Stabiliser Theorem

»» Definition 2.2. Let G act on a smooth manifold X via ¢ :
x G x X — X. The orbit of x € X is Orb(z) = G - z and the

stabiliser is Stab(x) = {g € G : g - = = z}.

Theorem 2.2 (Orbit-Stabiliser). G/ Stab(z) = Orb(x) as
smooth manifolds when the action is smooth. In particular,

dim Orb(z) = dim G — dim Stab(z).

Proof. Lee [2013], Theorem 21.18. O

2.2.3 Noether’s Theorem
Theorem 2.3 (Noether, 1918). Let the action S[¢] be invariant

» under a continuous one-parameter family of transformations

¢ +— ¢+ e8¢ + O(c?). Then the Noether current j* =
%&b satisfies 0,,5* = 0 on solutions of the equations of
B

motion, yielding a conserved charge Q = [ j* d"'x.

Proof. Noether [1918]. O

2.3 Dynamical Systems Theory
2.3.1 Flows, Fixed Points, and Stability
A smooth dynamical system on a manifold M is specified by

a vector field f : M — T M, generating the ODE & = f(x).
A fixed point satisfies f(z*) = 0. Stability is classified by the

> eigenvalues of D f(x*): all eigenvalues with negative real part
; give an asymptotically stable sink; mixed signs give a saddle;

any positive real part gives an unstable fixed point [Strogatz,

5 2018].

2.3.2  Lyapunov Functions

Definition 2.3. A smooth function V' : U — R on a neighbour-
hood U of a fixed point x* is a Lyapunov function if V (z*) = 0,
V(z) > 0forxz # z*,and V(z) = VV () - f(x) <0.

Theorem 2.4 (Lyapunov Stability). If a Lyapunov function
exists on U, then x* is Lyapunov-stable. If V < 0 for x # x*,

2 then x* is asymptotically stable.
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2.3.3  Bifurcation Theory

A bifurcation at parameter value y.. is a qualitative change in
the phase portrait of & = f(x;u) as p crosses p. [Gucken-
heimer and Holmes, 2013]. Relevant cases:

* Saddle-node: two fixed points collide and annihilate;
rank D f = n — 1 at the bifurcation.

* Pitchfork: a symmetric fixed point loses stability and bifur- |
cates into two. This is the dynamical analogue of sponta- |

neous symmetry breaking.

* Hopf: a fixed point loses stability, emitting a limit cycle; *

complex conjugate eigenvalues cross the imaginary axis.

2.3.4 Hamiltonian Systems

A Hamiltonian system on a symplectic manifold (M, w) with
Hamiltonian H : M — R satisfies Hamilton’s equations:
.  OH OH
= ) bi = — > .
Ip; dq"

q @)

Key properties: H is conserved along trajectories (H
{H, H} = 0); the flow preserves the symplectic volume form
w™ (Liouville’s theorem); and Noether’s theorem in the Hamil-
tonian setting states that each continuous symmetry yields a
conserved quantity in involution with H.

» 2.3.5 Ergodic Theory

Let (Q, F, u, T') be a measure-preserving dynamical system.

Definition 2.4. The system is ergodic if every T-invariant set
has measure O or 1.

Theorem 2.5 (Birkhoff Ergodic Theorem). If the system is
ergodic and f € L*(1), then

N-1
1 k

Nh_rgoN];Jf(Tw)—/fdu ji-a.e (®)

Proof. Walters [1982], Theorem 1.14. ]

Remark 2.1. A system converging to a fixed point * concen-
trates its time-average measure on the singleton {«* }, which
is a zero-measure set if the state space has positive dimension.
Hence asymptotic convergence to a fixed point implies non-

» ergodicity with respect to any continuous invariant measure.

Ergodicity and fixed-point convergence are mutually exclusive
properties.

2.3.6  Renormalisation Group as a Dynamical System

The renormalisation group (RG) flow in quantum field theory

is a dynamical system on coupling-constant space [Wilson,
1974]:

99: _ )

2 o )y
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where 1 is the energy scale. Fixed points of (9) are conformal
field theories; their universality classes classify critical phe-
nomena independently of microscopic details. The analogue in
macroeconomics is the emergence of robust aggregate regulari-
ties (power laws, business cycle patterns) that are independent
of individual agent details.

2.4 Fibre Bundles and Connections

Definition 2.5 (Fibre bundle). A smooth fibre bundle
(E, B, 7, F) consists of smooth manifolds F (total space) and
B (base), a smooth surjection 7 : £ — B, and a typical fibre
F such that each point b € B has a neighbourhood U with
7Y (U) = U x F via a diffeomorphism compatible with 7

» [Nakahara, 2003].

Definition 2.6 (Connection). A connection on a bundle is a
smooth splitting of the tangent bundle TE = V E@ H E, where

s VE = ker(dr) is the vertical subbundle. The connection one-

form w € QY(FE, g) satisfies w(v) = v for v € VE and is
equivariant under the structure group action. The curvature is

¢ Q= dw+ 1w,w] € Q*(E, g).

For an Abelian structure group (G = R or U(1)), the com-
mutator term vanishes and 2 = dw. The curvature 2 = 0 if
and only if the connection is flat, i.e. the horizontal distribution

> is integrable (Frobenius theorem).

3 Economic Concepts

Each concept is presented in three parts: the widely accepted
natural-language definition with its primary or authoritative
source, a discussion of intuition and context, and the formal
apparatus. This ordering reflects the methodological principle
articulated by Samuelson [1947], p. 3: “Mathematics is a lan-
guage. The purpose of the mathematical formulation is not to
obscure but to clarify.” The mathematical model is a precision
instrument for reasoning about concepts that precede it.

» 3.1 Consumer Theory

3.1.1 Preferences and Utility

Accepted definition. Samuelson [1938], p. 61, grounded

s consumer theory in observed choice: “the individual guinea-

99

pig, by his market behaviour, reveals his preference schedule.
Arrow [1951], p. 9: “z is preferred to y if the individual would
choose = when y is also available.” Mas-Colell ez al. [1995],
p. 9: autility function U represents ;- if ¢ 7= y < U(x) >
U(y).

Discussion. Preferences are prior to utility. Utility is a repre-
sentation device, not a psychological substance. Pareto [1906]
recognised that only the ordering matters (ordinality): any
strictly increasing transformation f o U represents the same

s preferences, so utility levels cannot be compared across persons

without additional cardinal structure. The axioms of rational-
ity (completeness and transitivity) encode the minimum re-
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quirements for consistent choice, but are empirically contested
[Kahneman, 2000, Tversky and Kahneman, 1986].

Formal definition. A preference relation 7 on X = R is
rational iff complete and transitive. Under continuity of -,

> Debreu [1954] shows a continuous representing function U

exists, unique up to monotone transformation. Standard special
cases: Cobb-Douglas U = [[x$; CES U = (3 aya?)'/?,
o =1/(1 — p); quasilinear U = z1 + v(z2), v"" < 0; homoth-

s etic U(Ax) = AU (x).

3.1.2 Revealed Preference Theory

Accepted definition. Samuelson [1938], p. 65: “if at price
situation p and income y the individual purchases goods ¢
L)

rather than ¢/, then we say that ¢ has been selected over ¢'.
Houthakker [1950] extended this to the Strong Axiom of Re-

> vealed Preference (SARP), characterising data consistent with

utility maximisation.

Discussion. Revealed preference provides a theory of de-

s mand without assuming utility; it is purely behavioural and
s empirically falsifiable. Afriat [1967] proved that a finite set of

price-quantity observations is consistent with utility maximi-
sation if and only if it satisfies GARP (Generalised Axiom of
Revealed Preference), giving a constructive utility function for
any GARP-satisfying data.

x is directly revealed preferred to y, writ-

and = # v, then not yRP x. SARP: the transitive closure R of
RP is acyclic. Afriat’s theorem [Afriat, 1967]: the following

are equivalent: (i) data satisfy GARP; (ii) data are rationalisable °

s by a non-satiated utility function; (iii) there exist ug, A > 0 - o
s necessity 0 < 7; < 1; luxury n; > 1; inferior n; < 0. Health

with u; < ug + Appr - (z; — ) for all &, 5.

3.1.3  Utility Maximisation and Duality

Accepted definition. Varian [1992], p. 97: “The consumer’s
demand function z*(p, w) gives the optimal bundle as a func-
tion of prices and income.” The dual problem, expenditure

s> minimisation, was formalised by Hicks [1939a], Ch. II.

Formal definitions. Primal (UMP): x*(p,w) =
arg maxy.q<w U(x). FOCs: VU(z*) = Ap, p - 2* = w.
Optimality:  MRS;;(z*) = pi/p;. Dual (EMP):

h(p,a) = argmingy>zp - «; e(p,a) = p - hip,a).
Shephard’s Lemma: de/0p; = h;.
Slutsky equation [Slutsky, 1915]:
ox?!

3

(')p '

= — —q° .
Op; 7 0w
~—

Sij

(10)
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The Slutsky matrix S = [S;;] is symmetric and negative
semidefinite [Samuelson, 1947].
Roy’s Identity [Roy, 1947]:
Ov/0p;
* = — 11
Il(p7w) av/aw5 ( )

where v(p, w) = U(xz*(p,w)) is the indirect utility function.
Roy’s identity connects the indirect utility function directly
to Marshallian demand, completing the primal-dual triangle:

s given v, one recovers both z* (via Roy) and / (via Shephard),

without solving optimisation problems.

The duality between UMP and EMP is a funda-
mental mathematical structure in consumer theory. It mirrors
the Legendre transform in physics: the indirect utility function
v(p, w) plays the role of the Hamiltonian, and the expenditure
function e(p, @) plays the role of the generating function for
canonical transformations. This connection is made precise in
Section 4.

3.1.4 Demand Elasticities

Accepted definition. Marshall [1890], Book III, Ch. I'V: “the
elasticity of demand in a market is great or small according as
the amount demanded increases much or little for a given fall
in price.”

Formal definition. Own-price: ¢;; = (0xf/0p;)(pi/x}).
Cross-price: ¢€;; = (0z}/0p;)(p;/z}), ¢ # j. Income:
n; = (0x)/0w)(w/x}). Aggregation constraints: Cournot:
Zj sjeij + s; = 0; Engel: Y, s;n; = 1. Goods classification:

care demand is notably inelastic (|¢| & 0.1-0.4; Manning et al.

s [1987] RAND experiment).

3.1.5 Consumer Surplus and Welfare Measurement

Accepted definition. Marshall [1890], Book III, Ch. VI: “the
excess of the price which [a consumer] would be willing to pay
rather than go without the thing, over that which he actually
does pay.”

Formal definition. Marshallian CS: CS(p;) = |, ]fi x} dp;.

> Exact measures: CV = e(p°,u") — e(p',u") (compensat-
; ing variation: income adjustment to restore original util-

ity); EV = e(p°,u') — e(p*,u!) (equivalent variation: in-

s come change equivalent to the price change). Willig [1976]:

|CS — CV|/CV < n;]ACS|/(2w), typically small. For quasi-
linear utility: CS = CV = EV exactly.
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3.1.6 Intertemporal Choice
Fisher [1930], Ch. IV, modelled saving

559

and borrowing as a choice between present and future con-

sumption. Samuelson [1937] introduced the discounted utility

»» model as its formal expression.

Discussion. Intertemporal preferences determine saving be-
haviour, investment in health, and responses to health policy.
The social discount rate determines the weight given to future
generations’ welfare, making it central to intergenerational
justice [Stern, 2007, Nordhaus, 2008].

Formal definition. Standard model: U = 3./, flu(c),

s0 B=1/(14+p) € (0,1), p the pure rate of time preference. The

Euler equation:

u'(c) = B(1 4 re41) W' (ceq1), (12)

characterises the optimal intertemporal consumption path.
Hyperbolic discounting [Laibson, 1997]: U u(cg) +

B 23:1 dtu(cs), B < 1, 8 =~ 1. The present-bias parameter 3

generates time-inconsistency: plans made today for tomorrow

ss are not followed through. This is empirically well-documented
s in health behaviour (smoking, exercise, medication adherence).

3.1.7 Expected Utility and Risk

Ch. 3, proved that under four axioms (completeness, transitiv-
ity, continuity, independence), a rational agent’s preferences
over lotteries are represented by expected utility: U(L) =

sy Tsu(xs). Arrow [1963], p. 946: “most people would pre-

fer a certain income of $1,000 to an uncertain income with the
same expected value.” This is risk aversion.

Formal definition. vNM utility: EU(L) Do Tsu(Ts)
for lottery L = (zs,7s)s. The certainty equivalent CE(L):
uw(CE) = EU(L). Risk premium: p = Elx] — CE(L) > 0
for risk-averse agents. Arrow-Pratt measure of absolute risk
aversion [Arrow, 1965, Pratt, 1964]:

1
ra(z) = — 2 () 50 (risk aversion). (13)
()
Relative risk aversion: rr(x) = zra(z). CRRA utility:

u(r) = 2'=7/(1 — ), rg = 7 constant. Health insurance

» demand increases with r 4; the optimal coinsurance rate de-
ss3 creases with risk aversion and increases with moral hazard

[Arrow, 1963].

Prospect Theory. Kahneman and Tversky [1979] showed

; that observed choices under risk systematically violate expected

utility. Prospect theory replaces u(z) with a value function
v(x — r) defined relative to a reference point r, exhibiting loss

von Neumann and Morgenstern [1944], s
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o Formal definition.

aversion (v'(z — 1) < v'(—(x — r)) for z > r, loss aversion

« coefficient A ~ 2.25) and diminishing sensitivity. Probabilities

are weighted by w(w) # 7, overweighting small probabilities.
Prospect theory has applications in health insurance design,
patient responses to out-of-pocket costs, and policy framing
effects.

3.1.8 Engel Curves and Income Effects

Accepted definition. Engel [1857], p. 28, noted that “the

7 poorer a family, the greater the proportion of total expenditure

that must be devoted to food.” The Engel curve describes how
demand for a good changes with income, holding prices fixed.

Formal definition. The Engel curve for good ¢ is the function
w — zf(p,w) at fixed p. Its slope is dz}/Ow = xfn;/w.

» Working’s law [Working, 1943]: budget share s; = p;a}/w

is approximately linear in Inw. Engel curves are central to
measuring living standards and poverty, and to constructing
price indices.

3.2 Production Theory
3.2.1 Production Function and Isoquants

Accepted definition. Varian [1992], p. 1: “The production
function f(x) gives the maximum amount of output that can be
produced using the input bundle x.” Mas-Colell et al. [1995],
p. 128: the production function “gives, for each input vector z,
the maximum level of output that can be produced.”

Formal definition. F :
concave. Isoquant: Q, = {z :

R — Ry, monotone, quasi-

s (0F/0z;)/(0F/0z;) is the slope of the isoquant.

3.2.2  Short Run, Long Run, and Cost Structure

Accepted definition. Marshall [1890], Book V, Ch. V: in the
short run, some factors are fixed; in the long run, all factors
are variable. “The short period is too short to allow of any
considerable change in the supply of the more specialised of
the [factors]”, while “in the long run all investments of capital
and effort in providing the material plant [adjust].”

Short-run cost: ¢
LR(

SE(w,y; z1,) fixes in-
puts Zx. Long-run cost: ¢~**(w,y) = min, w - z s.t. F(z) >
y. Always ¢°% > ¢l (envelope result). Standard cost
components: TC(y) = FC + VC(y); MC(y) = 90TC/0dy;
AC(y) = TC(y)/y. Minimum efficient scale (MES): y**
where AC’(y**) = 0, equivalently MC = AC.

3.2.3  Profit Function and Hotelling’s Lemma

Accepted definition. Varian [1992], p. 43: “The profit func-
tion 7(p,w) gives the maximum profit as a function of the

> output price p and the input prices w.”
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s lope theorem states that, at an optimum, the derivative of the
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Formal definition. 7(p,,w.) = max, .[p,y — w, - 2] s.t.
F(z) > y. The profit function is convex and homogeneous of
degree 1 in (py, w,). Hotelling’s Lemma [Hotelling, 1932]:

o
Opy

or

8wz,i

—2; (py, w5). (14)

= 4" (py, w:),

Hotelling’s Lemma is the production analogue of Shephard’s
Lemma and Roy’s Identity. Together, the three duality relations
(Roy, Shephard, Hotelling) form a complete system connecting
value functions to optimal choices via differentiation, without
re-solving optimisation.

3.2.4 Envelope Theorem
Milgrom and Segal [1999]: the enve-

optimal value with respect to a parameter equals the partial

s derivative of the objective with respect to that parameter (hold-
s ing choice variables fixed at their optimal values). It unifies all

duality results in economics.

Formal definition. Let V(o) = max, f(z,a) s.t. g(z, o) <
0. Then:
dv. oL
—_— = 15
da o w:l_*(a)’ (15)

where £ = f — Ag is the Lagrangian. This gives Shephard’s
Lemma (differentiating e w.r.t. p), Roy’s Identity (differentiat-

> ing v w.r.t. p), and Hotelling’s Lemma (differentiating 7 w.r.t.
23 Py) as special cases.

2 3.2.5 Marginal Rate of Transformation and the Complete

Pareto Conditions

Accepted definition. Samuelson [1947], p. 234: the
marginal rate of transformation (MRT) between two goods
is “the rate at which the economy can transform one good into
another by reallocation of resources.” It is the slope of the
production possibility frontier (PPF). Mas-Colell et al. [1995],
p. 565: “MRT5 = MC;/MC5” at any efficient production
point.

The complete characterisation of Pareto effi-
ciency in a production economy requires three conditions
to hold simultaneously [Samuelson, 1947, Mas-Colell et al.,
1995]:

1. Exchange efficiency: all consumers have the same MRS for
every pair of goods.

2. Production efficiency: all firms have the same MRTS for
every pair of inputs.

3. Product mix efficiency: the common MRS equals the MRT.
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; Formal definition.

Formal definition. For a two-good economy with PPF

F(yh y2) =0:
dyg MCl
MRTi = ——— = . 16
12 dys |,y ~ MC (16)
The grand Pareto conditions:
MRS, = MRS}, = MRTy5, MRTSY, = MRTS!, Vi,j, k.
——
exchange product mix production

a7
Competitive equilibrium achieves all three conditions via the
price system: the common consumer MRS equals p;/ps
(from optimality condition (??)); firms with the same input
prices achieve the same MRTS; and the product mix condi-
tion MRS = MRT = p; /p, follows from p; = MC; under
competition. This is the formal content of the First Welfare
Theorem.

3.2.6  Farrell Efficiency Decomposition

Farrell [1957], p. 254: “the productive
efficiency of a firm consists of two components: technical
efficiency, which reflects the ability of a firm to obtain maximal
output from a given set of inputs, and allocative efficiency,
which reflects the ability of a firm to use the inputs in optimal
proportions.”

Formal definition. Technical efficiency (TE): TE =
F(2)/Ymax(2z) € [0,1]. Scale efficiency (SE): ratio of pro-
ductivity at current scale to productivity at MES. Economic
efficiency: EE = TE Xx AE, ratio of minimum feasible cost to
actual cost. DEA (Data Envelopment Analysis) [Charnes ef al.,
1978] estimates the frontier non-parametrically from observed

s input-output data, providing an empirical implementation of

Farrell efficiency for health systems and hospitals.

3.3 Market Structures
3.3.1 Perfect Competition and Deadweight Loss

Accepted definition. Marshall [1890], Book V, Ch. I: com-
petitive markets feature many price-taking buyers and sellers.
Mas-Colell et al. [1995], p. 315: “a market is perfectly compet-
itive when all agents are price-takers.”

Each firm sets p = MC(y). Long-run
equilibrium: p = MC = AC (zero profit, free entry). Dead-
weight loss from any market distortion: DWL = CS* + PS* —
CS — PS — T (starred: competitive benchmark, 7": tax revenue).

3.3.2  Monopoly and the Lerner Index

Accepted definition. Tirole [1988], p. 65: “A monopolist is
a firm that is the only seller on a market and, as such, faces the
entire market demand.” Lerner [1934]: the degree of monopoly
power is measured by the price-cost margin.
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Formal definition. MR(y) = p(1 + 1/e,,). Monopoly opti-
mum: MR = MC. Lerner index: L = (p —MC)/p = —1/ey,.
L = 0: perfect competition. . — 1: extreme monopoly power.

3.3.3 Game Theory: Foundational Concepts

Accepted definition. von Neumann [1928] founded game
theory; Nash [1950], p. 48: an equilibrium is a strategy profile
from which no player can profitably deviate. Osborne and Ru-
binstein [1994], p. 14: “a Nash equilibrium is an action profile
a* such that no player can do better by choosing differently,
given others’ actions.”

Dominant strategy (Luce and Raiffa [1957], p. 69): a strategy

»: that is optimal regardless of others’ actions. Dominant strategy

equilibrium is the strongest solution concept; Nash equilibrium
is weaker.

Prisoner’s Dilemma [Tucker, 1950]: two players, each
choosing between Cooperate (C) and Defect (D). Payoff matrix
(row player):

C D

(3,3)  (0,5)

(5,0) (1,1)

D is a dominant strategy for both; the unique Nash equilib-
rium (D, D) yields payoff (1, 1), Pareto-dominated by (C, C).
Individual rationality produces collective inefficiency. The pris-

oner’s dilemma is the canonical model of externalities, public
goods, arms races, and antibiotic overuse in healthcare.

C
D

Formal definitions. Nash equilibrium: s* € [], S; with
wi(sf,8%,) > u;(s;, s*;) forall s;, 1.

Subgame perfect equilibrium (SPE) [Selten, 1965]: in an
extensive-form game, a Nash equilibrium in every subgame.
SPE rules out non-credible threats. Backward induction finds
SPE in finite games of perfect information.

Repeated games and Folk Theorem [Friedman, 1971]: in

> the infinitely repeated prisoner’s dilemma with discount fac-
s tor § close to 1, any feasible payoff strictly above the Nash
+ equilibrium payoff can be sustained as a subgame perfect equi-
s librium (via trigger strategies). Formally: payoff vector v is
; supportable iff v; > v, (minimax) for all 7 and v is feasible.

This underlies the stability of reputation, implicit contracts, and
professional norms in medicine.

Nash bargaining solution [Nash, 1950b]: for a bargaining
problem (F, d) where F is the feasible payoff set and d the
disagreement point, the unique solution satisfying symmetry,

> Pareto optimality, scale invariance, and independence of irrele-

vant alternatives is:

max

* *
(ui,us) = arg

15 %2
(u1,u2)€F, ui>d;

(u1 _dl)(u2 —d2) (18)
This applies to price negotiations between hospitals and insur-
ers, physician-patient treatment decisions, and wage bargaining

in healthcare.
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, change economy, the Edgeworth box has dimensions wi' + w?

3.4 General Equilibrium and Welfare Economics
3.4.1 Edgeworth Box and Contract Curve

Accepted definition. Edgeworth [1881], p. 28, introduced
the box diagram for visualising exchange between two agents.
Pareto [1906] identified the contract curve as the locus of all

> Pareto-optimal exchange allocations. Varian [1992], p. 517:
:» “the contract curve is the set of Pareto-efficient allocations in

the Edgeworth box.”

In a two-person (A, B), two-good (z1, 3) ex-
B

by wi' + w®. Every point in the box represents a feasible al-

s location. An allocation is Pareto optimal iff the indifference

curves of A and B are tangent, i.e. MRS{, = MRSY,. The
set of such tangency points is the contract curve (or Pareto
set). Walrasian equilibria lie on both the contract curve and the
budget line through the endowment point, as guaranteed by the
First Welfare Theorem.

Formal definition. Allocation (24, z?) with z4 4 27
wA + WP is Pareto optimal iff: MRS7,(24) = MRSE, (2
The contract curve C {(z4,28) VUA(z4)
pNVUB(2B), > 0,24 4+ 28 = w} for some scalar .

~—

3.4.2 Walrasian Equilibrium and Welfare Theorems

Accepted definition. Walras [1874] defined equilibrium as
the price vector at which all markets clear simultaneously. Ar-
row and Hahn [1971], p. 1: “a price system and choice vectors

> such that all markets simultaneously clear.”

Excess demand: z;(p) = >, 2] (p,p -

W)=, w? . Equilibrium: z(p*) = 0. Walras’s law:‘p-z(p) =
0.

Formal definition.

Theorem 3.1 (Arrow—Debreu, 1954). Under convexity and
continuity, a Walrasian equilibrium p* exists (proved via Kaku-
tani’s fixed-point theorem [Kakutani, 1941]).

Theorem 3.2 (First Welfare Theorem). Every Walrasian equi-
librium is Pareto optimal (under local non-satiation). Proof:
if (x7*) is not Pareto optimal, a dominating allocation (x7)
exists with p* - 7 > p* - w7 for all j (by revealed preference),
summing to a contradiction of market clearing.

Theorem 3.3 (Second Welfare Theorem). Every Pareto-
optimal allocation can be decentralised as a Walrasian equi-
librium after lump-sum redistribution [Debreu, 1954b].

3.4.3 Social Welfare Functions

Accepted definition. Bergson [1938], p. 310: a social wel-
fare function is “any function of the quantities of commodities
consumed and of the amounts of the various kinds of work
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done by all of the individuals” that allows social comparisons.

> Samuelson [1947] developed this into a systematic framework.

Discussion. A Bergson—-Samuelson SWF W : R™ — R
maps the vector of individual utilities (u1, ..., u.,) to a social
welfare indicator. Specific functional forms encode different
ethical commitments:

Form W(uty ..y tum) Ethic
Utilitarian Do Ui Bentham [1789]
Prioritarian Y, ¢(ui), " < 0  Parfit [1984]
Rawlsian min; u; Rawls [1971]
Nash I, w Nash [1950b]
CES (3, ud)e General

As p — —oo, CES converges to Rawlsian maximin. As
p — 1, CES converges to utilitarian.

Formal definition. A SWF W : R™ — R satisfies: (i)
Pareto: u; > w), for all i, with strict inequality for some, im-

> plies W(u) > W(u'). (ii) Symmetry: W is symmetric in its

arguments (anonymous). (iii) Concavity: W is quasi-concave,
implementing aversion to inequality.

3.4.4  Arrow’s Impossibility Theorem

Accepted definition. Arrow [1951], p. 59: “If we exclude the
possibility of interpersonal comparisons of utility, then the only
methods of passing from individual tastes to social preferences
which will be satisfactory and which will be defined for a wide
range of sets of individual orderings are either imposed or
dictatorial.”

Formal statement. No social welfare function F': R™ — R
satisfies simultaneously: (P) Pareto efficiency; (IIA) indepen-
dence of irrelevant alternatives; (ND) non-dictatorship; (U)
unrestricted domain.

Condorcet Paradox. Condorcet [1785] showed that majority
voting can produce cyclic social preferences even when indi-
vidual preferences are transitive. Example: three voters rank
{a,b,c}asa > b= c;b > c> a;c> a > b. Majority prefers
ato b, btoc, but ctoa: acycle. The Condorcet paradox is a
concrete instantiation of Arrow’s theorem showing that aggre-
gation of individual rational preferences can yield collective
irrationality.

3.4.5 Inequality Measurement

Accepted definition. Lorenz [1905], p. 209, introduced the
Lorenz curve to describe income inequality: “the percentage
of population against the percentage of income received.” Gini
[1912] defined the Gini coefficient as a scalar summary of
inequality.
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Formal definition. The Lorenz curve L : [0,1] — [0, 1]
plots the cumulative income share of the bottom p fraction of
the population: L(p) = F~*( [} F~'(q) dq)/u, where F is
the income CDF and p the mean income. L(p) < p always
(“bow-shaped below the diagonal”). Gini coefficient:

1

G:1—2/ L(p) dp € [0,1]. (19)
0

G = 0: perfect equality; G = 1: perfect inequality. Arkin-

son index [Atkinson, 1970]: A. = 1 — (ue/p), where e is

the equally distributed equivalent income, embedding explicit

inequality aversion €.

Stochastic dominance: distribution F first-order stochasti-
cally dominates G if F(z) < G(x) for all z, i.e. higher income
at every percentile. Second-order stochastic dominance re-
quires equal means and Lorenz-curve dominance, an inequality
ordering consistent with all concave utility functions.

3.4.6 Externalities and Public Goods

Accepted definition. Pigou [1920], Part II, Ch. IX: exter-
nality is a divergence between private and social net product.
Samuelson [1954]: a pure public good is non-excludable and
non-rival.

Pigouvian tax and Coase theorem. Pigouvian tax: t*
MEC(y*) at the social optimum [Pigou, 1920]. Coase theo-
rem [Coase, 1960], p. 15: “With perfect information and zero
transaction costs, the efficient outcome will be achieved re-
gardless of the assignment of property rights.” Private bargain-
ing internalises externalities without government intervention.

s The Coase theorem and the Pigouvian approach represent two

poles: markets can self-correct (Coase) versus government in-
tervention is necessary (Pigou). Transaction costs, information
asymmetries, and the scale of the externality determine which
approach is appropriate.

Formal definition. Pigouvian optimum: ¢t* = MEC(y*).
Samuelson condition for public good G: Y . MRS, ¢ », =
MC(G).

5 3.4.7 Optimal Taxation

Accepted definition. Ramsey [1927], p. 47: taxes should

s be levied “in inverse proportion to the elasticities of demand.”

Mirrlees [1971] extended this to optimal nonlinear income
taxation under asymmetric information.

Discussion. Optimal taxation balances two objectives: rais-
ing revenue (efficiency) and redistributing income (equity).
The Ramsey rule minimises deadweight loss for a given rev-
enue requirement; the Mirrlees framework trades off redis-

> tribution against incentive costs, producing a progressive but

non-confiscatory schedule.
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» Accepted definition.
s itself change incentives.” Holmstrom [1979]: the principal-
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Formal definition. Ramsey rule: to raise required revenue R

s with minimum aggregate DWL, set commodity tax rates {¢;}

satisfying:

—pafl Vi, (20)

e
J T op
where 2*7 is Hicksian demand and 1 is the Lagrange multiplier
on the revenue constraint. The inverse elasticity rule: for
independent goods, t; /p; x 1/|e].
Mirrlees optimal income tax:

observable skill n F(n).

individuals differ in un-
The planner maximises

~

> [ W(u(n)) dF (n) subject to incentive compatibility and bud-
get balance. The top marginal rate is determined by the inter- °

play between the social welfare weight and the skill distribution
tail.

3.5 Information Economics
3.5.1 Adverse Selection and Market Unravelling

Accepted definition. Akerlof [1970], p. 488: in markets with
asymmetric quality information, “bad cars drive out good cars.”
Only below-average quality is offered at any price buyers will
pay, potentially causing market collapse.

Seller of quality § ~ F offers at price

E[0]0 < 6] falls as p falls. If the buyer’s valuation of expected
quality falls below p: market unravels. Rothschild—Stiglitz
equilibrium [Rothschild and Stiglitz, 1976]: in a competitive
insurance market with adverse selection, a separating equilib-
rium exists only if high-risk types receive full insurance and
low-risk types receive partial coverage. A pooling equilibrium
does not generally exist.

3.5.2 Moral Hazard and Principal-Agent Problems
Arrow [1963], p. 961: insurance “might

agent problem arises when effort is unobservable.

Formal definition. Full model: agent chooses effort e; out-
come 6 ~ F(-|e); contract w(#). (IR): E[u(w) — c(e)|e] > .
(IC): e € argmax, E[u(w) — c(e’)|€’]. First-best (observable
e): full insurance w = const; second-best (unobservable e):
w(f) must vary with 6 to provide incentives, exposing risk-
averse agent to risk. Borch rule: optimal risk-sharing requires
equal marginal utilities of income across states; moral hazard

s prevents full attainment.

03 3.5.3 Signalling

Accepted definition. Spence [1973], p. 355: in a competitive
labour market with asymmetric information, “education can
function as a signal” if it is cheaper for high-ability workers to
acquire, separating them from low-ability workers.

o> Formal definition.

913

914

916

917

918

919

920

922

924

925

926

927

929

930

93

932

933

934

935
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Formal definition. Two types 0 € {01,0p}, 0y > 01, with
private information. Signalling cost c(e, ), 9%c/ded < 0
(single-crossing property). In a separating equilibrium, high

1 types choose e}y satisfying: (i) 0y — c(ef;, 0m) > 01, (no mim-
» icking); (ii) 81, — c(e},,01) < 01 (IR for low type). Education

as signalling without human capital accumulation is a pure wel-
fare loss. In healthcare: hospital accreditation, physician board
certification, and drug regulation function as quality signals.

3.5.4 Screening and the Revelation Principle

Accepted definition. Screening is the uninformed party’s
design of a menu of contracts to elicit private information.
Myerson [1979]: the Revelation Principle states that any equi-
librium outcome of any mechanism can be replicated by an
incentive-compatible direct revelation mechanism.

1 _ Direct mechanism: each agent reports
type 6; allocation ¢(6), payment ¢(6). Incentive compatibility:
u(q(9),t(0);0) > u(q(0),t(6);0) for all 6. The revelation

a1 principle reduces mechanism design to finding the optimal IC

and IR direct mechanism. It underlies optimal health insurance
contract design, drug pricing, and hospital payment scheme
reform.

3.5.5 Supplier-Induced Demand

Accepted definition. Evans [1974]: physicians exploit infor-
mation asymmetry to generate demand beyond the patient’s
informed optimum. McGuire [2000], p. 462: “Physicians act
as the patient’s agent. As agent, they may recommend more or
less than the patient would want if fully informed.”

Formal definition. Let D* be informed demand and D ob-
served demand; SID = D — D* > (0. Degree of agency:
a € [0,1] measures alignment between physician objective

s and patient welfare. Physician utility: Upy, = 7(q) + aUp(q),

where ¢ is quantity, 7 profit. Perfect agency: a = 1, no SID.
Complete selfishness: o = 0, maximum SID. Fee-for-service
payment systems generate stronger SID incentives than capita-
tion [McGuire, 2000].

3.6 Health Economics
3.6.1 The Concept of Need in Health

Accepted definition.
of need:

Bradshaw [1972] identified four types

1. Felt need: what people say they need; subjective and not
necessarily expert.

2. Expressed need: felt need converted into demand by seek-
ing services.

3. Normative need: what an expert or professional defines as
need; may differ from felt need.
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4. Comparative need: need identified by comparison with a
reference group.

Discussion. The distinction between need and demand is
fundamental in health economics and health policy. Healthcare
is special: consumers (patients) often cannot assess their own
need (information asymmetry), the consequence of unmet need
(illness or death) is severe, and the distribution of need is
unequal across the population. Phelps [2017], p. 6: “In health
care, ‘need’ reflects an assessment by some person or group
that someone requires medical care,” distinct from effective
demand. This distinction motivates universal health coverage
as a policy goal: the goal is to meet normative need, not just
effective demand.

3.6.2  Grossman Model of Health Demand

Accepted definition. Grossman [1972], p. 223: “health can
be viewed as a durable capital stock that produces an output of
healthy time. Individuals inherit an initial stock of health that
depreciates with age and can be increased by investment.”

Formal model. Ht+1 = Ht(l — (St) + I(mt,THt), 5t in-
creasing in age. Optimal investment equates the marginal cost
of health investment to the marginal return from an additional
unit of health stock (in terms of productive healthy time and
utility). Health demand is derived from the demand for health
capital; healthcare demand is derived from health demand. This
explains why demand for medical care increases with wages
(value of time), decreases with age (rising depreciation), and
increases with education (higher investment efficiency).

3.6.3 Payment Mechanisms and Provider Incentives

Accepted definition. FEllis and McGuire [1986]: alterna-
tive payment systems create different incentive structures for

providers. McGuire [2000], p. 502: “The payment method is "

the key policy instrument for influencing physician behavior.”

Discussion. The principal mechanism design problem in
health systems is designing payments that align provider incen-
tives with patient welfare and system efficiency.

Payment Incentive Risk bearer
Fee-for-service (FFS)  Volume maximisation  Payer
DRG/case-based Cost minimisation Provider
Capitation Population health Provider
Pay-for-performance  Quality indicators Provider
Bundled payment Episode efficiency Provider

FFS generates the strongest SID incentive; capitation the
weakest. DRG payment (introduced in US Medicare 1983)
reduced average length of stay substantially [Ellis and McGuire,
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b

> Formal definition.

s Discussion.

2> Accepted definition.

1986]. The optimal payment is the solution to a principal-
agent problem: balance provider risk-bearing against incentive
intensity.

os 3.6.4  Economic Evaluation: Full Typology

Accepted definition. Drummond et al. [2015], p. 6: “Eco-
nomic evaluation is the comparative analysis of alternative
courses of action in terms of both their costs and conse-
quences.”

Full typology.

1. Cost minimisation analysis (CMA): used when outcomes
are demonstrably equivalent; compare costs only.

2. Cost-effectiveness analysis (CEA): outcomes measured in
natural units (e.g. life years gained, infections prevented).
ICERcEA = AC/AEnaturaL

3. Cost-utility analysis (CUA): outcomes measured in
QALYs, enabling cross-disease comparison. ICER¢cy 4
= AC/AQALY.

. Cost-benefit analysis (CBA): all outcomes monetised, allow-
ing comparison across sectors. Net benefit = AAE — AC,
where ) is the willingness-to-pay per unit of outcome.

QALY: QALY = ¢ X t, ¢ € [0,1] qual-
ity weight. ICER: AC/AE. Net monetary benefit (NMB):
NMB = X - AQALY — AC; adopt if NMB > 0 [Stinnett
and Mullahy, 1998]. NICE threshold: A € GBP 20,000—
30,000/QALY [NICE, 2013].

3.6.5 Health-Related Quality of Life: EQ-5D

Accepted definition. EuroQol Group [1990]: EQ-5D is a
standardised instrument for measuring health-related quality
of life. It covers five dimensions: mobility, self-care, usual
activities, pain/discomfort, anxiety/depression; each at 3 (EQ-

> 5D-3L) or 5 (EQ-5D-5L) severity levels.

EQ-5D is the most widely used instrument for
generating QALY utility weights in health technology assess-
ment. For the SL version, 5° = 3,125 health states are possi-

s ble; utility values for each state are derived from population-

based valuation studies (time trade-off or discrete choice ex-
periments). The UK EQ-5D-5L value set [Devlin ez al., 2018]
maps health states to utility values € [—0.285, 1], where states
worse than death receive negative weights.

3.6.6 DALY: Disability-Adjusted Life Year

Murray and Lopez [1994], p. 429: “The
DALY extends the concept of potential years of life lost due to
premature death to include equivalent years of healthy life lost
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by virtue of being in states of poor health.” DALY's measure
the burden of disease rather than the benefit of intervention (as
QALYs do).

Formal definition. DALY = YLL + YLD, where YLL
(years of life lost) = N x L (NN deaths, L standard life ex-
pectancy at age of death) and YLD (years lived with disability)
= I x DW x L (I incident cases, DW € [0,1] disability
weight, L average duration). DALYs averted by an interven-
tion are the effectiveness measure in CUA from the burden-of-
disease perspective. One DALY = one lost year of healthy life;
1 — DW = q (QALY weight) but the two measures embed dif-
ferent value judgments about age weighting, social discounting,
and the relationship between disability and quality of life.

3.6.7 Equity in Health

Accepted definition. Mooney [1987]: equity requires equal
access for equal need, equal utilisation for equal need, or equal

health outcomes. Williams [1997], p. 117: the fair innings "
argument: “there is a fair innings which is represented by a '

reasonable span of health, and that everyone is entitled to such
a fair innings.” Those who have not yet had their fair innings
have a stronger claim on healthcare resources.

Discussion. Efficiency and equity are frequently in tension.
Maximising aggregate QALY's concentrates resources on those
with greatest benefit potential (typically younger, healthier
patients), systematically disadvantaging the elderly, disabled,
and chronically ill. The rule of rescue [Jonsen, 1986] reflects a
deontological pull toward identifiable individuals in immediate
peril, overriding utilitarian calculations. Addressing equity in
health resource allocation is a justice problem that no purely
technical framework resolves; it requires the normative analysis
developed in Section 5.

3.7 Behavioral Economics
3.7.1 Bounded Rationality

Accepted definition. Simon [1955], p. 101: “the capacity of
the human mind for formulating and solving complex problems
is very small compared with the size of the problems whose
solution is required for objectively rational behavior.” Agents

satisfice: they search until they find an option meeting an |

aspiration level, rather than optimising.

Discussion. Bounded rationality challenges the neoclassical
model at its foundation. In healthcare: patients use heuristics
to evaluate treatment options; physicians apply clinical rules
of thumb that deviate from Bayesian updating; policy makers
engage in framing-dependent choices. Bounded rationality has
implications for health education, nudge-based policy design,
and the interpretation of “expressed demand” in Bradshaw’s
taxonomy.
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» 3.7.2  Prospect Theory and Loss Aversion

Accepted definition. Kahneman and Tversky [1979], p. 263:
“people underweight outcomes that are merely probable in com-
parison with outcomes that are obtained with certainty.” Losses
loom larger than equivalent gains: loss aversion coefficient
A= 2.25.

Formal definition. Prospect theory value function: v(z) =
z®if x > 0; —A(—2)? if z < 0; with 0 < o, 8 < 1 (di-
minishing sensitivity) and A > 1 (loss aversion). Probability
weighting: w(w) = 77 /(77 + (1 — ©)7)'/7, v & 0.65, over-

> weighting small and underweighting large probabilities. The

cumulative prospect theory [Tversky and Kahneman, 1992]
extends this to multi-outcome prospects and is consistent with
first-order stochastic dominance.

Implications for health economics: patients overweight rare
severe side effects; out-of-pocket costs feel more salient than
equivalent insurance premium increases; framing a treatment
as “10% mortality” vs. “90% survival” affects uptake (framing
effect, McNeil et al. [1982]).

3.7.3 Present Bias and Time Inconsistency

Accepted definition. Strotz [1955], p. 165: an individual
who is “myopic” discounts the near future more heavily than
the far future, exhibiting dynamic inconsistency: plans formed
today are abandoned tomorrow. Laibson [1997] formalised this
via quasi-hyperbolic discounting.

Formal definition. Standard exponential: U = wu(cy) +
du(c1) + 62u(cz) + - -+ Quasi-hyperbolic:
T
U=u(co) + B> 8ulc), B<1. QD
t=1

B is the present-bias parameter; J is the long-run discount
factor. Present bias causes over-consumption of unhealthy
goods today (smoking, fast food, alcohol) despite strong stated

» preferences for future health, inconsistent with the standard

Grossman model. Nudges [Thaler and Sunstein, 2008] are low-
cost interventions that re-frame choices to exploit present bias
constructively: automatic enrolment in pension savings, default
healthy options in cafeterias.

3.7.4  Framing Effects and Reference Dependence

Accepted definition. Tversky and Kahneman [1981], p. 453:
“the framing of an act or outcome may depend upon the verbal
or social context in which it appears. Different frames for the
same situation can yield different choices.”

Discussion. Framing effects violate the invariance axiom of
expected utility. In clinical communication: “95% survival rate”
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and “5% mortality rate” are logically equivalent but generate
different patient choices [McNeil et al., 1982]. In health policy:
presenting a tax as a “bonus for healthy choices” versus a
“penalty for unhealthy choices” affects compliance even at
identical financial incentives. Reference dependence means
that the status quo exerts disproportionate influence on choices
(status quo bias, Samuelson and Zeckhauser [1988]), relevant
to the design of opt-in versus opt-out organ donation systems.

3.8 Dynamic Economics

3.8.1 Intertemporal Choice and Social Discounting

Accepted definition. Fisher [1930], Ch. IV: saving and in-
vestment are choices between present and future consumption,
with the interest rate as the price of time. Samuelson [1937]:
the discounted utility model provides the standard framework.

Discussion. The social discount rate determines how much
weight is given to future relative to present welfare. This is
directly relevant to intergenerational justice: a high discount
rate devalues future generations’ welfare. The Stern [2007] re-

> view used a near-zero discount rate for climate policy, implying

strong obligations to future generations; Nordhaus [2008] used
a market-implied rate, giving much less weight to the distant
future. This disagreement is fundamentally a justice question,
not a technical one.

Formal definition. Standard model: U = .7, flu(c),
B =1/(1+ p). Buler equation: u/(c;) = B(1+ri11)u (cis1)-
Ramsey optimal growth: p = r—gn, where 7 is the interest rate,
g the growth rate of consumption, 7 the elasticity of marginal
utility.

3.8.2 Dynamic Programming and Bellman Equation

Accepted definition. Bellman [1957], p. ix: “An optimal
policy has the property that whatever the initial state and initial
decision are, the remaining decisions must constitute an optimal
policy with regard to the state resulting from the first decision.”
This principle of optimality underlies all recursive methods in
economics.

Formal definition. For a discrete-time problem with state
x € X, control u € U, reward r(z, u), transition f(x,u), and
discount j3:

V(z) = max|[r(z,u) + BV (f(z,u))]. (22)

uel
The Bellman equation (22) is a functional equation for the value
function V' : X — R. Under contraction mapping conditions,
iteration of the Bellman operator TV (z) = max,[r + SV (f)]

converges to the unique fixed point V* [Stokey and Lucas,
1989].
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The POMDP (Partially Observable Markov Decision Pro-
cess) extension [?]:

V(b) = gleac[r(b, a)+ 8 Plofb,a) V(r(b,a,0))|, (23)

where b is the belief state (probability distribution over hidden
states s), 7 the belief update rule, and o observations. The
Bellman equation for POMDPs is the formal foundation of
the neuro-symbolic policy framework discussed in this paper’s
broader research programme.

Connection to Pareto dynamics. In a social planning prob-
lem, the state x is the current allocation, the control u is the
institutional policy (which symmetry-breaking direction to
choose), and the value function V*(z) is the maximal achiev-
able social welfare from state . The Bellman equation ex-
presses recursive welfare optimisation. Non-ergodic dynamics
(Proposition 4.8) mean that V*(x) may depend on the initial
state g and the trajectory history, not just the current state x:
the value function is path-dependent, and welfare analysis must
be conducted on trajectory space, not state space.

4 Algebraic and Physical Interpretation

4.1 Symmetry Group of a Utility Function: Exact Con-
struction

We now give a precise, example-grounded account of the
symmetry structure of consumer preferences.

Modeling rationale. An indifference relation is an equiva-
lence relation on X: it partitions the consumption space into
classes of mutually indifferent bundles. Group theory is the
mathematics of symmetry and equivalence: the orbits of a
group action are exactly the equivalence classes. Modelling
indifference curves as group orbits is therefore not an analogy
but a direct identification — Gy consists exactly of those dif-
feomorphisms leaving U unchanged, whose orbits are exactly
the indifference curves. This makes precise the intuition that
moving along an indifference curve is a symmetry of prefer-
ences, and provides the entry point for all subsequent structure
(connections, curvature, Noether charges).

Definition 4.1 (Symmetry group of U). The symmetry group

> of U : X — R is the group of diffeomorphisms that preserve

U:

Gy ={peDiff(X):Uop=U}. (24)
The connected component of the identity in G, denoted GY,,
is a Lie group. Its Lie algebrais gy = {v e I'(TX) : L,U =
v(U) = VU -v = 0}, the vector fields tangent to the level sets
of U.

For n = 2 goods and a smooth utility U with VU # 0
everywhere, gy is one-dimensional at each point, spanned

by the vector {(x) = JVU(z), where J = (_01 é) is the
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standard symplectic matrix. The integral curves of £ are exactly
the level sets of U, giving GY; = R locally.

Example 4.1 (Cobb-Douglas). Let U(z1,22) = x5,
a, > 0. The vector field tangent to the level sets is & =
(Bx1)0y, + (—ax2)0,, (up to normalisation), since &(U)
Bay - axd el + (—awy) - fagal !
The one-parameter group generated by & is

Bt

wi(x1,x2) = (T16"°, mge*at), teR. (25)

Verification:  U(p(x))
29zl eBt—abt — [/ (z). v
The orbit of = (x1,z2) under G, is the indifference

curve Z, = {z : #%a = ¢} through z. Since ¢, is injective

(z1€°8) (wge)P

> and the Jacobian |0p;/Ox| is generically non-zero, the orbit is
+ diffeomorphic to R, consistent with dim G¢, — dim Stab(xz) =

1 —0 =1 (Theorem 2.2).

Example 4.2 (CES). Let U(zy,z2) = (az! + Bxf)'/r.
21 The tangent vector to the level sets is £ = (Bxbr1)0,, —

(axfx2)d,, (up to normalisation). For p = 1 (linear utility),
the level sets are hyperplanes with constant normal («, §) and
¢ = (B, —«) is a constant vector field; the group action is
translation.

Example 4.3 (Quasilinear). Let U(z1,z2) = 71 + v(x2).

The tangent vector is £ = 0,,, and the one-parameter group is

> pure translation in the x direction: ¢y (x1,x2) = (z1 + ¢, x2).

This reflects the absence of income effects on good 2.

4.2 Utility as Conserved Hamiltonian

The identification of U with a Noether conserved charge is
made rigorous via Hamiltonian mechanics.

We require dynamics on X that remain

Hamiltonian mechanics is the canonical theory of dynamics
with a conserved quantity: the flow Xy = JV H preserves H

»» identically because H = VH-JV H = 0 by skew-symmetry of
s J. Setting H = U and choosing J as the standard symplectic

matrix on Ri is the minimal canonical choice, requiring no

55 structure beyond U itself. The Hamiltonian framework then
delivers Noether’s theorem at no extra cost: U is automatically '

the conserved charge of time-translation symmetry, which is
the formal geometric content of utility ordinality.

Proposition 4.1 (Orbit flow as Hamiltonian flow). Let X =
Ri with symplectic form w = dx1 A dxq (the standard area
form). The Hamiltonian flow of H = U with respect to w is the
orbit flow ofG% on the level sets of U.

Proof. Hamilton’s equations for H = U are ©1 = 0U/0xa,
&9 = —0U/0x; (from ix,w = dH). The vector field X =
(0U/0x4,—0U/dx1) = JVU is tangent to the level sets of

U since Xy (U) = VU - JVU = 0 (as J is skew-symmetric).

This is exactly the generator £ of GY,. 0

= afU — apU = 0.
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Corollary 4.1 (Utility as Noether Hamiltonian charge). By
Noether’s theorem in the Hamiltonian formulation, the time-
translation symmetry of the Hamiltonian system (X,w, H =
U) yields H = U itself as the conserved charge: U
{U,U}., = 0 along any trajectory. The ordinality of U cor-
responds to the freedom to relabel the value of the conserved

4 charge by any strictly monotone function.

Caveat 4.1. Proposition 4.1 requires n = 2. For n > 2 goods,

, the symplectic form on R?" involves momenta p; (Lagrange

multipliers for budget constraints), and the Hamiltonian struc-
ture lives on the extended space 7™ X. The orbit structure on
X alone is then generated by the null space of the bordered
Hessian (??). A complete n > 2 treatment requires the Dirac—
Bergmann constrained Hamiltonian formalism [Dirac, 1964]

x> and is left for future work.

4.3 Preference Fibre Bundle and Connection

Definition 4.2 (Preference fibre bundle). The preference fibre
bundle is the smooth fibre bundle (X, R, 77, G¥) where 7y =
U : X — Ris the projection, each fibre ;' (c) = Z. is
an indifference curve, and the structure group is GY, = R
(locally).

Modeling rationale. Saying that X is partitioned into level
sets of U captures the static orbit structure but not the relation-
ships between level sets. The fibre bundle adds exactly the
missing layer: a connection specifying how fibres at different
utility levels relate to one another (how the preferred direc-
tion changes as utility changes), and a curvature measuring
the failure of this relationship to be flat. These objects give
a coordinate-free encoding of the MRS (ratio of connection
components) and its variation (curvature), which are the eco-
nomically central properties of preferences that a bare partition
cannot capture. The bundle framework is the minimal structure
that makes preference geometry tractable.

The vertical subbundle is V, = T, Ty (,) = ker(dU(z)) =
{veT,X :VU(x) - v=0}

The natural connection. Given a Riemannian metric g
on X (for concreteness, the Euclidean metric ¢;; = d;;), the
horizontal complement is H, = span(VU(z)), the gradient

s direction. The connection one-form is

IvU|?

w5

= = dz;. (26)
IVU|I? 4

Wy

This is an R-valued one-form (the structure group GY, = R
is Abelian), and wy (VU) = VU / [VU||* = 1 (correctly
normalised).

Proposition 4.2 (MRS as ratio of connection components).
The marginal rate of substitution MRS, (x) equals the ratio of
the i-th and j-th components of the connection one-form wy;:

(wo)i _ U/ Ou;

MRSy (@) = (5, = aU/os,”

27
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Proof. Direct: (wy); = (8U/dz;)/ |VU|”. The ratio elimi-
nates the common denominator. O

Economic interpretation. The connection one-form wy;
selects, at each point x € X, the “most efficient direction” for
increasing utility (the gradient). The MRS is the relative weight
of each coordinate direction in this efficiency measure. The
connection does not depend on the choice of monotone trans-
formation of U since a transformation U = f(U) replaces
VU = f/(U)VU, and the ratio (dU/dx;)/(0U/dx;)
(0U/0z;)/(0U /D) is unchanged. This is the geometric con-
tent of ordinality.

4.4 Bundle Curvature and Preference Non-Linearity

Modeling rationale. The question “how non-linear are pref-
erences?” requires a coordinate-free, transformation-invariant
answer. Bundle curvature provides it. For linear utility, VU

is constant: the preferred direction never rotates as you move '
through X, so the connection is flat (2 = 0). For convex '

preferences, the MRS changes along each indifference curve:
the preferred direction rotates. This rotation is exactly what
dwy measures — the failure of horizontal transport

invariant, transformation-invariant encoding of diminishing
MRS, unchanged under monotone utility transformations and
thus a genuinely ordinal concept.

Proposition 4.3 (Curvature of the preference connection). The
curvature of wy is the two-form Quy = dwy. In coordinates:
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Observation 4.1. The curvature (2 of the preference bundle
measures the “non-flatness” of indifference curves: Qpy = 0
iff the level sets of U are hyperplanes, i.e. iff preferences are
linearly separable (perfect substitutes). The diminishing MRS
of convex preferences is geometrically the positive curvature
of the indifference curves, encoded in Qg # 0.

4.5 Budget Constraints as Symmetry Breaking

Modeling rationale. Before a budget constraint is imposed,
the consumer is indifferent among all points on an indifference
curve: the orbit has a continuous symmetry (GY; = R acting
freely). The budget constraint selects a unique point, reducing
this symmetry to the trivial group. In quantum field theory,
the same mechanism — a symmetric system selecting a pre-
ferred ground state — is called spontaneous symmetry break-
ing, and Goldstone’s theorem guarantees massless modes from
the broken generators. The modelling choice is justified by this
structural identity: the economic and physical mechanisms are
formally identical, which is why the Goldstone theorem yields

> a genuine economic interpretation (price signals) rather than a
s; forced analogy.

Proposition 4.4 (Budget constraint as symmetry breaking). Let

s GY act on the indifference curve I.-. A generic linear budget

constraint p - x = w with p > 0 intersects L.~ in exactly one
point ©* under Assumption ?? (strict convexity). The stabiliser
at x* is Stab(z*) = {e} (trivial), so the residual symmetry
after breaking is H = {e} C GY,

Proof Strict quasi-concavity of U implies each indifference

9;(0:U/ ||VU:ﬁrs)'e is strictly convex. A hyperplane is tangent to a strictly

o;U/||VU
(Qu)ij = 0i(wu);—0;(wu)i = 2.0/ IVUI) - -
@8)
which simplifies to »
U 0 (0,U)(0U)(0%U/)dz;0xy) — am 5%

Q) = — — .~
) = 50w, TRUTT

Proof. Compute dwy directly using the quotient rule. For a !
O

detailed derivation, see the appendix.
Key examples.

e Linear utility U = ayx1+asxs: VU = (a1, o) is constant,
sowy =y, HST dx; is a closed form. Qpy = dwy = 0.
Zero curvature: perfect substitutes have a flat preference
bundle.

alﬂ

* Cobb—Douglas U = :Li‘xg = oz

U |9z h-

fafxy

3U/5‘;v1
; these vary with x, so dwU # 0.

Non-zero curvature: convex preferences have a curved '

bundle.

» Leontief U = min(x1,22): VU is not defined at x4
z9. The connection is singular at the kink; curvature is
concentrated on the diagonal as a distributional object.

and !

convex curve in at most one point when the tangent direction
(price ratio p;/p2) matches the slope of the curve (MRS) at
that point, which by the strict convexity of preferences occurs
i The stabiliser is trivial because the only
xing z* is the identity (the group acts

O

Observation 4.2. The number of broken symmetry dimensions
is dim G, — dim H = 1 — 0 = 1. By the Goldstone theorem,
this predicts one massless mode. We now identify it with the
price signal.

freely).

> 4.6 Price as Goldstone Covector

In field theory, Goldstone bosons are massless scalar

Modeling rationale. After the budget constraint selects z*,

175 two directions coexist in T« X : the Goldstone direction &(z*)

tangent to the indifference curve (zero marginal utility change),
and the gradient direction (maximum utility increase). Prices
p = A"IVU(z*) point in the gradient direction: they measure
the cost of departing from the indifference orbit. Goldstone
modes in physics are the cost-free directions at a symmetry-
broken ground state; prices are the cost-measuring covectors
perpendicular to those directions. The identification is struc-
tural: prices emerge from the symmetry breaking imposed by
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the budget constraint, encoding the exchange rates between
goods imposed by scarcity.

particles associated with the broken generators of G. They
live in the tangent space of the orbit G/H at the ground state.
In the economic context, the broken generator is the vector field
&(x*) tangent to Z.- at x*. The Goldstone “direction” is the
direction along the indifference curve that the budget constraint
prohibits.

The price vector p is a covector (an element of the dual
space (T~ X)*, not the tangent space), and is identified via the
first-order condition (??):

p=A"1dU(z*) = A"'VU(z*) (using Euclidean metric),

(30)
where A > 0 is the Lagrange multiplier (marginal utility of
income).

Proposition 4.5 (Prices as Goldstone covectors). The price
covector p = A\~ dU(x*) is the unique covector annihilat-
ing the Goldstone direction £(z*) up to a positive rescaling.
Specifically, p - £(x*) = A™IVU(2*) - JVU(2*) = 0 (since
J is skew-symmetric).

Proof. VU - JVU = VUTJVU = 0 since J = —J7 implies
vT Jv = 0 for all v. O

Remark 4.1. Proposition 4.5 shows that prices are dual to the
Goldstone direction in the precise sense of linear algebra: the
price covector annihilates the tangent to the broken orbit. This
is the correct statement of the “prices as Goldstone modes”
analogy: prices are not vectors in the tangent space of the orbit
but covectors in the cotangent space, related by the metric (or
the Lagrange multiplier) to the gradient of utility. The relative
price ratio p; /p; = MRS;;(2*) encodes the broken symmetry

» direction.

; Example 4.1 (Cobb-Douglas prices). For U = x‘fxg , the

Goldstone direction at x* = (z7,23) is {(a*) = (Bz], —az)).

s The price covector p = (p1, p2) satisfies p; Sz — poaxs =0,

i.e. p1/p2 = axl/(Bx}) = MRS12(2*), which is exactly the
optimality condition (2?). v/

4.7 Market Equilibrium as a Dynamical Fixed Point
The Walrasian tatonnement is the gradient flow

Modeling rationale. A Walrasian equilibrium is a state
where all markets clear simultaneously: no agent wants to
change behaviour. This is definitionally a fixed point of any
adjustment dynamics. The tatonnement is the natural dynamics:
prices rise where demand exceeds supply and fall otherwise,
which is gradient flow of the excess demand functional. Mod-
elling equilibrium as a fixed point is therefore definitionally
correct. The dynamical perspective adds value by address-
ing questions invisible to the static definition: stability (does
the economy converge?), multiplicity (can multiple equilibria
coexist?), and their absence (limit cycles, chaos [Saari, 1985]).

1431

1432

1433

pi=izi(p), z(p) =Y xl(pp-w’)—wl, (D
j

where «; > 0. Equilibrium p* satisfies z(p*) = 0, i.e. p* is a
fixed point of (31).

Proposition 4.6. Under gross substitutability (0z;/0p; > 0

wa for i # j), the tatonnement system has a unique globally
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asymptotically stable equilibrium p*, with Lyapunov function
Vp) =22 (pi/p; — 1 = In(pi/p})).

Proof. Arrow et al. [1958]. O]

Without gross substitutability, equilibria may be multiple,
non-unique, or the system may exhibit limit cycles or strange
attractors [Saari, 1985]. The non-convergence of general equi-
libria is a fundamental result, not a pathology.

4.8 Social Path Integral in Euclidean Signature
Modeling rationale. The Euclidean rather than Minkowski
path integral is chosen for two reasons. First, the Minkowski
path integral [ D[z] "/ yields complex amplitudes, not prob-
abilities: it does not directly model stochastic social dynamics.
Second, the Euclidean version is rigorously justified by the
Feynman—Kac formula as the transition density of a diffusion
process with drift —VV and Gaussian noise /fgoc, Which is
exactly the stochastic model of institutional dynamics. The pa-
rameter hi5.. has a clear institutional interpretation: g0 — 0
gives deterministic welfare optimisation; A, — 00 gives pure
Brownian drift with no institutional guidance.

Let V : X — R be the social disutility functional (V =
—W where W is a social welfare function). The Euclidean
social path integral gives the probability of the social state
transitioning from z; to x; in “time” 7" under institutional
noise figoc:

z(T)=xy 1
Dlx] exp(f -

SOC

T
/ [31a*+V (@) dr).
0
(32)
By the Feynman—Kac formula, K is the transition density of
the stochastic process

—VV (2;) A7 + /Tisoc AWy,

where W is a standard Brownian motion. This is a Langevin
equation: the social state is driven toward the welfare optimum
by drift —VV and perturbed by Gaussian noise of intensity
\% hsoc-

The stationary distribution of (33) is the Boltzmann measure:

2V(:c))7

hSOC
which concentrates near the minima of V' (maxima of W) as
hsoc — 0, recovering the deterministic optimum. For figo. > 0,
the system explores the welfare landscape, with higher-WW
states receiving exponentially higher probability mass.

|

z(0)=z;

da, (33)

p*(z) o eXp(— (34)
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Remark 4.2. The connection to simulated annealing [Kirk-
patrick et al., 1983] is direct: the acceptance probability
e~AV/hsoc in simulated annealing is the Boltzmann factor of

s (34). Decreasing higo. Over time (cooling schedule) concen-

trates the distribution on the global optimum.

4.9 Pareto Frontier as Boundary Set

Modeling rationale. The Pareto frontier is colloquially
called a boundary, but the topological definition adds content. A
topological boundary point cannot be determined from local in-
formation alone to lie inside or outside the dominated set: every
neighbourhood contains both dominated and non-dominated
allocations. This formalises the instability of Pareto-optimal
states — any perturbation can push the system into the domi-
nated interior — and connects Pareto optimality to the physics
of critical and saddle points in the subsequent dynamical analy-
sis.

Proposition 4.7 (Pareto frontier as topological boundary). Let
D = {z € X : 3y withx <p y} be the Pareto-dominated set.
Then P C 0D.

Proof. Let x* € P. By definition, * ¢ D. Under local non-
satiation (Assumption ??), for any open ball B(z*,¢) there
exists y € B with U;(y) > U,;(z*) for some 4, but U (y) may
be smaller for j # ¢, so y may or may not dominate =*. More
precisely: for smooth utilities with generic initial endowments,
the Pareto set has full measure in the boundary of D. Hence
z* € DN D¢ = 0D. O

4.10 Non-Ergodicity of Social Systems

Proposition 4.8 (Path-dependent social systems are non-er-
godic). If the stochastic process (33) is path-dependent

Modeling rationale. Equilibrium economics implicitly as-
sumes ergodicity: without it, time averages need not converge
to ensemble averages, and long-run equilibrium analysis loses
its foundation. Path dependence — the documented fact that
past institutional choices constrain future possibilities — di-
rectly violates the conditions for ergodicity: with path depen-
dence, the limiting distribution depends on history, so the er-
godic limit does not exist. Modelling social systems as non-
ergodic is therefore not a theoretical preference but an empir-
ical requirement imposed by the documented phenomena of
institutional lock-in and historical contingency.

(i.e. if the effective drift —N'V depends on history (x+)r<t),
then the process has no unique stationary distribution and is
non-ergodic.

s Proof. Ergodicity requires a unique invariant measure u* such

that the empirical measure - fOT 0z, dt — p* a.s. for all initial
conditions. Path dependence means the law of x7 depends on
the entire history, so the limit measure depends on the initial
condition, contradicting uniqueness. O
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The conditions for Proposition 4.8 hold empirically for: tech-
nology adoption with network effects [Arthur, 1994], institu-
tional evolution with complementarities [North, 1990], and
financial markets with feedback between prices and expecta-
tions [?].

Corollary 4.2. If social dynamics are non-ergodic, the Pareto

154 frontier ‘P is not generically reachable from all initial con-

1525

1526

1527

1528

1529

1530

153

1532

1533

1534

1535

1536

1537

538

1539

1540

54

1542

1543

1544

1545

1546

1547

1548

1549

1550

)
aQ

1552

1553

1554

1555

1556

1557

ditions, and welfare analysis based on the “potential Pareto
improvement” standard (Kaldor-Hicks) is path-dependent.

4.11 Duality Triangle: Roy, Shephard, and Hotelling as a
Single Geometric Structure

The three duality relations.

Modeling rationale. Roy, Shephard, and Hotelling appear
as three separate techniques in microeconomics texts. The
Legendre—Fenchel transform reveals them as a single mathe-
matical fact: the gradient of a convex value function recovers
the optimal quantity vector. The reason this holds is that eco-
nomic value functions (indirect utility, expenditure, profit) are
convex or concave in prices by construction (as optima of linear
objectives over feasible sets), and the Legendre transform is the
operation that maps a convex function to its dual and recovers
optima by differentiation. Understanding the Legendre unifi-
cation explains not just why the three relations hold, but when
analogous relations hold in any model where a value function
is convex in a set of parameters.

Consumer theory and producer theory each possess a com-
plete duality: an optimised value function, differentiated with
respect to prices, recovers the optimal quantity choice. The
three classical relations are:

. * _ 781)/81)2
_, _ Oe(p,u)
(Shephard consumer):  h;(p, @) = oy (36)
Pi
(Hotelling): 1 (py, w-) = Ompy,ws) (59
Opy

Algebraic interpretation: Legendre transform. The uni-
fying structure is the Legendre—Fenchel transform [?]. For
a convex function f : R™ — R, the conjugate is f*(y) =
sup,.[(y,z) — f(x)]. The duality relations (35)—(37) are all
instances of:
Vof*(p) = «*(p) (gradient of conjugate = primal optimum),
(38)

where f is the primal objective and f* the value function.
Specifically:

 Consumer: e(p, u) is the Legendre conjugate of the expendi-
ture in p; Shephard follows directly from (38).

* Producer: m(p,,w,) is the conjugate of —c in (p,, —w,);
Hotelling follows.
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* Roy: v(p, w) is related to e by v(p, e(p, 4)) = @; Roy is the
implicit differentiation of this identity.

Proposition 4.9 (Duality triangle as fibre map). The three
value functions (v, e, ) are sections of the cotangent bundle
TR in price space. Their gradients (V v, Ve, V, m) are
the corresponding quantity demands and supplies, i.e. sections
of the base manifold R} (allocation space). Roy, Shephard,
and Hotelling are three instances of the canonical projection
T*R} — R,

Remark 4.3. The envelope theorem (Equation (15)) is the in-
finitesimal version of Proposition 4.9: the derivative of the
value function with respect to a parameter equals the partial
derivative of the Lagrangian at the optimum. All three duality
relations are consequences of the envelope theorem applied to
different primal—dual pairs.

» 412 Revealed Preference as Orbit Consistency

Algebraic interpretation. Revealed preference theory can
be recast in terms of the orbit structure of the symmetry group
Gy. A demand observation (p*, x*) says that z* was chosen
at prices p*. WARP says: if z* is revealed preferred to 2! (both
were affordable at p’“ ), then 2! cannot be revealed preferred to

zF,

Modeling rationale. Revealed preference asks: when does
observed choice behaviour come from a utility-maximising
agent? The orbit language gives a geometric answer. Util-
ity maximisation means the agent always moves to a weakly
higher utility orbit when given the opportunity: choices visit
orbits in a weakly monotone order. WARP prevents this or-
bit sequence from cycling: if z* is chosen over available !
(higher orbit than z!), then 2! cannot be chosen over available
x* (would imply a lower orbit is higher, a cycle). GARP ex-
tends this acyclicity transitively. Afriat’s theorem then shows
that GARP-consistent data always admit an explicit orbit struc-
ture (a utility function whose level sets are the relevant orbits):
orbit consistency is necessary and sufficient for rational choice.

Proposition 4.10 (WARP as orbit non-crossing). WARP is
equivalent to the statement that the revealed preference binary
relation R is acyclic on the set of observations {z*}. In or-
bit terms: the sequence of chosen allocations {x"*} must lie
on a sequence of non-intersecting orbits of Gy with strictly
increasing utility levels when the budget directions change
monotonically.

Proof sketch. Bach z* € T, for some c;,. WARP requires
that if p* - 2! < wF (so 2! is in the same budget set as z*) and
xF # 2!, then p' - 2% > w' (so 2¥ is not affordable at (p!, w!)).
This prevents the orbit map k +— ¢ from cycling. O

Afriat’s theorem as orbit existence. Afriat [1967] shows that
finite observations {(p*, %)} satisfying GARP are consistent
with utility maximisation. The algebraic content is: GARP
guarantees the existence of utility values {uy} and “shadow
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prices” {\;, > 0} such that u; < uy + \gp® - (27 — 2*) for
all k, j. These values define a piecewise-linear utility function
whose level sets are the indifference curves consistent with the
data. The group Gy in this case is piecewise-linear, with orbits
being the level sets of the Afriat utility.

4.13 Risk Aversion as Utility Curvature and Stochastic
Orbit Measures

Arrow-Pratt as second-order bundle curvature. For a

scalar utility functionz : R — R

Modeling rationale. Why does risk aversion correspond to
curvature? Jensen’s inequality answers: E[u(z)] < u(E[z]) if
and only if u is concave. Risk aversion means the agent prefers
the certain expected value to a lottery with the same mean —
exactly Jensen’s inequality for concave u. The Arrow-Pratt
coefficient r4 = —u’'/u’ quantifies this concavity normalised
by slope: it is the curvature of the utility graph (x, u(z)) rel-
ative to its tangent direction, a dimensionless and monotone-
transformation-invariant quantity. Modelling risk aversion as
curvature is the direct geometric content of Jensen’s inequality,
not a metaphor.

, concavity u” < 0 is risk aversion. The Arrow-Pratt mea-
sure 74(x) = —u”(x)/u/(x) is the ratio of second to first
derivatives, i.e. the normalised curvature of the graph of u.

Observation 4.3 (Risk aversion as curvature of 1-D bundle).
Consider the trivial bundle 7 : R x Ry — R, with fibre coor-
dinate u(x). The connection one-form is w = v’ da /v’ = dz
(trivially flat in the horizontal direction), but the fibre curvature
k(z) = —u’(z) /u/(z) = r (x) measures how rapidly the util-
ity gradient changes along the base. Risk neutrality (v = 0)
corresponds to a flat utility graph; risk aversion (u” < 0) to a
concave (negatively curved) graph.

Expected utility as orbit measure. A lottery L = (x4, 7s)s
generates a probability measure j1;, = ) 70, on the con-
sumption space X. The vNM expected utility EU(L)
J w dpy, is the integral of the utility function against the lottery
measure. Under the orbit decomposition X = |_|c Z., the lot-
tery probability 4 is distributed across different orbits (utility
levels ¢; = u(x)). Risk aversion means that the agent prefers
the “average orbit” Zgy; (1) to the lottery over orbits.

Proposition 4.11 (Certainty equivalent as orbit projection).
The certainty equivalent CE(L) = u=Y(EU (L)) is the unique
pointin X lying on the orbit Ly (1) that the agent is indifferent
between and the lottery L. The risk premium p = Elx] —
CE(L) measures the gap between the expected value orbit
T (E[«]) and the certainty equivalent orbit Ty (1), scaled by
the inverse of the utility function.

Prospect theory as asymmetric bundle geometry. The
Kahneman-Tversky value function v(x — r) is defined rela-
tive to a reference point r. The orbit structure now has two
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distinct regions: x > r (gains, concave v) and x < r (losses,
convex v). Loss aversion A\ =~ 2.25 means the connection
one-form w, has a discontinuity at z = r: the gradient |v’|
is approximately 2.25 times larger on the loss side. This is a
curvature singularity (a distributional curvature) at the refer-
ence point, analogous to a conical singularity in a Riemannian
manifold.

4.14 Intertemporal Choice as Dynamical System; Present
Bias as Non-Autonomous Flow

Euler equation as fixed point.
be written as:

The Euler equation (12) can

Modeling rationale.
dynamical system? The Euler equation is a difference equation
in the consumption sequence: the optimality condition at each
period links adjacent periods. A difference equation is by
definition a discrete dynamical system; the steady state is by
definition a fixed point. The dynamical perspective answers
questions inaccessible to the static Euler-equation approach: is
the steady state stable? Are there multiple steady states? For
hyperbolic discounting, the discount factor changes at ¢ = 0,
creating a two-regime non-autonomous system whose time-
inconsistency is a bifurcation: the optimal plan changes regime
at t = 0, which is structurally visible only in the dynamical
formulation.

()
w(cey1)
This is a fixed-point condition on the consumption growth rate
gt = i1/ ¢y in steady state, u'(c) /u'(cg) = B(1+7) defines
g*. For CRRA utility u(c) = ¢!=7/(1 — ), the steady-state
growth rate is g* = [B(1 + )]*/7, a fixed point of the map
g+ [B(AL+7)/u'(cg)/u'(c)]".
The consumption path {c; } is the trajectory of the dynamical
system

=B(1+riqq1). (39)

Ct41 = f(Ct; Tt+173)7 (40)

with f given implicitly by (39). Competitive equilibrium cor-
responds to the stable manifold of this system near the steady
state c*.

Hyperbolic discounting as non-autonomous flow. Under
quasi-hyperbolic discounting (21), the effective discount factor
between t and ¢ + 1 depends on the current period ¢:

Bs ift=0

. 41
o ift>1 “h)

Oese(t, t +1) = {

This makes the dynamical system (40) non-autonomous: the
map f changes at ¢t = 0. The resulting time-inconsistency is a
bifurcation in the dynamical sense: the optimal plan att = 0
(using 36 for the next step) differs from the optimal plan at
t = 1 (using ¢ for the next step, not 59). The agent’s future

Why model intertemporal choice as a '
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> Connection to institutional dynamics.

> Modeling rationale.

self constitutes a different “dynamical regime”, and the game
between present and future selves is a multi-player fixed-point
problem [Laibson, 1997].

Present bias in indi-
vidual behaviour has a macroeconomic analogue: institutional
short-termism. Governments, firms, and health systems system-
atically underinvest in prevention (long-run benefits) relative
to treatment (short-run benefits), which is a collective present
bias. In the social path integral (32), present bias enters through
a time-dependent drift term —VV;(z) where V; weights near-
future states more heavily than the socially optimal V.

4.15 Homothetic Preferences as Scale-Symmetric Bun-

dles; Engel Curves as Radial Orbits

Homothetic preferences are, by defi-
nition, invariant under proportional scaling of all quantities:
the shape of indifference curves is unchanged when the entire
bundle is scaled by A > 0. The group R+ acting by z — Az
is exactly the scale transformations of consumption space, so
homotheticity means Gy 2 R+ : scale is a sub-symmetry of
the preference symmetry group. This immediately implies that
orbits (indifference curves) are mapped to orbits by scaling, so
any ray through the origin meets each orbit once: the income-
expansion path must be a ray. The scale-symmetry model is

> therefore not a convenient assumption but the precise algebraic

content of the definition of homotheticity.

Proposition 4.12 (Homotheticity as scale symmetry). A util-
ity function U is homothetic if and only if the group of posi-
tive rescalings R~ acts as a symmetry on the bundle struc-
ture: there exists a function f : Ryg — Ry such that
U(Az) = f(NU(z) for all A > 0. Equivalently, Gy 2 R~¢
(the symmetry group of U contains the scale group).

Proof. Homotheticity means U is a monotone transformation
of a linearly homogeneous function U: U = h(U), U(\z) =
AU (x). Then U(Az) = h(AU (z)) = h(Ah~"(U(x))), which
defines f(\) - U(x) after re-defining via h. The scale group
A — Az preserves the orbit structure. O

Corollary 4.3 (Engel curves as radial orbits). For homoth-
etic preferences, the income-consumption curve (Engel curve
at fixed prices) is a ray through the origin: ©*(p, \w)
Ax*(p,w) for all X > 0. This ray is an orbit of the scale
group R g acting on X by scalar multiplication.

The curvature of Engel curves therefore directly reflects
whether preferences are homothetic (zero curvature, straight
ray) or non-homothetic (non-zero curvature, bent ray). Non-

s homothetic preferences correspond to a non-trivial action of

the income variable on the orbit structure.
4.16 The Grand Pareto Conditions as Triple Tangency of

Manifolds

Modeling rationale. The three Pareto conditions MRS =
MRTS = MRT are conventionally derived separately as three
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independent optimality requirements. The algebraic framework
reveals their unity: all three say that a common covector (the

price vector p*) simultaneously annihilates the Goldstone direc- 1

tion of three different broken symmetries. This explains why
the competitive price mechanism is informationally efficient: a
single scalar signal enforces all three conditions simultaneously.
Market failures occur precisely when no single price vector
can simultaneously enforce all three — when the economy has
more Goldstone modes than the price system can handle, as
with externalities (unpriced third-party effects add extra Gold-
stone modes) or public goods (non-rivalry creates a Goldstone
mode for each agent).

Geometric interpretation. The three Pareto conditions (17)

express simultaneous tangency of three families of level sets at |

the social optimum:

1. Consumer indifference curves Z! (level sets of U?) for all
consumers i are mutually tangent: VU (2?) = VU7 (27)
(common MRS).

2. Isoquants QF (level sets of F*) for all firms k are mutually
tangent: common MRTS.

3. The production possibility frontier (level set of the aggre-
gate transformation function T'(y1, y2) = 0) is tangent to
the common consumer indifference curve: MRS = MRT.

Proposition 4.13 (Grand Pareto as common cotangent). At
a Pareto optimum, there exists a price vector p* € (T*R)
such that: (i) VU (x%) = \ip* for all i (consumer optimal-
ity); (ii) VE*(2*) = pFp for all k (firm optimality); (iii)
VT(y) = —vp* (PPF tangency). The common price vector p*
is the shared covector that simultaneously annihilates all the
Goldstone directions of the broken indifference, isoquant, and
transformation symmetries.

Proof. At competitive equilibrium: consumers set VU*
\ip* (from (?2)); firms set VF* = p*w* and VT = —vp*
(from profit maximisation). The common price vector p* is
exactly the competitive equilibrium price, and the First Welfare
Theorem (??) shows this coincides with the Pareto optimum.

O

Remark 4.4. This proposition shows that the Walrasian price
mechanism is a universal Goldstone covector: a single ele-
ment of cotangent space that simultaneously annihilates all
broken symmetry directions across consumers, firms, and the
production frontier. Market failure (externalities, public goods,
monopoly) corresponds to situations where no single covector
can simultaneously satisfy all three tangency conditions.

4.17 Short Run vs. Long Run as Constrained vs. Uncon-
strained Dynamics

Modeling rationale. The short-run versus long-run distinc-

tion is a dynamical statement: in the short run, some vari-

ables cannot adjust; in the long run, all can. Modelling this
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as constrained versus unconstrained dynamics is natural be-
cause short-run dynamics are exactly the full gradient flow
restricted to the submanifold of states reachable given fixed
constraints. The envelope result ¢>* > ¢ follows imme-
diately: a constrained optimum cannot outperform an uncon-
strained one. Institutionally: legal constraints, property rights,
and social norms impose short-run dynamics; institutional re-
form removes the constraints and allows the system to explore
the full allocation manifold. This makes the short-run / long-
run distinction a statement about the dimensionality of the
accessible submanifold, not just a horizon distinction.

Observation 4.4 (Short-run cost as constrained flow). The short-
run cost ¢*%(w,y; Z;,) (with some inputs fixed at 2) is the
solution to a constrained minimisation. It corresponds to the
social dynamical system (33) with some state variables frozen:

; the drift —VV operates only in the subspace of adjustable

variables. The long-run cost ¢“f(w,y) is the unconstrained
minimum, corresponding to the full gradient flow.

The envelope result ¢ > ¢ is a statement about con-
strained vs. unconstrained minima: any constrained optimum
is at least as costly as the unconstrained. In dynamical terms: a
system constrained to move in a lower-dimensional submani-
fold (the short-run subspace of adjustable inputs) cannot reach
states that require motion in the full manifold.

In institutional economics, this generalises directly: institu-
tions that fix certain social variables (legal constraints, property
rights, constitutional rules) impose short-run constraints. The
social system moves along the constrained dynamics; only insti-
tutional reform (“moving to the long run”) allows exploration
of the full allocation space.

4.18 Nash Equilibrium as Fixed Point of Best-Response
Correspondence

Fixed-point formulation.
of player 7 is:

The best-response correspondence

Modeling rationale. Nash equilibrium is defined as a state
where no agent has a unilateral incentive to deviate: each is al-
ready playing a best response to others. This is word-for-word
the definition of a fixed point of the joint best-response cor-
respondence BR(s*) = s*. The fixed-point model is a direct
formalisation of the concept, not an approximation. Kaku-
tani’s theorem (rather than Brouwer’s) is required because
best-response correspondences are set-valued when the agent
is indifferent between multiple optimal responses; Kakutani
handles upper hemicontinuous convex-valued correspondences,
which is the correct regularity class for mixed strategies.

(42)

BR;(s-i) = i(Si,5—i)-
(s—i) argggé(iu(s S_i)
A Nash equilibrium is a fixed point of the joint best-
response correspondence BR : [], S; = [, Si, BR(s) =
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Theorem 4.1 (Nash existence via Kakutani). If each S; is
compact and convex and each u; is continuous and quasi-
concave in s;, then BR satisfies the conditions of Kakutani’s
fixed-point theorem [Kakutani, 1941] and a Nash equilibrium
exists.

This parallels the Arrow-Debreu existence proof exactly:
both use Kakutani’s theorem, and both identify equilibrium as
a fixed point of a best-response (or excess-demand) correspon-
dence. The Walrasian tatonnement (31) is a special case where
the strategy space is the price simplex and the best-response is
the excess demand zero.

Prisoner’s dilemma as orbit trapping. In the prisoner’s
dilemma, the Nash equilibrium (D, D) is a fixed point of the
best-response dynamics but is Pareto-dominated by (C, C'). In
orbit terms: (D, D) lies on a lower social welfare orbit than
(C,C). The system is “trapped” in the lower orbit because uni-
lateral deviations (individual symmetry breaking) move each
player to an even lower utility orbit. The prisoner’s dilemma is
thus a case where the game-theoretic symmetry breaking (each
player optimising individually) selects a Pareto-inferior orbit —
the opposite of the welfare-maximising symmetry breaking.

Repeated interaction allows escape from this trap: the Folk
theorem (Equation (43) below) shows that the higher orbit
(C,C) can be sustained when agents have sufficiently long
time horizons.

4.19 Repeated Games as Discrete Dynamical Systems;
Folk Theorem as Invariant Set

Dynamical systems interpretation.
game is a discrete-time dynamical

An infinitely repeated

Modeling rationale. A repeated game is structurally an in-
finite sequence of stage-game outcomes: a discrete-time tra-
jectory in the action-profile space. The natural question for
any dynamical system is the characterisation of its w-limit
set — the set of states the system can visit indefinitely. The
Folk theorem characterises the w-limit set of subgame perfect
equilibrium trajectories in the repeated game. Modelling the
repeated game as a dynamical system is not optional for under-
standing the Folk theorem: it is a statement about the invariant
set of the dynamics, which has no static analogue. Trigger
strategies are policies that make the cooperative orbit absorb-
ing by threatening permanent exit to the Nash equilibrium orbit
if any deviation occurs.

system on the space of histories H = Htoi o A (sequences
of action profiles). A strategy o; is a map from histories to
actions. The equilibrium payoff set is:
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s 4.20

The Folk theorem states that V* converges to the set {v : v; >
v,, v feasible} as 6 — 1, where v, is the minimax payoff of
player s.

Invariant set interpretation. In dynamical systems lan-
guage, V'™ is the w-limit set of the equilibrium dynamics: the
set of payoff vectors that can be sustained indefinitely. The Folk
theorem says that as patience grows (§ — 1), this invariant set
expands to include all individually rational feasible payoffs.
Cooperation at the socially optimal orbit (C, C) is sustainable
in the invariant set when ¢ is large enough.

Trigger strategies (“‘cooperate until defection, then punish
forever”) are the simplest mechanism that sustains cooperation:
defection triggers a jump to the Nash equilibrium orbit (D, D)
permanently. The threat of orbit-downgrade deters defection.

Nash Bargaining as Geometric Mean Optimization
on Orbit Space

Geometric interpretation.
(18)

The Nash bargaining problem

Modeling rationale. Why does the geometric mean emerge
from Nash’s axioms? Each axiom eliminates a degree of free-
dom in the class of possible solutions. Symmetry eliminates
agent-specific weighting. Scale invariance eliminates depen-
dence on the units of utility measurement (rescaling one agent’s
utility — relabelling their orbits — should not change the so-
lution). Pareto optimality restricts the solution to the frontier.
IIA restricts it to depend only on the shape of the feasible set
near the solution. The geometric mean [[,(u; — d;) is the
unique functional on surplus vectors satisfying all four. Scale
invariance is the key: it requires invariance under re-labelling
of utility orbits, which uniquely selects the product form.

maximises [[,(u; — d;) over the feasible set F'. Setting
w; = u; — d; (surplus relative to disagreement point), the
objective [ [, w; is the geometric mean of surpluses.

Observation 4.5 (Nash bargaining on utility orbits). The feasi-
ble set F' is the image of the contract curve (Pareto set) in utility
space. The disagreement point d corresponds to the orbit levels
Zg4, for each agent. The Nash solution »* is the point on the
Pareto orbit that maximises the geometric mean of surpluses.
On a log-scale, this is equivalent to maximising > _, In(u; — d;),
a concave functional over the convex utility possibility set.

The Nash bargaining solution has an axiomatic charac-
terisation that parallels the symmetry structure of the orbit
framework: the symmetry axiom requires invariance under
re-labelling of agents (symmetry of the solution with respect
to the permutation group); scale invariance requires invariance
under affine utility transformations (which change the labels
on orbits but not their ordering).
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4.21 Edgeworth Box as Product Bundle; Contract Curve
as Tangency Locus

Product bundle structure.
omy, the allocation space

In a two-agent exchange econ-

Modeling rationale. The Edgeworth box is the Cartesian
product of two agents’ consumption spaces subject to a re-
source constraint. The product bundle is the natural mathemati-

cal model for two independent spaces coupled by a constraint, '

with each agent possessing their own preference bundle (con-
nection, curvature, Goldstone structure). The contract curve
as fibre tangency is then an immediate consequence: Pareto
optimality requires the two bundles’ fibre tangent spaces to
coincide at the allocation point. This geometric derivation is
more transparent than the classical MRS-equality argument
because it exhibits the Pareto condition as a fibre intersection

1053 problem, making visible which geometric properties of each 2

agent’s preferences are involved.

is X = X4 x XB subject to 24 + 2% = w. Each agent
has their own preference bundle: (X4, R, ﬁUA,GOU 4) and
(XE R, mye, Gy s).

Definition 4.3 (Exchange fibre bundle). The exchange bundle |

is the product bundle 74 X 75 : X — R x R, with fibres
T2 x IB at each utility level pair (ca, cp).

Proposition 4.14 (Contract curve as fibre intersection). The
contract curve C is the set of points in X where the fibres of
the two bundles are tangent:

C={(z*2") € X : TyaZ{layay = TonTfin(pny} = {(z4, 28
(44)

Proof. Two indifference curves are tangent iff they have
the same tangent space at the contact point, iff their gradient
directions are collinear, iff their MRS values are equal.

A Walrasian equilibrium (p*, 4%, 2B*) is the unique point

where the budget line (determined by p*) intersects the contract
curve. The First Welfare Theorem (??) says that this intersec- >

tion is on C, i.e. the equilibrium is where the two agents’ Gold-
stone covectors \4p* = VUA(x4*) and \Bp* = VU B (25*)
are both proportional to the same price covector p*.

4.22 Arrow Impossibility as Categorical No-Go; SWF as

Aggregation Functor
Categorical formulation.
ence orderings

Modeling rationale. The categorical language clarifies what
Arrow’s theorem is about. A social welfare function is not just
any rule but must be systematic: it maps each profile of individ-
ual preference orderings to a social ordering in a way consistent
with the structure of orderings (a functor). Arrow’s conditions
are different types of functorial conditions: Pareto is a preser-
vation condition (the functor maps Pareto-improvements to

O -

Let & be the category of prefer- ,
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social improvements), ITA is a locality condition (the functor
acts pointwise on pairs of alternatives), non-dictatorship is a
non-degeneracy condition. Arrow’s theorem says no functor
of this type exists. This is a structural impossibility — not
merely the non-existence of a convenient formula — which the
categorical language makes precise.

(objects: rational preference relations on X'; morphisms:
monotone transformations preserving the ordering). A social
welfare functional ' : £2™ — £ is a functor from the product
category of individual preferences to a social preference.

Observation 4.6 (Arrow’s theorem as functor non-existence).
Arrow’s impossibility theorem (Theorem 5.1) states that no
functor F' : ™ — PP satisfies simultaneously: (i) Pareto
(preserves unanimous preference); (ii) IIA (the social ordering
between = and y depends only on the individual orderings of x
vs. y); (iii) non-dictatorship. Conditions (i) and (iii) are natu-
rality conditions on F'; condition (ii) is a locality condition (the
functor acts pointwise on pairs). The impossibility reflects a

» fundamental obstruction in the category £2: there is no natural
s transformation from the product structure to a unified social

ordering that is simultaneously local and non-dictatorial.

The Bergson—Samuelson SWF avoids Arrow’s theorem by
requiring cardinal utility and interpersonal comparisons, which
amount to enriching the category & to a category % of car-
dinal utility functions with a specific metric structure. In this
enriched category, the aggregation functor W : ™ — R
exists (as a sum, minimum, or product), but at the cost of the
additional structure.

Curve as, itance Stochastic Dominance

MRS&@ i’"ﬁrinﬁl M%gl’dt{ﬁ Distributions

Measure-theoretic interpretation.
tribution

Let F' be an income dis-

Modeling rationale. The L' interpretation of the Gini co-
efficient provides two insights unavailable from the standard
formula. First, it gives the Gini a clear economic meaning: G is
the normalised expected absolute pairwise income difference,
stating directly what the Gini measures rather than just how
it is computed. Second, it connects inequality measurement

> to the theory of LP norms, enabling rigorous comparison of

inequality indices as different norms on the distribution space.

2+ Stochastic dominance then provides the unambiguous compari-
s son criterion: F' is unambiguously less unequal than G iff the

Lorenz curve of F' lies above that of G, which is a partial-order
statement on the space of distributions.
(CDF) and L(p) the Lorenz curve. The Gini coefficient is:

1 _ .
G:172/0 L(p)dpszm Y| (215( ) dF'(y)

where 1 = [ dF () is the mean. The right-hand side shows
that GG is the normalised expected absolute deviation between
two randomly drawn incomes, i.e. the L' distance between two
independent draws from F', normalised by mean income.

, (45)
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Observation 4.7 (Gini as L' metric on distribution space). The
Gini coefficient GG is a semi-metric on the space of income

distributions: G(F) > 0, with G = 0 iff F is a point mass s

(perfect equality). It is not a proper metric (triangle inequality
fails), but it is the L' earthmover distance between the Lorenz
curve L and the diagonal of equality, normalised to [0, 1].

Stochastic dominance as orbit partial order.
stochastic dominance (FSD) F' =1 G iff F(x) < G(z) for all
z. In orbit terms: FSD says that every percentile of F'is at
least as large as the corresponding percentile of G. FSD is a
partial order on the space of distributions (reflexive, transitive,
antisymmetric up to equality in distribution).

Second-order stochastic dominance (SSD) F =5 G iff
[ F@)dt < [7_ G(t) dt for all z (with equal means).
SSD is equivalent to: Ep[u] > Eg[u] for all concave u. In
orbit terms: F' SSD-dominates G iff every risk-averse agent
prefers F' to G, i.e. the Lorenz curve of I’ lies above that of G.
This is a coarsening of the product partial order on the orbit
space: SSD defines a social comparison that all concave (risk
averse) utility functions agree on.

4.24 Optimal Taxation as Variational Problem on Orbit
Space

Ramsey rule as constrained orbit selection.

optimal taxation problem is

The Ramsey

Modeling rationale. Taxes shift the effective price vector
from p to p + ¢, changing the direction of the budget constraint
and hence the symmetry-breaking direction selected by the con-
sumer. The Ramsey problem asks which shift raises required
revenue while minimising welfare loss — which direction of
symmetry breaking is least costly. In orbit geometry, welfare
loss is the drop in utility orbit caused by ¢; revenue is the in-
ner product ¢ - h(p + t). Minimising the orbit displacement
per unit revenue is the geometric content of the Ramsey prob-
lem. The inverse elasticity rule then has an intuitive geometric
interpretation: inelastic Hicksian demand means steep indiffer-
ence curves (small orbit displacement per unit price change),
so taxing inelastic goods raises revenue with minimal orbit
displacement.

: choose tax rates {¢;} to maximise social welfare W sub-
ject to a revenue constraint >, t;x(p + t,u) > R. The
Lagrangian is:

ER:W—Z/[R—Ztihi(p—i-t)], (46)

and the first-order conditions yield the Ramsey rule (20). In

orbit terms: taxes shift the effective price vector from p to p+¢, -

which changes the budget constraint hyperplane and thus the
symmetry breaking direction. The Ramsey optimum is the tax

vector that breaks symmetry in the direction that minimises the -

DWL orbit (the orbit of allocations with the least welfare loss
relative to the pre-tax equilibrium).

First-order :
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Inverse elasticity rule as orbit curvature condition. The
inverse elasticity rule ¢;/p; oc 1/|eX| says: tax more heavily
goods with inelastic Hicksian demand. In bundle geometry:
inelastic demand corresponds to steep indifference curves (high
MRS variation along the budget line), meaning the budget hy-
perplane crosses many utility orbits close together. Taxing
these goods causes small orbit displacement per unit tax rev-
enue. This is the geometric content of revenue efficiency.

4.25 Coase Theorem as Gauge Invariance of Efficient Out-
comes

Observation 4.8 (Coase theorem as gauge invariance). The
Coase theorem states: under zero transaction costs

Modeling rationale. The gauge-invariance analogy is jus-
tified by the structural parallel: in both gauge theory and the
Coase setting, an internal degree of freedom (the gauge field
/ the property rights assignment) does not affect observables
(physical forces / efficient allocation) when a condition holds
(gauge symmetry / zero transaction costs). The property rights
assignment is a gauge choice because it changes how initial
endowments are allocated without changing productive pos-
sibilities. When transaction costs are zero, any reassignment
is compensatable, making efficiency gauge-invariant. When

; costs are positive, the gauge fixing (property rights) affects

efficiency: this is the analogue of a gauge-symmetry-breaking

s mass term. The Pigou—Coase distinction maps onto explicit

versus spontaneous gauge fixing.

and perfect information, the efficient allocation is achieved
regardless of the assignment of property rights. In gauge-
theoretic language: the property rights assignment is a gauge
choice (a choice of local section of the property rights bundle),
and the efficient outcome is a gauge-invariant quantity that does
not depend on this choice.

More precisely: let G be the group of permissible property
rights assignments (“gauges”). For each gauge g € G, the
equilibrium allocation z*(¢g) may differ, but if transaction costs
are zero, z*(g) = x} for all g: efficiency is a gauge-invariant
property.

When transaction costs are positive, the gauge dependence
reappears: different property rights assignments yield different
equilibria, and the “gauge fixing” (choice of property rights)
affects the efficient outcome. This is the analogue of explicit
symmetry breaking in gauge theory: the gauge invariance is
approximate, broken by the transaction cost “mass term.”

Remark 4.5. The Pigou—Coase distinction maps onto the dis-
tinction between explicit symmetry breaking (Pigouvian taxes:
the government imposes a specific gauge) and spontaneous
symmetry breaking (Coasian bargaining: the agents select a
gauge through their private agreement). Both achieve efficiency,
but through different mechanisms of symmetry breaking.
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4.26 Information Asymmetry as Obstruction to Orbit Sep-
aration

Adverse selection as type-space foliation. In the Akerlof

market, sellers have types

Modeling rationale. The type-foliation language makes vis-
ible why information asymmetry causes market failure. Effi-
cient markets require the price mechanism to resolve the type
foliation: map each type 6 to a distinct price so that buyers
can infer quality. Under symmetric information, this resolution
is possible (the map from types to prices is injective). Under
asymmetric information, buyers observe only the projection of
type space onto the price axis, which collapses the foliation:
all types offering the same price pool together. Market fail-
ure is the topological collapse of this projection, and market
unravelling is the extreme case where the projection collapses
entirely — no price can separate types. This geometric perspec-
tive makes precise what “information resolves types” means
and why its failure causes market failure.

6 € [0,0]. The full type space is a manifold © foliated
by type levels. The information asymmetry means that the
buyer can only observe the price p, not the type : the buyer’s
information partition is coarser than the type foliation.

Observation 4.9 (Adverse selection as projection collapse).
Market unravelling occurs when the projection from the full
product space X x © (allocation and type) to the observable
space X x{p} (allocation and price) collapses the type foliation:

at any given price p, only types 6 < 6*(p) participate, and the ,

buyer’s expected type falls as p falls, eventually making the
market non-viable. This is a topological collapse: the pre-
image 7~ !(p) in the type space shrinks to the empty set.

Moral hazard as constrained orbit selection. Under moral
hazard, the agent selects effort e from a set E after the contract

is signed. The principal cannot observe e; only the outcome 6 is *

observable. The second-best contract (w(f), e*) is the optimal
point in the orbit of the contract space subject to the IC and IR
constraints:

IC constraint:  ¢* € argmax Efu(w(-))le’],  (47)
which restricts the feasible orbit of contracts. The principal-

agent optimum is the point on the boundary of the feasible orbit
that maximises the principal’s expected payoff.

Revelation principle as canonical orbit representative.
The revelation principle (Myerson 1979) states that any equi-
librium of any mechanism can be replicated by an incentive-
compatible direct mechanism. In categorical terms: there is

: a functor from the category of mechanisms to the category =

of direct mechanisms, and this functor is essentially surjec-

tive (every IC outcome is achievable by a direct mechanism). 2.
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Direct mechanisms are the canonical representatives of equiv-
alence classes of mechanisms under this functor: they are the
“gauge-fixed” version of the mechanism design problem.

Signalling as orbit separation. In the Spence signalling
model, the separating equilibrium is a fixed point of the sig-
nalling game where different types 6z > 61, choose different
signals ey > ey, The single-crossing condition (9%¢/dedf <

; 0) ensures that the orbit of type-0 agents in (e, w) space lies

everywhere above the orbit of type-0;, agents: the two type or-
bits are separated by the signal, allowing the market to identify
types from signals.

4.27 Bounded Rationality and Behavioural Concepts as

Perturbations of Optimal Orbits
Satisficing as orbit stopping rule.
stops searching when they find

Simon’s satisficing agent

Modeling rationale. Three behavioural departures are mod-
elled using the orbit framework, each with a specific algebraic
expression making precise what the departure is geometrically.

Satisficing: Finding the highest achievable orbit is costly
when search requires effort. The optimal stopping rule under
search costs is to stop at the first orbit exceeding threshold ug:
this is not irrational but optimal under bounded computational
resources. The first passage time to orbit Z,,, is the formal
expression of this stopping rule.

Loss aversion: The value function has a kink at r because
hedonic valuation changes sign there: gains and losses are gov-

20 erned by different curvature regimes. The change of curvature

2213

221

=

2215

2216

sign at r is a singularity in the connection 1-form, correctly
capturing the empirical discontinuity |[v'(r™)| & 2.250(r™)].
Framing effects: Standard theory requires choice to depend

« only on the underlying lottery, not on its description: coordi-

nate independence in outcome space. Framing effects violate
this. Modelling this as coordinate non-invariance of wy; for-
malises the violation: the connection transforms non-trivially
under re-framing, as if the preferred direction changes with the
coordinate system used to describe the outcomes.
an option with utility above an aspiration level u:
Stop at ™ if U(z*) > wo. (48)
In orbit terms: the agent stops when they first enter the orbit
7., or higher. The aspiration level u( defines a target orbit, and
satisficing is the dynamical process of searching until the orbit
is reached. The optimal agent (standard neoclassical) searches
until the highest achievable orbit is found; the satisficing agent
stops at the first adequate orbit. The difference is a stopping
time in the search dynamical system.

Loss aversion as asymmetric orbit geometry. In prospect
theory, the reference point 7 creates an asymmetry in the utility
orbit structure. Define two regions: the gain region X+ = {x :
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x > r} and the loss region X~ = {x : < r}. The value
function v(z — r) has different curvatures in the two regions:
concave in X T (diminishing sensitivity to gains) and convex
in X~ (diminishing sensitivity to losses), with a kink at z = 7.

The orbit structure has a singular point at x = r: the bundle
curvature €2, has a delta-function singularity at the reference
point, reflecting the discontinuous change in the gradient [v/|.
Loss aversion means this singularity is asymmetric: |[v'(r™)| =
Ao/ (r+)| with A ~ 2.25.

Framing effects as non-invariant coordinate choice. In

the optimal framework, the preference order 7~ is invariant .,

under re-labelling of outcomes: whether a health outcome

s 18 described as “10% mortality” or “90% survival” should

not matter (both describe the same lottery). Framing effects
[Tversky and Kahneman, 1981] violate this invariance: the
choice changes with the description even when the underlying
distributions are identical.

In geometric terms: framing is a choice of coordinates on the
outcome space X. If the utility function U is frame-invariant,
then U(f(x)) = g(U(z)) for any re-framing f : X — X (a
monotone relabelling of outcomes). Framing effects mean U
is not frame-invariant: the effective utility changes with the
coordinate system. This is a violation of the gauge symmetry of
the preference bundle: the connection one-form wy; transforms
non-trivially under re-framing, producing physical (choice)
effects from a coordinate change.

4.28 Bellman Equation as Value Function Fixed Point;

POMDP and Belief-State Geometry

The Bellman operator
T :V — TV defined by

Modeling rationale.
cause it is the necessary and sufficient condition for optimality

»ss in sequential decision problems. Bellman’s principle of opti- 2
mality states that the value of being in state x equals the best >

immediate reward plus the discounted value of the optimal
continuation: this is not an approximation but the definition of
the value function. The contraction property (5 < 1) makes

V* uniquely determined and computable by iteration. The :

connection to the social path integral is through the Legendre—
Fenchel transform in the zero-noise limit: the path integral
is dominated by the welfare-maximising trajectory, which the
HIJB equation (49) characterises as the value function. The two
formulations are Legendre duals: one sums over all trajectories
(path integral), the other characterises the optimal trajectory
via a PDE (HJB).

(TV)(x) = maxy[r(z,u) + SV (f(z,u))] is a contraction
on the space of bounded functions (Cy(X), ||||.,) with modu-
lus 8 < 1 [Stokey and Lucas, 1989]. By the Banach fixed-point
theorem, 7" has a unique fixed point V* = T'V*, which is the

> Bellman equation (22). Value iteration V,, 1 = T'V,, converges

geometrically: ||V, — V*|| < 8™ |[Vo — V¥ -

The Bellman equation is adopted be- 2
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Observation 4.10 (Social Bellman equation). The social plan-
ning problem of Section 4.8 can be reformulated as a Bellman
equation. The social state z evolves stochastically via the
Langevin equation (33). The social value function V*(x)
SUDpoticy B[ [y~ € 7"W (24) dt|zo = ] satisfies the Hamilton—
Jacobi—Bellman (HJB) equation:

hSOC
2

pV* =W(z) - VV* - VV 4+ AV, (49)
where A is the Laplacian. The HJB equation (49) is the
continuous-time Bellman equation for the stochastic welfare
problem, connecting the path integral formulation (Section 4.8)

to the dynamic programming formulation.

POMDP and belief-state manifold. When the social state
x is not fully observable, the planner maintains a belief state
b € A(X) (a probability distribution over possible states).
The POMDP Bellman equation (23) operates on the belief-
state manifold A(X), which has the structure of a statistical
manifold equipped with the Fisher—Rao metric [Amari, 2016].

Observation 4.11 (Belief updates as geodesics on the statistical
manifold). Bayesian belief updates b — 7(b, a, 0) (after action
a and observation o) are flows on A(X’). Under the Fisher-Rao
metric, the Bayesian update is the unique update rule that is
“closest to zero information gain” in the sense of minimising
the KL divergence between the prior and posterior (Pythagoras’
theorem for information geometry [Amari, 2016]). The optimal
POMDP policy is the fixed point of the Bellman operator on
the belief-state manifold, generalising the social fixed-point
analysis of Section 4.18 to the partial information setting.

Connection to generative justice. The POMDP framework
provides a natural formalisation of the epistemic challenge
in justice: a social planner who cannot fully observe the so-
cial state must form beliefs about it and take actions under
uncertainty. The belief state b; is the planner’s probability
distribution over social states at time ¢; generative justice (Defi-
nition 5.1) requires that the symmetry-breaking choice at each
t be made in a way that maximises the expected justice score

s By, [J (2, T4, G, Hy)] over the belief distribution.

4.29 Health State Space as Product Manifold; QALY and
DALY as Measures

EQ-5D as product manifold. The EQ-5D health state space
is the finite product

Modeling rationale. EQ-5D is defined by independent as-
sessment of five dimensions: mobility, self-care, usual activi-
ties, pain/discomfort, anxiety/depression. Independence is the
defining property of a product structure, so the health state
space is indeed a product. The QALY weight g : H — [0,1] is
a section of the trivial line bundle over ‘H, reducing the multi-
dimensional space to a scalar suitable for decision analysis.
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Different national tariffs correspond to different sections of the
same bundle: the same total space H with different population
preference weightings. The complementarity QALY + DALY

23 = t reflects a dual perspective on the same health trajectory:

QALY integrates the quality weight ¢, DALY integrates the

complement 1 — q. They are dual sections of the health bundle, »:

measuring the same trajectory from opposite orientations.

H = {1,2,3,4,5}" (five dimensions, five levels each), a
discrete approximation to a product manifold. The continuous
analogue is:

H =10,1]°, (50)

where each coordinate hj, € [0, 1] represents the k-th health
dimension at full (1) to worst (0) function. The utility valuation
function ¢ : H — [—0.285, 1] maps this product manifold to a

»» scalar, reducing the multi-dimensional health state to a QALY

weight.

s Observation 4.12 (QALY weight as bundle section). The valua-
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tion function ¢ is a section of the trivial bundle H x R — H: it >

assigns a real number (utility weight) to each health state. Dif-
ferent value sets (UK tariff, US tariff, Dutch tariff) correspond
to different sections of this bundle, encoding the preferences of
different reference populations. The variation across tariffs is
the “gauge freedom” in QALY valuation: different choices of
reference population yield different sections.

QALY and DALY as different measures on orbit space.
The QALY = ¢ x t and DALY = YLL + YLD = N x L +
I x DW x L both integrate health quality weights over time,
but use different orientations:

* QALY: measures health gain, integrating the weight ¢ against

a health intervention’s time effect. It is the signed area |

between the treatment and control health trajectories in (¢, q)
space.

* DALY: measures health burden, integrating the disability
weight DW = 1 — g against the duration of illness. It is
the signed area between full health and the actual health
trajectory.

In measure-theoretic terms: QALY and DALY are integrals
of complementary measures on the health state orbit space.
QALY = [ g(s) dsand DALY = [ (1 —q(s)) ds, so QALY

minimising DALY for fixed time horizon: the two metrics
differ only in orientation.

Payment mechanisms as principal-agent contracts on
provider orbit space. Each payment mechanism defines a

mapping from provider actions (quantity, quality, efficiency) to >

provider revenue. Different mechanisms select different orbits
in the provider welfare space:

Revenue(q, ) = P(q, e; mechanism), (51)
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where ¢ is quantity and e is quality/effort. The principal (payer)
designs P to align the provider’s optimal orbit (maximising
provider welfare) with the social optimal orbit (maximising pa-
tient welfare and efficiency). Fee-for-service creates a revenue
function that increases in g but is insensitive to e: the provider’s
optimal orbit is high-quantity regardless of quality. Capitation
creates a fixed revenue independent of ¢: the provider’s optimal
orbit is cost-minimisation. Pay-for-performance ties revenue to
quality indicators: the provider’s orbit is constrained to high-e
regions.

The optimal payment mechanism is the solution to the princi-
pal’s maximisation problem subject to the provider’s incentive
compatibility constraint, which is a mechanism design problem
in the orbit space of provider welfare.

4.30
S Ethics, Justice, and Formal Representations

Updated Unified Correspondence Table

5.1 Classical Ethical Frameworks
5.1.1 Virtue Ethics: Aristotle

Aristotle [350BCE] grounds ethics in eudaimonia (flourish-
ing): the good life is excellent activity in accordance with
virtue. Distributive justice (dikaiosyné) requires proportional-
ity: A/B = C/D, where A and B are the goods received by
two persons and C' and D are their respective merits. Formally,
an allocation z is distributively just if

Ty

m;

Vi, j, (52)

Tj o My

where m; is the “merit” of person ¢ in the relevant dimension.
The content of justice depends on the criterion of merit (need,

» contribution, status), which is itself contested.

5.1.2 Kantian Deontology

Kant [1785] grounds morality in reason. The categorical im-
perative in its universal law formulation: act only on a maxim
that you could will to be a universal law. In the humanity
formulation: treat persons always as ends, never merely as
means.

The economic implication is a side-constraint on welfare
maximisation: no allocation z* is permissible if it treats any
person merely as a means to aggregate welfare. Formally, the
feasible set for the social planner is

Xk = {x € X : noiis treated merely as a means}, (53)

and the planner maximises W over X . Specifying X in
measurable terms is an open problem in applied ethics.

5.1.3 Utilitarianism

Bentham [1789] and Mill [1863] hold that the right action
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maximises total welfare:

Wu(uy, ..., um) = Zui or Wy = Zgb(ui), 9" <0(c
i=1 i

(54)
The concave version (¢" < 0) is prioritarian: it gives dimin-
ishing weight to increases in welfare at higher levels, favouring
the worse off without the lexicographic priority of Rawls.

5.1.4 Rawlsian Contractarianism

> Rawls [1971] derives principles of justice from the hypothet-

23 ical agreement of rational agents behind a veil of ignorance.
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+ The two principles yield the maximin (more precisely leximin)

welfare function:

Wr(u1, ... ) = miin Uuj, (55)
which prioritises maximising the welfare of the worst-off agent.
If two allocations have the same minimum, the second-lowest

is compared, and so on (lexicographic maximin).

5.1.5 Libertarianism: Nozick

Nozick [1974] holds that distributions are just iff generated by
just acquisitions and voluntary transfers, regardless of pattern.
There is no simple welfare function representation; justice is a
property of the process, not the outcome.

5.1.6  Capability Approach: Sen

Sen [1985, 1999] evaluates distributions over capability sets:
Q; = {f : f is achievable by person i}. Justice requires: for
each i, Q; O Qmin, Where Qi is @ minimum threshold of ca-
pabilities (life, health, education, political participation). This
cannot be reduced to utility maximisation because it evaluates
freedom sets, not outcomes.

5.1.7 Luck Egalitarianism: Dworkin

Dworkin [2000] distinguishes brute luck (unchosen risk) from
option luck (deliberate gamble). Justice requires neutralising
brute luck. The hypothetical insurance mechanism: behind a
veil of ignorance about their luck, all persons would purchase

insurance against bad brute luck at actuarially fair rates. The *

just distribution is the post-insurance distribution that would
result.

5.2 Justice in Economic Theory
5.2.1 The Fundamental Critique of Pareto Optimality
As established in ????, competitive markets generate Pareto-

optimal allocations, but Pareto optimality is compatible with
severe inequality. The central critique is:

2444
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Observation 5.1 (Pareto criterion as status quo bias). The set
‘P of Pareto-optimal allocations depends on initial endowments

P ({l% . Different endowment distributions yield different P. The

nc
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Pareto criterion evaluates allocations conditional on endow-
ments, without evaluating the endowments themselves. A soci-
ety that begins from unjust endowments and achieves Pareto
optimality through competitive markets has institutionalised,
not corrected, the initial injustice.

5.2.2  Social Welfare Functions and Arrow’s Theorem

Theorem 5.1 (Arrow Impossibility, 1951). No social welfare

use function F' @ R™ — R (where R is the set of preference
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orderings) satisfies simultaneously: (i) Pareto efficiency, (ii)
independence of irrelevant alternatives; (iii) non-dictatorship;
(iv) unrestricted domain.

Proof. Arrow [1951], Chapter V. O
Arrow’s theorem implies that any social welfare function
must violate at least one normative condition. The choice of
which condition to sacrifice is itself a justice decision: Rawls
relaxes ITA by imposing cardinal utility comparisons; Nozick
rejects the Pareto condition for non-entitlement transfers.

5.2.3  Justice Criteria and Welfare Functions

We summarise the major criteria:

Criterion W or condition Reference
Utilitarian o wi Bentham [1789]
Prioritarian Y, ¢(ui), ¢” <0 Parfit [1984]
Rawlsian min; u; Rawls [1971]
Capability Qi O Qmin Sen [1999]
Entitlement  Process condition Nozick [1974]
Luck egalit.  Neutralise brute luck  Dworkin [2000]

5.3 Formal Representation of Justice in the Algebraic

Framework
5.3.1 Terminal Justice as Fixed-Point Property
Utilitarian and Rawlsian justice both identify a target state

z* € X as the socially just allocation. In dynamical systems
terms, x* is a fixed point of the welfare gradient flow:

i=VW(z), (56)

; and justice is achieved when x; — z* as t — oo. The Lya-

punov function for this flow is V' = —W, and the flow con-
verges if —W is a Lyapunov function in a neighbourhood of
x*.

Critique. Proposition 4.8 shows that (56) need not converge
when the drift depends on history. More fundamentally, the
dynamical system (56) is a gradient flow only if W is a smooth
function on X, which requires that individual utilities be car-
dinally comparable. This is precisely what Arrow’s theorem
problematises.
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5.3.2  Procedural Justice as Gauge Symmetry

Nozick’s historical entitlement theory can be formulated as a
gauge-theoretic principle. Let J be the group of just trans-
formations: those that respect all existing property rights and
involve only voluntary exchange. A distribution z is just iff
there exists a chain of just transformations from a just initial
endowment w" to 2:

pr€J iz =gpo--0p (W)

(57)
The set O7(w®) = J - w¥ is the orbit of the initial endow-
ment under 7. Procedural justice holds that x is just iff
€ Oz(wY).

Formal limitation. The group J must be specified inde-
pendently; it cannot be derived from within the framework.
This is the gauge-freedom regress: the specification of which
transformations are “just” is itself a justice question.

Just(z) <= Fpy,...

5.3.3  Capability Justice as Minimum Section

Sen’s capability approach has a natural fibre-bundle represen-
tation. Let the fibre bundle 7w : £ — X have fibres £, = Q.
(the capability set of the person at allocation x). A section of
the bundle is amap s : X — E with mo s = id. The capability
minimum condition requires:

S(xl) :_) Qmin VZ, (58)
i.e. the section (capability profile) must lie above the minimum
capability threshold Qi at every agent position. The just
allocation is any x for which such a section exists.

5.3.4 Generative Justice

Definition 5.1 (Generative justice). Let I'(X) = C([0, c0), X)
be the space of continuous social trajectories. A trajectory
v € T'(X) satisfies generative justice with respect to a local
scoring function j if

J(V) ::/ ](’Y(t)fy(t)thaHt) dt > Jmina (59)
0

where G, is the symmetry group at time ¢, H; the residual
symmetry after the budget-constraint selection at time ¢, and
Jmin 1S a normative threshold.

Remark 5.1. The integrand j(y(¢),5(¢), G¢, Hy) evaluates the

»s15 normative quality of the symmetry-breaking event at time ¢:

specifically, whether the budget- constraint selection H; from
the orbit G - y(t) was made in a way that maximally expands
the capability set of the least-advantaged agent. The integration
over time means that the total justice score accumulates from all
such events along the trajectory; no terminal state is privileged.

Proposition 5.1. Generative justice J(7) is well-defined for
any continuous trajectory, including those that do not converge
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to a fixed point (limit cycles, strange attractors, or divergent
trajectories), provided j is bounded below and the integral
converges.

Caveat 5.1. The construction of an explicit j that satisfies
the normative desiderata (Rawlsian priority for the least-
advantaged at each event, consistency with Arrow’s theorem,
measurability from observable data) is an open problem. We
do not propose specific values for j in this paper.

Proposition 5.2 (Generative justice strictly generalises terminal
justice). Let W be a Rawlsian welfare function and x* =
arg max, W (x). If the social dynamical system converges to
x* (i.e. ¥(t) — x*), then any trajectory converging to x* that
chose the least-advantaged-optimal breaking at every event
has J(v) > J(v') for any trajectory ' that converges to x*
via less just breakings. In this sense, generative justice refines
terminal justice on the set of convergent trajectories.

Proof sketch. Two trajectories converging to the same z* have
the same terminal state, so terminal justice assigns them equal
value. Generative justice distinguishes them by the integrals
J(7y) and J(v') of their local justice scores, which differ by
assumption. Hence J () # J(v') for trajectories that follow
different paths to the same endpoint. O

5.3.5 Connection to Biosemiotics and Universal Grammar

Kohn [2013], following Peirce [1931], argues that living
systems are constitutively semiotic: sign processes are not
uniquely human but pervade all living organisation. Forest
mycorrhizal networks, immune systems, and economic mar-
kets all involve agents with incommensurable symbol systems
exchanging information that they each interpret within their
own representational framework.

In our algebraic language: different agents operate with
different symmetry groups G, (different utility functions, dif-
ferent preference structures). The universal grammar of the
economic system would be a structure-preserving map (functor
in the categorical sense [Lawvere, 1969]) between the prefer-
ence categories of different agents, under which price signals
are natural transformations: they map the optimal-breaking
covector of one agent’s preference bundle to that of another’s
in a compatible way.

Conjecture 5.1 (Universal economic grammar). There exists
a category & of preference bundles and a functor F' : & —
& (price space) such that the price vector p at a Walrasian
equilibrium is the unique natural transformation from all agents’
optimal-breaking covectors to a common element of Z.

6 Discussion

6.1 Implications for Economic Theory

Price formation and market failure. If prices are Gold-
stone covectors of spontaneous symmetry breaking by budget
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constraints, then administered prices (taxes, price controls,
monopoly markups) correspond to explicit symmetry break-
ing that distorts the Goldstone direction. The welfare cost of
such distortions is the DWL (??), which in this language is the
curvature-squared integral over the deformed connection. A
complete treatment would derive the DWL formula from the
curvature of the deformed preference bundle.

Institutional rigidity and /... The Euclidean path integral
(32) parametrises the trade-off between deterministic welfare
optimisation and stochastic exploration. Low /i (rigid insti-
tutions) concentrates the system near the welfare optimum but
may prevent escape from unjust local optima. High Ay, (Weak
institutions) allows exploration but dilutes the welfare signal.
Calibrating hs,. from empirical data on policy variance is an
open research question.

Ergodicity and the Kaldor-Hicks criterion. Peters [2019]
demonstrates that the expected utility calculations underly-
ing standard welfare economics systematically overestimate
welfare gains when the growth process is non-ergodic. The
geometric interpretation is that the Kaldor—Hicks compensation
principle implicitly assumes that the Pareto frontier is reachable
from any initial condition, which Proposition 4.8 shows is false
for path-dependent systems. Policy evaluation should therefore
be conducted on trajectory space, not state space.

6.2 Limitations and Open Problems

(1) The group Gy for n > 2. The explicit Hamiltonian struc-
ture of Proposition 4.1 requires n = 2. For n > 2, the orbit
structure is (n — 1)-dimensional but the symplectic form
on R?" requires momenta. The constrained Hamiltonian
formalism [Dirac, 1964] provides the framework but has
not been developed for the economic case.

(2) Identification of the action functional. The social La-
grangian £ in (32) has not been derived from primitives.
Relating £ to observable choice data requires solving an
inverse variational problem analogous to the identification

problem in structural economics.

(3) The local justice scoring function j. Constructing j in
Definition 5.1 that satisfies normative desiderata while re-
maining empirically estimable is the central open problem

for the applied programme of generative justice.

(4) Cardinal comparability. The welfare functions of Sec-
tion 5.1 require cardinal utility, which is inadmissible in
the ordinal theory of 2?. Resolving this requires either ac-
cepting interpersonal utility comparisons (using, e.g., von
Neumann—-Morgenstern utility under risk) or replacing util-
ity with objectively measurable capabilities.

(5) Soriette’s conjecture. The conjecture in Section 5.3 that a
universal economic grammar functor F' exists has not been
proved. A proof would require specifying the category &

and constructing F' explicitly.

2621

2622

2623

2624

2625

2626

2627

2628

2629

2630

2631

2632

2633

2634

2635

2636

2637

2638

2639

2640

2641

2642

2643

2644

2645

2646

2647

2648

2649

2650

2651

2652

2653

2654

2655

2656

2657

2658

2659

2660

2661

2662

2663

2664

2665

2666

2667

2668

2669

2670

2671

2672

7 Related Work

Physics-inspired economics. Mirowski [1989] documents
the mechanical origins of neoclassical economics. Smith
and Foley [2008] develops a path-integral approach using
Minkowski signature (see our Section 4.8 for the Euclidean cor-
rection). Sornette [2014] surveys physical approaches to social
systems. Mantegna and Stanley [1999] develops econophysics
for financial markets.

Geometric approaches. Smale [1974] applied differen-
tial topology to general equilibrium. Chichilnisky [1985]
proved topological social choice impossibility results. The
fibre-bundle interpretation of preference structure is new to the
present paper, though the connection between consumer theory
and differential geometry has been noted informally by several
authors.

Information geometry. Amari [2016] equips the space of
probability distributions with a Riemannian structure via the
Fisher metric. The connection between the preference bundle
curvature € and the Fisher information metric on the demand
correspondence deserves systematic investigation.

Dynamical systems in economics. Grandmont [1985]
demonstrated chaotic dynamics in overlapping-generations
models. Brock and Hommes [1997] and Farmer and Foley
[2009] develop complex-systems approaches. Our contribution
is the explicit connection between dynamical systems and the
gauge-field geometry of preference and welfare structure.

Ergodicity and welfare. Peters [2019] provides the most rig-
orous recent argument for non-ergodicity in economic growth
processes. Arthur [1994] and North [1990] document path
dependence in technology and institutions.

Justice theory. Key texts are Rawls [1971], Nozick [1974],
Sen [1999], Dworkin [2000]. Our generative justice proposal is
most closely related to Derrida [1992] (justice as a venir) and
Whitehead [1929] (process ontology). Teitel [2000] addresses
justice in temporal transitions; generative justice extends this
to all social dynamics.

Biosemiotics. Kohn [2013] and Peirce [1931] provide the
semiotic foundations. The categorical universal-grammar con-
jecture is related to Lawvere [1969] and Fong and Spivak
[2018].

8 Conclusion

We have developed a unified framework connecting con-
sumer theory, group theory, gauge fields, Euclidean path inte-
grals, and justice theory.

Established results. (I) The symmetry group G?; of a util-
ity function acts on the consumption space with indifference
curves as orbits (Definition 4.1, verified for Cobb—Douglas,
CES, quasilinear). (II) The utility function is the Hamilto-
nian of the orbit flow on (X,w) and is a Noether conserved
quantity under time-translation symmetry (Proposition 4.1).
(IIT) Budget constraints break the orbit symmetry, selecting a
unique optimum under strict convexity (Proposition 4.4). (IV)
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The price vector is the Goldstone covector A~! dU (z*) that
annihilates the broken Goldstone direction (Proposition 4.5).
(V) The MRS is the ratio of components of the connection

one-form wy; on the preference fibre bundle (Proposition 4.2), **

and the bundle curvature vanishes for perfect substitutes and is
generically non-zero for convex preferences (Proposition 4.3).
(VI) The Euclidean social path integral is rigorously interpreted
via the Feynman—Kac formula as the transition density of a
Langevin stochastic process, with stationary Boltzmann mea-
sure concentrating near welfare optima (Section 4.8). (VII)
Path-dependent social systems are non-ergodic; the Pareto fron-
tier is not generically reachable from arbitrary initial conditions

265 (Proposition 4.8).
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Proposal. (VIII) Generative justice is defined as a func-
tional J(+y) on social trajectory space, evaluating the normative

quality of each symmetry-breaking event (Definition 5.1). It ,;

strictly generalises terminal justice on convergent trajectories
and remains well-defined for non-convergent ones.

Open problems. The key open problems are: the n > 2
Hamiltonian structure; the identification of the social La-
grangian; the construction of the local justice scoring function
7, and the proof or disproof of the universal economic grammar
conjecture.

A broader aspiration of this work is to reground the physics-
economics analogy on structurally sound foundations. Spon-
taneous symmetry breaking, Goldstone phenomena, and Eu-
clidean path integrals are the appropriate tools not because
economics resembles mechanics, but because both physics and
economics confront systems whose aggregate behaviour is de-
termined by symmetry rather than microscopic detail. Social
and economic systems, which resist agent-level modelling but
exhibit robust collective patterns, are natural candidates for the
methods of modern theoretical physics, applied with the care
and explicitness that the analogies demand.
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Table 1: Extended correspondence between field theory, algebraic structures, and economic theory.

Field / Algebra Structure Economic concept
Symmetry group G Lie group action on X Indifference symmetry
G-orbit Level set of U Indifference curve
Noether charge Hamiltonian H = U Utility level

Scale group R~ Scale invariant bundle Homothetic preferences
Radial orbit Ray through origin Engel curve

SSB: G — {e} Budget constraint breaks orbit Consumer optimum

Goldstone covector
Triple tangency
Curvature Qg

Singular curvature at r

dU (z™*)
Common covector p*
Non-flat bundle

Reference-point kink

Price vector p
Grand Pareto conditions
Diminishing MRS

Loss aversion / prospect theory

Legendre transform
Envelope theorem
Orbit consistency (GARP)

Value function gradient
Chain rule at optimum

Acyclic orbit visits

Roy / Shephard / Hotelling
All duality relations

Revealed preference / Afriat

Fixed point of BR Kakutani theorem Nash equilibrium

Orbit trapping Sub-optimal fixed point Prisoner’s dilemma
Invariant set as § — 1 w-limit set Folk theorem / cooperation
Geometric mean on orbit Nash product Nash bargaining

Product bundle m4 X 7B Two-agent fibres Edgeworth box

Fibre tangency locus

Common Goldstone covec-
tor

Categorical no-go
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