
DR
AF
T

Heterogeneous Value Circulation in Relational Spacetime:1

A Topological Formalism2

Wanhong HUANG
huangwanhong@serendip.ngo

3

Abstract4

This discussion paper develops a preliminary topological language for heterogeneous value circu-5
lation within a Generative Relational (GR) account of relational spacetime. The underlying structure6
is an oriented two-dimensional cell complex whose vertices are events, edges are couplings, and7
faces are primitive two-dimensional structures with semantics to be specified by the model. Entities8
and values are considered potentially emergent, historically constituted structures supported by sub-9
complexes; the representation does not require each event to be an exchange or each value to occupy10
a single face. Different value modalities may exhibit distinct topological, geometric, temporal, dy-11
namical, and multiscale properties, while sharing portions of their relational support. Circulation is12
approached through causally admissible histories and transformations of value-supporting configu-13
rations, including transmission, conversion, reproduction, and changes in subsequent generative ca-14
pacity. Cellular boundaries, homology, quotient constructions, discrete Morse theory, and persistent15
topology supply candidate analytical tools, with their interpretive conditions explicitly distinguished.16
The longer-term normative problem concerns how the ordering of feasible histories affects depriva-17
tion, obligations, value formation, and future possibilities. The paper treats mathematical structure18
as a proposed representation rather than evidence of an ultimate ontology or a validated social mech-19
anism. This working release contains Sections 1–11 and Appendices A–E (notation, exact cellular20
calculations, historical subcomplex constructions, simulation reproducibility, and open mathemati-21
cal extensions), including reproducible synthetic computational experiments, a preliminary justice-22
comparison interface, an assessment of mathematical and interpretive scope, and a conclusion; the23
broader ethical theory remains open.24

Keywords: heterogeneous value; relational spacetime; generative relational theory; two-dimensional25
cell complexes; value constitution; circulation order; topological morphology; justice.26

Draft status. Independent discussion paper, working draft R18, 19 October 2026. This version contains27
Sections 1–11, Appendices A–E, and preliminary front matter. It is neither peer reviewed nor a completed28
formal theory. No fieldwork or empirical calibration is claimed; the illustrative computational results are29
fully synthetic and reproducible. The main text and planned appendices are drafted; manuscript-wide30
scholarly review remains.31
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Discussion Paper Note32

This paper develops a preliminary mathematical representation of heterogeneous value circulation in33
Generative Relational (GR) spacetime. It takes a two-dimensional cell complex as an analytical starting34
point: vertices represent events, edges represent couplings, and faces represent primitive higher-order35
structures whose substantive semantics have yet to be specified. Historically extended subcomplexes36
may support constituted entities and values. The model permits events that have no immediate interpre-37
tation as a transfer, as well as value-supporting structures whose formation or recognition extends over38
time.39

The paper operates with ontological suspension. Mathematical objects are proposed representations40
of historically consequential relational configurations; they do not establish an ultimate ontology of value,41
persons, institutions, or the physical world. Recognition and manifestation are distinguished from the42
underlying processes as far as the available evidence allows. Claims about the existence, shape, or effects43
of real-world relational structures would require explicit observational and interpretive procedures.44

Several mathematical resources considered here have established intellectual histories: cell com-45
plexes, homology, spin-foam models, causal orders, discrete Morse theory, and persistent topology.46
Their use in the proposed GR value representation is a theoretical extension rather than an assertion47
of new mathematics. The terms value, generation, circulation, and justice may have different meanings48
in economics, social theory, ethics, law, and engineering. The manuscript avoids treating a mathematical49
translation between those fields as a substantive identification of their concepts.50

The eventual normative inquiry concerns the justice of circulation order in the presence of hetero-51
geneous needs, obligations, partially comparable values, and evolving capacities. Topological features,52
including holes, have their mathematical meanings before any socioeconomic interpretation is assigned.53
A structural descriptor does not itself establish a claim about deprivation, entitlement, moral responsibil-54
ity, or the relative justice of two histories.55

This working release contains Sections 1–11 and Appendices A–E. It includes mathematical foun-56
dations, the event–coupling–primitive ontology, proposed modality-dependent value constitution, his-57
torical transformation rules, circulation-order representations, and synthetic computational experiments.58
The computational sources and machine-readable outputs accompany the manuscript. The paper makes59
no claim of original field evidence, empirical calibration, or a complete normative decision procedure;60
Section 9 provides a preliminary framework for justice-sensitive comparisons, Section 10 examines in-61
terpretive limits, and Appendix E identifies possible mathematical extensions and their additional re-62
quirements. The main-text conclusion appears in Section 11. A manuscript-wide scholarly revision and63
a fully justified normative theory remain future work.64
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Responsible Use and Rights Reservation65

This page records a request for responsible scholarly use separately from the legal terms of the licence.66
The ethical request does not amend the licence, narrow an applicable legal exception, or create additional67
contractual conditions.68

The author welcomes good-faith reading, criticism, replication, and independent inquiry. Applica-69
tions of the proposed formalism to allocation, social assistance, labor, research evaluation, healthcare,70
education, or public institutions call for contextual examination of consent, privacy, vulnerability, dis-71
parate effects, rights, institutional authority, and opportunities to contest decisions. Formal indicators of72
topology, circulation, and generativity should not be treated as sufficient evidence of individual worth,73
legitimate entitlements, or institutional obligations. Synthetic cases should be identified as such.74

The author retains the rights established by applicable law and the Creative Commons Attribution–75
NonCommercial 4.0 International licence (CCBY-NC4.0). The permissions, restrictions, and limitations76
of that licence are controlled by its legal code. Third-party materials remain subject to their own terms.77
Reuse does not imply endorsement by the author, any institution, or a cited scholar. The licence text is78
available at https://creativecommons.org/licenses/by-nc/4.0/.79
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Notices80

Status. Independent theoretical discussion paper, working draft R11, 19 October 2026. This source81
release contains Sections 1–11, including mathematical foundations, the proposed GR ontology, value82
morphologies, historical transformations, and fully synthetic computational illustrations. Section 8 re-83
ports executed mathematical experiments with openly supplied Python source and numerical outputs.84
Section 9 introduces a provisional normative interface, and Section 10 assesses the scope and interpre-85
tive limits of the mathematics; Section 11 provides the conclusion; appendices remain planned. The86
draft has not been peer reviewed. Its interpretations and research agenda are provisional; no field study,87
empirical calibration, or normative validation is claimed.88

Licence. Except where otherwise indicated, copyright © 2026 Wanhong Huang. Original material89
is licensed under Creative Commons Attribution–NonCommercial 4.0 International (CC BY-NC 4.0).90
Permitted noncommercial adaptation and sharing require compliance with the terms of the licence, in-91
cluding attribution and an indication of changes as applicable. The legally controlling licence is available92
at https://creativecommons.org/licenses/by-nc/4.0/.93

Statement on the use of language models. OpenAI’s ChatGPT was used in research dialogue, for-94
mulation of candidate mathematical representations, source discovery, editorial planning, bibliographic95
checks, and preparation of the LaTeX working draft. The human author directed the research questions96
and selected the paper’s scope and theoretical commitments, and remains responsible for definitions, cal-97
culations, interpretations, sources, ethical judgments, conclusions, and errors. ChatGPT is not listed as98
an author. Bibliographic verification includes publisher or institutional metadata and available abstracts;99
it does not imply a complete reading of every underlying work.100

Research independence. The paper is an independent theoretical inquiry and conveys no endorsement101
by a university, research hospital, humanitarian organization, cited author, or publisher. Any future102
empirical or normative application requires separate research design and contextual authorization where103
applicable.104

Suggested citation. Huang, Wanhong. “Heterogeneous Value Circulation in Relational Spacetime: A105
Topological Formalism.” Independent discussion paper, working draft R11, 2026. Sections 1–11 draft.106
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1 Introduction141

The present paper develops a preliminary mathematical representation of heterogeneous value circula-142
tion within a Generative Relational (GR) account of relational spacetime. Its immediate objective is to143
establish a coherent language for events, couplings, primitive two-dimensional structures, historically144
constituted values, and the alternative histories through which such values may form and circulate. The145
inquiry proceeds by identifying the representational demands raised by heterogeneous social activity,146
specifying the intended interpretation of a two-dimensional cell complex, and distinguishing structural147
invariants from causal and normative assessments. The resulting formalism is proposed as a research ar-148
chitecture whose definitions, examples, and domain-specific interpretations remain open to refinement.149

Value circulation is commonly encountered through apparently discrete transactions: a payment150
changes hands, labor is provided, information is communicated, or a resource is assigned to a recipi-151
ent. These descriptions are useful at their respective levels of analysis. They can, however, compress152
extended histories of preparation, capacity formation, recognition, dependency, and subsequent conse-153
quence into a small number of recorded exchanges. A monetary transfer may occur at a well-defined154
accounting time, while the labor, knowledge, care, trust, or institutional capacity relevant to the same155
interaction develops through multiple activities. The timing of a recorded transfer, the duration of a156
value-generating process, and the moment at which a consequence becomes observable may therefore157
differ. A framework concerned with historical order needs to represent such distinctions explicitly.158

Heterogeneity also concerns the kinds of relations throughwhich values are generated and interpreted.159
Monetary amounts, hours of labor, opportunities to learn, claims to care, ecological contributions, and160
participation in shared institutions involve partly different units, conditions, and forms of recognition.161
The capacity to list these quantities in a common database does not itself provide a justified common162
valuation scale. A conversion between values may depend on institutional arrangements, technical ca-163
pacities, power, legal entitlements, or the willingness and ability of participants to accept particular terms.164
Discussions of generative justice have already connected the circulation of heterogeneous labor, ecolog-165
ical, and expressive values with questions of alienation and the return of benefits to their generators [6].166
Comparative approaches to justice likewise provide established reasons to examine substantive realiza-167
tions and capabilities in addition to formally defined arrangements [14]. The present project inherits these168
concerns as motivating problems, without claiming to originate either tradition or to derive a normative169
criterion from mathematical topology.170

A second difficulty arises from the status of the participants in a circulation model. Many flow dia-171
grams begin with identifiable persons, organizations, or other entities as vertices and transfers as edges.172
Such representations can be effective when the boundaries and identities of the modeled participants are173
adequate to the specific research question. The GR interpretation considered here gives ontological prior-174
ity within the representation to events and their couplings. A vertex denotes an event; an edge denotes a175
coupling between events; and a face denotes a primitive two-dimensional structure whose mathematical176
labels and substantive meaning require further specification. Persons, institutions, collectives, and other177
entities may be recognized through historically constituted sub-spacetimes rather than identified with178
elementary vertices. This representational choice is compatible with practical references to recognizable179
entities at suitable scales, while keeping their historical formation and alteration within the domain of180
inquiry.181

A similar distinction governs the representation of value. A primitive face may carry labels, phases,182
weights, or other local information, but a constituted value need not correspond to one face or one instanta-183
neous event. The working proposal associates a value modality with a potentially extended subcomplex,184
together with its local decorations, relevant history, and conditions of recognition. The same subcom-185
plex can participate in several value modalities, and the supports of distinct values may overlap. Value-186
supporting complexes may differ in connectedness, branching, cycles, holes, weighted extent, temporal187
span, or multiscale organization. These are candidate structural descriptors rather than measurements of188
ethical worth: a large complex need not generate a large value, and an unfilled topological cycle need not189
denote deprivation or injustice. The hypothesis that some value-supporting structures display approxi-190
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mate self-similarity likewise calls for scale-sensitive evidence rather than an assumption of universal191
fractality.192

The use of a two-dimensional complex is informed by the established mathematics of cellular topol-193
ogy and, more specifically, by the combinatorial architecture of spin-foam models. Algebraic topology194
supplies chain groups, boundaries, and homology as descriptions of how cells assemble and how cycles195
relate to higher-dimensional fillings [11]. In the quantum-gravity literature, spin foams are decorated196
higher-dimensional complexes used to formulate histories and amplitudes of spin-network states [2].197
The paper borrows the availability of event, coupling, and face-like incidence data as a structural inspi-198
ration. It introduces neither a quantum interpretation of economic value nor a claim that a physical spin199
label specifies an economic, ethical, or institutional quantity. The semantics of GR primitive faces and200
the admissible operations on their decorations remain independent choices requiring explicit definitions.201

The representation of historical order introduces a further layer. The topology of a cell complex202
records incidences and possible cycles, whereas the realizability of a sequence of events depends on203
causal precedence, compatibility, and feasibility constraints. A closed 1-chain is not automatically an204
executable circulation process. Likewise, two causal histories with comparable final distributions may205
differ in how long a vulnerable party waited, which opportunities existed along the way, and which ca-206
pacities their intermediate events generated or destroyed. Mathematical studies of distributed processes207
provide precedents for distinguishing structured state spaces from possible event executions and for us-208
ing combinatorial topology to analyze concurrency [12]. Within the present project, the corresponding209
causal structure will be introduced as additional data on, or associated with, the relational complex; its210
social interpretation does not follow from the borrowed mathematics alone.211

Historical order matters especially where values are constituted rather than merely transferred. Con-212
sider a stylized programme in which access to instruction, material resources, and opportunities to collab-213
orate are distributed across different periods. Two admissible orders may produce similar end-of-period214
resource accounts, yet afford different intervals for learning, different risks of irreversible exclusion, and215
different possibilities for subsequent cooperation. A value-supporting configuration may change through216
those histories, and the entities whose capacities are evaluated may change with it. These possibilities217
motivate the distinction between endpoint comparisons and trajectory-sensitive evaluation. They also218
caution against constructing the admissible history space solely from vertices already labeled as trans-219
fers: observation, waiting, refusal, conflict, unsuccessful experimentation, and delayed recognition may220
have causal significance for both value formation and its assessment.221

The formal study of these structures calls for a separation of mathematical questions that are some-222
times combined under the term circulation. First, one may ask which subcomplexes support a specified223
value modality and how their primitive encodings contribute to its recognition. Second, one may study224
transformations that transmit, combine, reproduce, fragment, or reconfigure value-supporting structures.225
Third, one may characterize topological properties of the ambient complex or of particular supports using226
boundary operators and homology. Fourth, one may identify feasible histories and examine the effect227
of temporal order on their resulting configurations. A quotient construction may identify histories or228
cellular structures under a defined equivalence relation, but the resulting identification preserves justice-229
relevant distinctions only under additional conditions. In particular, homological equivalence by itself230
entails neither equivalence of social consequences nor equality of normative assessments.231

The mathematical toolkit includes methods for simplifying and comparing complex structures. Dis-232
crete Morse theory provides a way to study cell complexes through critical cells and reduced descriptions233
with controlled topological properties [8]. Persistent homology and related multiscale constructions offer234
methods for examining the appearance and persistence of topological features as a filtration parameter235
changes [4]. These developments are relevant to the possible reduction of large historical complexes and236
to the study of morphology across scales. Their applicability to value-supporting structures depends on237
the definition of the filtration, the empirical or interpretive meaning of the cell weights, and the historical238
information preserved by the reduction. In particular, a method that preserves homology may discard239
the very sequence, duration, or recognition differences on which a justice judgment depends. The paper240
therefore treats topological reduction and historically adequate representation as separate requirements.241
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The longer-term normative objective concerns the justice of heterogeneous value circulation order. A242
feasible history may affect the time at which needs are met, the recognition of claims, the distribution of243
burdens and benefits, the emergence of reciprocal obligations, and the capacities available for subsequent244
generation. Justice assessments may accordingly depend on several dimensions that are only partially245
comparable. The present proposal allows for such assessments to take values in a partially ordered space246
or another explicitly justified normative structure. It does not propose that Betti numbers, geometric247
size, spin labels, fractal dimension, or any single structural statistic measures justice. The normative248
evaluation of a history requires independently articulated criteria and, where real cases are considered,249
evidence about the relations between the formal representation and the activities it purports to describe.250

The contribution sought by this paper is consequently specific. It develops a provisional event–251
coupling–face representation of relational spacetime; introduces historically supported subcomplexes as252
candidate carriers of constituted heterogeneous value; differentiates value modalities through topolog-253
ical, geometric, temporal, and dynamical descriptors; and places circulation within the set of causally254
admissible histories rather than identifying it with graph flow alone. It also establishes analytical in-255
terfaces between cellular homology, quotients, topological simplification, and the later comparison of256
circulation orders. These are proposed combinations and interpretations of established mathematical re-257
sources, subject to consistency checks and counterexamples. They are neither claims of novelty for the258
underlying mathematical constructions nor claims that the proposed GR ontology has been established259
empirically.260

The remaining manuscript is organized to keep conceptual and mathematical responsibilities distinct.261
The problem setting and mathematical background precede the GR interpretation of events, couplings,262
and primitive faces. Subsequent sections formulate heterogeneous value supports, their transformation263
dynamics, and the representation of circulation histories. Illustrative constructed examples then examine264
alternative event orders, changingmorphology, and possiblemultiscale descriptions. Later sections relate265
the resulting formal substrate to justice-oriented questions and discuss ontological restraint, evidential266
interpretation, identifiability, and limitations. The intended outcome is a set of definitions and analytical267
examples suitable for further criticism, implementation, and domain-specific inquiry.268

2 Heterogeneous Value and Historical Relational Formation269

This section specifies the representational problem that motivates a topological formalism of heteroge-270
neous value circulation. Its objective is to distinguish value modalities, generative processes, historical271
constitution, and the temporal ordering of feasible events before introducing the mathematical machinery272
of cell complexes. The discussion proceeds through conceptual analysis and deliberately constructed ex-273
amples. Established work on generative justice, care, comparative justice, and path dependence supplies274
disciplinary context; the interpretation of value as a historically supported relational configuration re-275
mains the proposal developed in the present paper. These distinctions supply constraints that subsequent276
formal definitions must satisfy.277

2.1 Heterogeneous Values and Partial Commensurability278

The term heterogeneous value covers differences in what is evaluated, how an evaluation is expressed,279
and which processes bring the evaluated phenomenon into existence. Monetary claims can be recorded in280
a denomination and an amount. Labor can be described by duration, skill, conditions, and outputs. Care281
involves relationships of attentiveness, practical response, need, and continued responsibility. Knowl-282
edge may involve situated understanding, reproducible methods, or capacities that can be shared without283
an equivalent subtraction from the original holder. Institutional trust, ecological contribution, and the284
ability to participate in collective decisions present still other structures of production, dependence, and285
recognition. Such descriptions may coexist within an activity even when a common unit of comparison286
has not been justified.287
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A transaction can establish an agreed exchange ratio while leaving several value dimensions open.288
Consider an agreement exchanging a payment of one hundred dollars for twelve hours of labor. The289
agreement records contractual terms and a monetary exchange ratio. It does not, on that basis alone,290
determine the quality of the work, the vulnerability associated with delayed payment, the burdens of the291
working conditions, the knowledge acquired during performance, or the legitimacy of the bargaining292
situation. Further evidence and normative principles would be required to characterize those features.293
Equally, the contractual price need not determine the value of an emergent capability or a later relation-294
ship made possible by the activity.295

Comparability is consequently an operation defined for specified purposes. Two monetary amounts296
denominated in the same currency and at a specified time may admit a conventional quantitative order-297
ing. Two training opportunities may be compared with reference to an explicitly chosen educational298
objective. A comparison between urgent care and a commercial benefit may require a priority rule, a299
threshold of acceptable harm, or a rights-based restriction. The existence of one comparison does not300
establish that the complete underlying values share a universal scalar representation. A formalism can301
accordingly accommodate modality-dependent comparisons, partially defined conversion relations, and302
cases in which the available information supports no settled ranking.303

Comparability also depends on the authority to define a conversion. Institutional rules, technical304
interfaces, legal entitlements, and unequal bargaining power may influence which relations become op-305
erationally recognized. A conversion mechanism is therefore itself an object of historical inquiry. Its306
implementation may enable cooperation, impose burdens, privilege particular forms of value, or ex-307
clude contributions that remain difficult to price. Generative justice provides a relevant prior vocabulary308
through its attention to the circulation and possible alienation of labor, ecological, and expressive value309
[6]. The present model considers the representational conditions for studying such processes; it does not310
treat the distinct value categories or the normative insight as new discoveries of GR.311

The capability-oriented and comparative aspects of justice developed by Sen provide a further rea-312
son to retain several dimensions of substantive consequence when evaluating alternatives [14]. Likewise,313
Tronto’s account of care situates caring practices within political relations and inequalities, illustrating314
why an exchange description alone can be insufficient for a social interpretation of work and responsi-315
bility [15]. These traditions have different conceptual commitments. Their inclusion here establishes316
points of contact concerning value, recognition, and consequence, without asserting theoretical identity.317

For later formalization, themodality of a value will refer to a specified family of constitution, transfor-318
mation, observation, and comparison conditions. The definition is deliberately relational and revisable: a319
modality may overlap other modalities, and a historical change in institutions or techniques may alter its320
recognized boundaries. Different modalities may also exhibit different supporting morphologies within321
a relational complex. Structural descriptors can assist comparison, but they do not independently settle322
a question of value magnitude or ethical priority.323

2.2 Value Generation, Circulation, and Reproduction324

A formal account of heterogeneous circulation requires a distinction among the operations through which325
value arises, changes relations, and contributes to subsequent possibilities. Generation concerns the con-326
stitution or alteration of value-related structures and capacities through historical activity. Circulation327
concerns the relations by which constituted values, claims, effects, or productive capacities become328
available in other configurations. Conversion concerns changes between specified modalities or modes329
of manifestation. Reproduction concerns the renewal of conditions for generating or sustaining value.330
These operations can overlap empirically; separating them analytically helps identify their different as-331
sumptions and consequences.332

A payment between accounts supplies a relatively discrete record of a monetary transfer. The activity333
that the payment supports may extend across time and require a complex history of preparation, labor,334
tools, knowledge, and coordination. An educational interaction can simultaneously communicate exist-335
ing knowledge and help constitute a new capability in the learner. The transmitted content may remain336
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Table 1: Analytical processes in the historical formation and circulation of heterogeneous value.
Process Analytical role Possible evidential trace

Generation Constitution or alteration of value-bearing structures and
capacities

Learning record, new
capability, changed practice

Circulation Relational accessibility or transmission of an existing
value-related configuration

Transfer, sharing, uptake, use

Conversion Transformation between specified modalities or
manifestations

Contract, production process,
interpretation rule

Reproduction Renewal of capacities and relations enabling later
generation

Maintenance, teaching, care,
institutional renewal

Capture Concentration of benefits or control at a specified interface Asymmetric terms, control of
access, appropriation

Dissipation Loss, degradation, or weakening of previously available
capacities

Skill decay, exhausted
resource, discontinued
practice

accessible to the teacher; the newly formed capability may differ in scope and use from the teacher’s337
original knowledge. A care practice may require continued attentiveness and follow-up even where a338
particular intervention has an identifiable completion time. These cases illustrate different possible rela-339
tions among transfer, transformation, persistence, and historical dependence.340

Table 1 sets out the analytical distinctions adopted at this stage. Its entries are modeling categories341
and possible observable traces, rather than claims of empirically established laws of value formation.342

The term circulation consequently admits several mechanisms. A constituted monetary claim may343
be transferred under accounting rules. A piece of information may be copied and interpreted. A practical344
capacity may circulate indirectly when an experienced participant teaches others. A beneficial relation-345
ship may facilitate further relationships that retain only part of the original configuration. These cases346
involve different assumptions about conservation, divisibility, ownership, and replication. An additive347
flow equation may be appropriate to a defined resource ledger, while a nonlinear or history-dependent348
transformation is potentially more suitable for learning, recognition, or social trust.349

The preservation of value during transfer is therefore a hypothesis specific to a mechanism. Some350
exchanges redistribute scarce resources; some forms of communication enable multiple participants to351
use related knowledge; some transfers damage productive capacity through extraction or uncompensated352
burdens. Likewise, apparent growth in recorded outputmay coexist with depletion of the relations needed353
for future activity. The connection between value circulation and generativity concerns the conditions354
under which circulating structures enable, constrain, or diminish subsequent processes of formation. The355
general form of this connection is an open modeling problem; an observational or ethical assessment356
requires more information than the occurrence of a transfer.357

The distinction is also relevant to return. A circulating benefit may return to a contributing partic-358
ipant through payment, increased capability, common infrastructure, reciprocal care, or other arrange-359
ments. Different return pathways may be only partially comparable. Existing discussions of generative360
justice motivate inquiry into such returns [6]; the current proposal seeks to represent the histories and361
interfaces through which they become possible. The degree of return, its distribution, and its justice must362
be evaluated through separately specified criteria.363

2.3 Historical Constitution of Values and Entities364

The GR interpretation used in this paper assigns vertices of the underlying two-complex to events, edges365
to couplings, and faces to primitive two-dimensional structures. Themeaning of a face and the admissible366
encodings associated with it will be specified at the level of a proposed model. An event need not be an367
exchange, a moment of value recognition, or a transaction involving already identified parties. Reading,368
waiting, observing, misunderstanding, repairing, excluding, and changing a rule may all be represented369
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as events where the analytical domain warrants their inclusion. Events and couplings participate in the370
historical constitution of entities and values, rather than simply recording interactions between timeless371
elementary agents.372

An entity can be represented at an appropriate level of description by a historical subcomplex and373
additional identification conditions. Those conditions may involve continuity of practice, organization,374
shared memory, legal recognition, physical persistence, or other domain-specific relations. A participant375
identifiable as one organization at a particular time may have changed its activities, membership, capac-376
ities, or obligations over an extended history. A legal designation and an internal cooperative practice377
need not delimit exactly the same subcomplex. The model therefore leaves room for several defensible378
individuations of an entity, with their observational and normative purposes made explicit.379

The analogous proposal for value associates a modality with a potentially distributed historical sub-380
complex. A recognized skill, for example, may depend on training, unsuccessful attempts, assistance,381
bodily practice, and later demonstrations. A body of shared knowledge may depend on experiments, doc-382
umentation, critical correction, circulation of evidence, and interpretive activity across multiple settings.383
Trust may be supported by repeated reliable interactions and by institutional protections that reduce the384
hazards of reliance. In each case, the historical support may span multiple events, couplings, and primi-385
tive faces. It may overlap the support of other values, and its boundaries may depend on the recognition386
question being asked.387

It is useful to distinguish constitution, recognition, and manifestation. Constitution concerns the388
formation of a relevant relational structure or capacity. Recognition concerns the conditions under which389
an observer or institution identifies and attributes a value. Manifestation concerns the occasion and form390
in which a capacity or value becomes observable in action. These distinctions describe analytical roles;391
they do not establish that the corresponding times are always sharply separable. Recognition may itself392
influence constitution by changing opportunities, identities, or institutional support. Some values become393
recognizable only retrospectively, while the historical conditions contributing to them were distributed394
across preceding activities.395

The inclusion of recognition raises an epistemic constraint. Different observers may delimit different396
supporting subcomplexes, assign different modalities, or give different accounts of causally relevant397
events. Differences can arise from measurement limits, situated interpretive systems, unequal access398
to records, and power over categories of recognition. Recording a structure at high resolution cannot399
eliminate these sources of uncertainty by itself. A formal model therefore needs to preserve provenance,400
indicate which identifications depend on interpretation, and support revisions as additional evidence401
becomes available. This requirement connects the topology of proposed supports with an account of402
how those supports are known.403

A subcomplex representation should also remain optional rather than forced. Some phenomena may404
require weighted covers, overlapping regions, time-varying supports, or higher-order data whose rep-405
resentation is not captured by a single strict subcomplex. An instantaneous event may be sufficient to406
record a legally effective change while an extended supporting history remains useful for understanding407
its formation and consequences. The choice of representation must be justified locally by the research408
question and available evidence. The present paper therefore develops subcomplexes as a candidate409
formal language, with the epistemic and ontological status of each construction kept visible.410

2.4 Temporal Order, Dependencies, and Generative Consequences411

Historical order matters where the feasibility or consequence of an event depends on what has already412
occurred. Dependencies may arise from physical resources, institutional permissions, learned skills,413
shared information, legal obligations, or interpersonal relationships. The order in which two events are414
recorded is not necessarily the order required by their causal relations. For that reason, the proposed415
model will supplement the underlying cell complex with a separately defined precedence structure and416
constraints on event execution.417

For a finite event set E and an acyclic precedence relation≺ on E, an admissible total ordering may418

11



DR
AF
T

be represented by a linear extension, as expressed in Equation 1.419

Γ(E,≺) =
{
(eπ(1), . . . , eπ(n)) : ei ≺ ej =⇒ π−1(i) < π−1(j)

}
. (1)

Here E = {e1, . . . , en} and π ranges over permutations of {1, . . . , n}. The construction describes420
order-consistent sequences; subsequent sections will refine feasibility through event-specific resources,421
temporal constraints, and state-dependent transformations. A path in a cellular complex, a linear exten-422
sion of an event order, and a cellular chain are distinct mathematical objects. Their relationships require423
explicit constructions.424

Consider a setting with two requests for an indivisible service that can be provided sequentially.425
Suppose both requests will eventually be met and the completion of one imposes an interval of waiting426
on the other. If one need is time-sensitive, the scheduling order may change experienced harm even427
when the final ledger records two completed services. The relevant difference need not be captured428
by the monetary price or by a comparison of final quantities alone. A justice evaluation may attend to429
urgency, duration of deprivation, responsibility for delay, and the institutional conditions that make one430
sequence feasible. A model that compresses both histories into an identical endpoint may obscure these431
consequences.432

The distinction can be expressed without selecting a universal loss measure. LetΠfin record a partic-433
ular endpoint summary, and let H record history-sensitive features such as waiting, evolving capacities,434
and obligations. Under an illustrative pair of histories, Equation 2 describes the possibility of endpoint435
agreement alongside historical difference.436

Πfin(γa) = Πfin(γb), H(γa) 6= H(γb). (2)

The choice of Πfin is material: agreement on aggregate outcomes does not entail agreement on every437
eventual consequence. The expression formalizes an information distinction and carries no independent438
verdict about the justice of either history. A normative ranking would require justified comparisons439
among the consequences and claims represented by H.440

The historical process may also change the future set of feasible events. An early opportunity for441
learning can enable later forms of work; a delayed treatment can narrow future possibilities; recognition442
by an institution can open access to collaboration or resources. These mechanisms suggest feedback be-443
tween present ordering and future generative capacity. Historical path dependence has an established lit-444
erature in economics: David’s analysis of QWERTY concerns the historical interdependence of technical445
choices, while Arthur’s increasing-returns model shows how early contingencies can affect technological446
adoption and possible lock-in [5, 1]. These works supply bounded precedents for treating sequence as447
consequential under specific mechanisms. They do not establish the GR account of value constitution,448
nor do they demonstrate that every difference of social event order produces path dependence.449

Causal feasibility and normative priority should remain distinct. An urgent claim does not automati-450
cally make a proposed event sequence physically executable; constraints may include the availability of451
trained personnel, legal authorization, equipment, or the compatibility of other obligations. Conversely,452
feasibility alone does not determine which permitted sequence is just. The research problem is to com-453
pare accessible alternatives under stated information, constraints, and normative criteria, while allowing454
the realized history to change what becomes possible later.455

2.5 Relational Spacetime and the Representation of Value456

A topological representation is motivated by the need to retain relations extending beyond a transaction457
ledger. A graph can record events and pairwise couplings, and richly annotated temporal or multilayer458
graphs may adequately address many practical questions. A two-dimensional complex becomes useful459
when the model requires primitive structures associated with configurations of couplings and the bound-460
aries of those structures. Subcomplexes can then provide a candidate support for historically constituted461
values, while algebraic topology can describe connectedness, cycles, and higher-dimensional closure un-462
der explicit assumptions. The additional mathematical dimension earns its place only when the face data463
and resulting analyses convey information relevant to the stated question.464
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The GR interpretation gives the structures a fixed representational role at the primitive level: vertices465
stand for events, edges for couplings, and faces for primitive higher-order structures. The paper does not466
yet specify a universal semantic content for faces. A face may carry an abstract label or belong to a467
prescribed incidence relation; any economic, institutional, or ethical meaning assigned to that structure468
requires a domain-specific model. In particular, a two-cell should not automatically be treated as the469
reconciliation of two allocation orders or as the representation of a just transformation. Such choices470
would already encode assumptions about history and normativity into the topology to be analyzed.471

A value-supporting complex may differ across modalities by connectivity, cycles, branching, tempo-472
ral extent, weights, or the possibilities of transformation. Some supports may be compact relative to a473
chosen metric, while others may be extensive, distributed, or overlapping. A hole in a value-supporting474
complex has a mathematical interpretation relative to its chosen cells and boundary maps; any meaning475
for value circulation depends additionally on the encoding and dynamics. Equally, the size or number476
of cells in a support need not measure realized value. The relevant structures may be coarse-grained at477
different resolutions, but topological equivalence at one scale does not guarantee equivalence of timing,478
obligations, or recognition at another scale.479

Three modeling responsibilities follow. First, a constitution rule must describe the conditions under480
which historical structures are treated as values or entities of a specified kind. Second, a dynamical rule481
must specify admissible changes in coupling, transformation, and effective accessibility, including the482
possibility of altered future supports. Third, an evaluation rule must explain which features of a history483
are relevant to justice and how conflicts among partially comparable claims are handled. The first two484
concern representation and explanation; the third requires additional ethical and institutional reasoning.485
Their separation allows the model to be criticized and revised without deriving justice from a topological486
invariant.487

The resulting research strategy is modular. Cellular methods provide a language for selected struc-488
tural properties; partial orders and event histories provide a language for admissible temporal succession;489
interpretation and evidence identify the meaning and limits of value-supporting configurations; and nor-490
mative inquiry compares feasible histories. the mathematical foundations section will develop the math-491
ematical operations needed for these connections. The present section establishes the substantive con-492
straints: heterogeneity is multidimensional, historical formation may be extended, circulation can alter493
future capacity, and a useful reduction must preserve information required by the research question.494

3 Mathematical Foundations495

This section develops the mathematical background required to represent heterogeneous value-496
supporting structures and the causal histories in which they develop. It begins with finite cell complexes,497
oriented incidence relations, and cellular homology; distinguishes quotient constructions from equiva-498
lence of circulation histories; then introduces partial orders, discrete Morse reductions, and multiscale499
topology. The discussion uses standard mathematical results and small constructed examples, with500
particular attention to the information that each operation preserves. The economic and ethical interpre-501
tation of these structures will be introduced in later sections: the mathematics developed here neither502
defines a value modality nor supplies a criterion of justice. Background on cellular and combinatorial503
topology is available in Hatcher [11] and Kozlov [13]; spin-foam conventions provide a related, but504
physically specific, use of decorated complexes [2].505

3.1 Graphs, Cell Complexes, and Spin-Foam Structures506

A graph records vertices and their incident edges. Its combinatorial information is sufficient for many507
path, flow, and reachability problems. A two-dimensional cell complex additionally specifies which508
edge assemblies bound primitive two-dimensional cells. The extra incidence information is central to509
the proposed representation because a closed sequence of edges may or may not bound a face, and the510
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two cases are distinguished by cellular homology. Equipping the complex with weights or representation511
labels adds further information without changing this elementary distinction.512

For definiteness, the first mathematical constructions in this paper use a finite, regular two-513
dimensional CW complex K. Its sets of p-cells are denoted Kp for p = 0, 1, 2. Regularity means that514
the attaching map of each closed cell identifies its boundary with a subcomplex in the standard manner;515
this assumption makes the combinatorial examples transparent. Each cell is given a chosen orientation,516
which is a bookkeeping convention for the chain groups. A subcomplex L ⊆ K is a collection of cells517
closed under taking incident boundary cells. The geometric realization |K| is the topological space518
obtained from these attachments. More general cellular and stratified structures remain available for519
later extensions.520

A finite 2-complex can carry different decorations. For example, a face f may be associated with521
a representation label ρf , a local state ψf , or a type-specific parameter; couplings at edges can be sup-522
plied with compatibility maps. These are additional modeling data. In physical spin-foam construc-523
tions, representation-theoretic face labels, edge intertwiners, and vertex amplitudes occur in particular524
state-sum formulations [2]. A GR-inspired 2-complex may borrow this combinatorial architecture while525
retaining the separate interpretive commitments of its own domain. In particular, the vertex-to-event,526
edge-to-coupling, and face-to-primitive correspondence adopted in this project is a proposed representa-527
tion, not a theorem about either social activity or quantum spacetime.528

Two distinctions are useful from the outset. The orientation chosen for a cell determines signs in a529
boundary matrix; it need not designate the causal direction of an event or the direction of a value transfer.530
Furthermore, the adjacency of cells specifies possible structural coupling while leaving open whether a531
particular history is executable. A causal relation and a set of feasible histories will therefore be specified532
independently in Subsection 3.5.533

3.2 Oriented Cells, Chains, and Boundary Operators534

For a field F, such asR, the pth cellular chain groupCp(K;F) is the vector space freely generated by the535
oriented p-cells. A p-chain is a finite formal linear combination of those cells. It is an algebraic object536
determined by coefficients and cellular incidence, rather than a time-ordered execution. The chosen537
cellular orientations produce boundary maps ∂p : Cp(K;F) → Cp−1(K;F). In dimension two, their538
defining sequence is written in Equation 3.539

C2(K;F) ∂2−−→ C1(K;F) ∂1−−→ C0(K;F), ∂1 ◦ ∂2 = 0. (3)

For a directed notation eij for an edge whose chosen orientation runs from vertex vi to vertex vj ,540
∂1eij = vj − vi. If a face f is attached along the ordered triangle (v0, v1, v2), with e20 oriented from v2541
to v0, then its oriented cellular boundary is ∂2f = e01+e12+e20. Consequently, ∂1∂2f = 0, as required542
by Equation 3. Reversing a cell orientation changes its sign without changing the underlying geometry.543

After choosing ordered bases of oriented cells, the operators are represented by matrices B1 and B2.544
For this triangular example, Equation 4 gives the explicit incidence matrices.545

B1 =

−1 0 1
1 −1 0
0 1 −1

 , B2 =

1
1
1

 , B1B2 =

0
0
0

 . (4)

The columns of B1 correspond to e01, e12, e20. Adding the face creates the nonzero B2 column.546
Omitting the face leaves the same 1-skeleton but changes C2 to the zero space. This small difference547
already produces a different first homology group, as demonstrated below.548

A sequence of adjacent edges γ = (v0, e1, v1, . . . , en, vn) has an associated 1-chain cγ , obtained549
by adding traversed edges with signs determined by their orientations. Equation 5 records its endpoint550
boundary.551

∂1cγ = vn − v0. (5)

14



DR
AF
T
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z

(a) Unfilled 1-cycle

v0 v1

v2

f

(b) Cycle bounding a face

S0

Sb Sc

Sbc

b c

c b

(c) Derived order configuration

Figure 1: Cellular topology and derived history configurations. Panels (a) and (b) use event vertices
vi and coupling edges as the 1-skeleton of a candidate 2-complex; attaching face f changes the first
homology. Panel (c) is a separate, derived configuration diagram: its nodes S0, Sb, Sc, Sbc are sets of
completed events, rather than vertices of the GR spacetime, and its arrows encode possible execution
steps. The diagram is schematic and contains no empirical observations.

Equation 5 is a telescoping incidence identity. It can describe a path in the 1-skeleton once that552
path is given, but the chain itself does not preserve the list of successive events, repetitions, waiting553
durations, or values transformed along the route. Distinct traversals can produce the same chain, and554
two feasible event orders can involve cells that do not form an edge path in the original complex. A555
history representation should accordingly retain sequence information separately from cγ .556

3.3 Homology, Cohomology, and Topological Invariants557

The pth homology group distinguishes closed chains from chains that bound cells of one higher dimen-558
sion. Over the chosen field F, the definition is given in Equation 6.559

Hp(K;F) =
ker ∂p
im ∂p+1

, βp(K) = dimFHp(K;F). (6)

Here βp is the pth Betti number. In the finite two-dimensional case, β0 counts connected components,560
β1 counts independent first-dimensional homology classes, and β2 counts independent two-dimensional561
cycles with the selected coefficients. These interpretations refer to the topology ofK and are independent562
of a value or justice attribution. A first-dimensional hole can mean, in precise algebraic terms, a nonzero563
class of a 1-cycle modulo the boundaries of 2-chains.564

The distinction is illustrated by Figure 1. Its first two panels have the same triangular edges, while565
only the second includes a two-dimensional face. With the matrices of Equation 4, kerB1 is spanned566
by (1, 1, 1)⊤. In the unfilled case imB2 = {0}, so β1 = 1. With the face present, imB2 = kerB1 and567
β1 = 0. The calculation is elementary; its representational importance is that an unfilled edge cycle and568
a bounded edge cycle have different mathematical status even where their edge structure is identical.569

For a finite complex, the alternating sum of cell counts equals the alternating sum of Betti numbers.570
Equation 7 gives the Euler characteristic in the two-dimensional setting.571

χ(K) = |K0| − |K1|+ |K2| = β0 − β1 + β2. (7)

The Euler characteristic is informative but coarse: different complexes can have the same χ, and572
homological invariants do not specify metric size, edge labels, causal ordering, or future transformations.573
In a value-supporting subcomplex Lα, a nonzero H1(Lα) would therefore describe a feature of that574
support. It would not, on its own, imply absent economic value, failed reciprocity, or an unjust outcome.575

Cohomology provides a related language for observations or weights defined on cells. A p-cochain576
is a linear functional on Cp(K;F). The coboundary δp : Cp(K;F) → Cp+1(K;F) is the dual of ∂p+1.577
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For a 1-cochain ω and a 2-chain F , their duality is stated in Equation 8.578

〈δ1ω, F 〉 = 〈ω, ∂2F 〉. (8)

Equation 8 is the cellular version of the Stokes pairing. It can register the difference of an additive579
edge-level observable between two homologous candidate paths, provided those paths and the observ-580
able have been defined. If δ1ω = 0, the pairing with a 2-boundary vanishes. Such an observable remains581
insensitive to changes of a chain by 2-boundaries; it may still detect distinctions associated with nontriv-582
ial first homology. A weighted delay or deprivation assessment generally requires more than a single583
additive 1-cochain, since elapsed time, context, and evolving subjects can enter its domain. These model-584
ing qualifications will matter when circulation orders are compared in the planned section on circulation585
histories.586

3.4 Quotient Spaces and Equivalence Relations587

A quotient identifies objects according to a specified equivalence relation. Several quotients can arise in588
a topological study, and their informational effects differ. A topological quotient |K|/∼ identifies points589
of a geometric realization. A chain-group quotient identifies algebraic chainsmodulo a selected subspace.590
Homology, in particular, identifies cycles modulo boundaries, as specified in Equation 6. A quotient of591
circulation histories, by comparison, would require a relation defined directly on those histories. None592
of these identifications supplies its own social or normative semantics.593

A useful criterion emerges for path comparison. Suppose γ and γ′ are two edge paths with the same594
endpoints. Their difference d = cγ − cγ′ is a 1-cycle, by Equation 5. The difference has trivial first-595
homology class precisely when d ∈ im ∂2. Equivalently, there exists a 2-chain F with d = ∂2F . The596
statement concerns cellular incidence; identifying the two trajectories in a historical or ethical analysis597
requires additional grounds.598

Proposition 3.1 (Criterion for descending a history assessment). Let Γ be a set of feasible histories, ∼599
an equivalence relation on Γ, and J : Γ → Q a function to any set Q. A function J : Γ/∼ → Q600
satisfying J = J ◦ q, where q : Γ→ Γ/∼ is the quotient map, exists if and only if J is constant on each601
equivalence class. When it exists, J is unique.602

Proof. If J = J ◦ q, equivalent histories have the same image under q and hence under J . Conversely,603
when J is constant on equivalence classes, define J([γ]) = J(γ). The definition is independent of the604
representative and is unique because q is surjective. □605

Proposition 3.1 is elementary, yet it supplies an exact requirement for justice-sensitive reduction: a606
proposed equivalence may be used to quotient histories only when the assessment relevant to the research607
question is invariant under it. For example, identifying two event orders by matching their final alloca-608
tions may erase different waiting times or irreversible losses. Conversely, if an evaluation is shown to609
be invariant under a specific rearrangement, that rearrangement may be treated as immaterial for that610
evaluation. The criterion does not settle which assessment is ethically justified.611

The physical face of a GR-inspired two-complex also needs to be kept distinct from an equivalence612
relation between histories. Faces remain primitive structures with semantics to be established. A sepa-613
rately constructed history configuration complex may contain cells representing admissible reorderings,614
but these would be derived cells in a new object. Attaching such a cell toK itself would alter its original615
topology and would require an explicit model assumption. This separation is central to the interpretation616
of holes in later sections.617

3.5 Causal Partial Orders and Admissible Histories618

A partial order � on a finite event set E encodes reflexive, antisymmetric, and transitive precedence.619
Incomparable events need not be simultaneous; they may represent steps for which the given model im-620
poses no precedence requirement. A linear extension is a total ordering consistent with the partial order.621
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Its purpose is to identify a candidate sequential execution while retaining the distinction between nec-622
essary and contingent ordering. Mathematical approaches to concurrent and directed processes provide623
background for this separation between order and topology [12, 10].624

For the minimal example in Figure 1(c), two events b, c ∈ E are incomparable. A configuration is625
a downward-closed subset of completed events. The admissible configurations are S0 = ∅, Sb = {b},626
Sc = {c}, and Sbc = {b, c}. They permit the two sequences bc and cb. The diagram has two distinct627
directed routes between the same initial and final configurations. Their common endpoint records com-628
pleted events, while their histories retain the different order in which completion occurred. If execution629
takes time or changes later feasibility, additional state variables and transition rules are required to assess630
their consequences.631

To make the distinction formal, write Lin(E,�) for the set of linear extensions. If each completed632
prefix is required to satisfy model-specific feasibility constraints C, we may define a set of admissible633
histories by Equation 9.634

Γadm(E,�, C) =
{
γ ∈ Lin(E,�) : each prefix of γ satisfies C

}
. (9)

Equation 9 is a minimal finite model. It assumes that all events in E eventually occur and that an635
execution can be represented as a sequential list. In social activity, events may be optional, mutually636
incompatible, overlapping in time, or conditionally enabled by earlier changes. Event structures with637
conflict constraints, configuration posets, or richer transition systems can represent these cases. The638
choice should follow the question and available evidence, rather than being inferred from a planar dia-639
gram.640

The directed configuration diagram is also distinct from the ambient GR 2-complex. Its vertices are641
configurations of occurred events, whereas GR spacetime vertices themselves denote events. A triangle642
in the undirected 1-skeleton of an event complex may define a nontrivial first cycle even when its event643
precedence is acyclic. This distinction prevents an ordinary homology class from being interpreted as an644
executable directed circulation. Directed algebraic topology provides additional methods when forward-645
oriented paths and irreversibility are integral to the model [10].646

3.6 Discrete Morse Theory and Topological Reduction647

A large cell complex can contain extensive incidence information that is unnecessary for a particular648
topological computation. Discrete Morse theory provides a systematic way to analyze a finite regular649
CW complex using matched cell pairs and critical cells. Forman’s construction is an established dis-650
crete analogue of smooth Morse theory; subsequent combinatorial accounts describe its algorithmic and651
homotopical use [8, 13].652

A discrete Morse functionm assigns a real number to each cell. For a p-cell σ, at most one incident653
(p + 1)-cell τ may satisfy m(τ) ≤ m(σ), and at most one incident (p − 1)-cell η may satisfy m(η) ≥654
m(σ). A cell without either such exception is critical. Equivalently, admissible matched pairs can be655
organized into an acyclic discrete gradient matching on the face poset, with the remaining cells critical.656
The resulting Morse chain complex is chain-homotopy equivalent to the original cellular chain complex,657
preserving ordinary homology under the stipulated assumptions.658

A reduction may therefore replace a large cellular calculation with one involving fewer critical gen-659
erators. Yet the reduction is selected for algebraic-topological purposes. It does not guarantee the preser-660
vation of event labels, coupling types, face decorations, times, feasible histories, or a normative history661
assessment. In particular, a Morse function on cells should not be called a social cost, utility, urgency,662
or justice measure unless it has been explicitly defined and justified in those terms.663

For the present research, an appropriate reduction problem will eventually require two maps: a topo-664
logical simplification R : K → KM , and a rule relating the historical and value-related data on K to665
data on the reduced object. The latter may be impossible without an enriched target or a retained prove-666
nance map. Homology preservation gives one formal guarantee; preservation of the variables used in667
circulation-order comparisons is a separate requirement. The two-level design is useful even when no668
particular reduction algorithm has yet been chosen.669
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3.7 Multiscale Geometry, Persistent Homology, and Fractal Structures670

A value-supporting structure may be observed at several resolutions or reconstructed from data subject671
to thresholds. The mathematical starting point for a scale study is a filtration: a nested family of sub-672
complexes indexed by an ordered parameter. Equation 10 describes the finite case.673

K(a0) ⊆ K(a1) ⊆ · · · ⊆ K(am) = K, a0 ≤ a1 ≤ · · · ≤ am. (10)

In a cellular filtration, admitting a cell at a given threshold requires admitting its boundary faces as674
well, so every stage remains a subcomplex. The inclusion K(ai) ↪→ K(aj) for ai ≤ aj induces a map675
on homology. Persistent homology studies the resulting family of maps, identifying classes that persist676
across thresholds and representing their birth and death in barcodes or persistence diagrams [4, 9].677

Several candidate parameters should be kept distinct. A calendar-time filtration describes an accu-678
mulating historical record, provided each stage is a subcomplex and the record is monotone. A coupling-679
strength filtration includes cells when measured or modeled interaction weights pass an established cri-680
terion. A metric filtration instead changes geometric resolution. These parameters answer different681
questions and can generate different persistence summaries for the same underlying activity. Likewise,682
new records of past events may change an epistemic reconstruction without constituting new past events.683
The parameter and its observational meaning must therefore be documented before persistence has a684
social interpretation.685

The terms scale and fractal also require separation. Nested institutions, repeated production cycles,686
and multiple levels of aggregation are forms of multiscale organization. Fractal dimension concerns687
particular geometric scaling properties of a metric realization or a limiting family of structures. Given688
a metric set X and a suitable box-counting function NX(ε), a box-counting dimension, when the limit689
exists, is defined by Equation 11.690

dimBX = lim
ε↓0

logNX(ε)

log(1/ε) . (11)

The limit in Equation 11 presupposes a metric and a specified covering convention. A conventional691
finite geometric realization containing ordinary two-dimensional faces will generally have box-counting692
dimension two under the corresponding local Euclidean metric. Evidence of nontrivial fractal scaling693
would require an appropriate finer family, limiting construction, or empirically resolved scaling range.694
A branching picture or visually repeated motif supplies a hypothesis for investigation rather than a cal-695
culated fractal dimension.696

Coarse-graining addresses a complementary problem: constructing an effective description from697
finer cells or trajectories. It may preserve selected aggregate features while suppressing microhistor-698
ical detail. The validity of a coarse-grained value representation consequently depends on its target699
observables and the questions being asked. A reduction designed to retain Betti numbers need not retain700
temporal deprivation, just as one designed to retain total transfers need not retain the historical formation701
of value-supporting subcomplexes.702

Table 2 summarizes the analytical responsibilities of the mathematical concepts introduced in this703
section. It identifies their principal objects and principal preservation limits; the latter are particularly704
relevant where topology will later be used to study circulation-order justice.705

The mathematical background yields a modular set of requirements for the subsequent GR construc-706
tion. The 2-complex specifies event, coupling, and primitive-face incidence; supplementary causal struc-707
ture selects feasible histories; selected subcomplexes may support emerging value modalities; and topo-708
logical observables describe only those properties determined by their definitions. Quotient and reduc-709
tion operations can be used only after the distinctions that matter for the research question have been710
identified. The following section will assign the proposed GR-level semantics to these formal objects,711
and the later investigation of circulation histories will specify how their transformations and ordering are712
represented.713
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Table 2: Mathematical operations, their immediate objects, and historical information requiring separate
preservation.
Operation or
structure

Mathematical object Information outside its automatic
guarantee

Cellular boundary Oriented cell incidences and endpoints Event duration, value type, execution
feasibility

Homology Cycles modulo higher-dimensional
boundaries

Normative meaning, temporal sequence,
magnitude

Quotient Equivalence classes under a stated
relation

Differences discarded by the equivalence

Partial order Necessary precedence among events Feasibility, durations, complete social
causality

Discrete Morse
reduction

Critical cells and homology-preserving
complexes

Primitive decorations, timing, provenance

Persistent homology Classes tracked through a selected
filtration

Interpretation of the filtration parameter

Fractal dimension Metric scaling of a specified set or limit Value magnitude and social meaning

4 Relational Spacetime and Primitive Structures714

This section assigns a preliminary Generative Relational (GR) interpretation to the mathematical objects715
developed in Section 3. Its objective is to specify the analytical roles of event vertices, coupling edges,716
and primitive two-dimensional faces; distinguish those objects from historically constituted entities; and717
state how causal accessibility can be represented without identifying topological incidence with temporal718
precedence. The construction is a structural formalization under ontological suspension. It defines the719
domain of a proposed representation, while leaving substantive face semantics, rules of value constitu-720
tion, and empirically parameterized dynamics to subsequent sections. A finite regular CW complex is721
retained as the baseline; extensions to more general cellular and evolving structures remain possible.722

4.1 Event-Based Relational Spacetime723

Let K be a finite, oriented, regular two-dimensional CW complex. Its zero-cells K0 are interpreted724
as events. An event is a model-indexed occurrence or episode selected because of its relevance to the725
relational domain under investigation. Events may involve an observation, an attempt, a decision, the726
transmission of information, an exclusion, a repair, a material change, a legal act, or an activity whose727
value significance becomes apparent only later. Consequently, eventhood does not depend on the imme-728
diate transfer of an identified value. At a chosen observational resolution, a prolonged activity may be729
encoded by one event vertex; at a finer resolution, it may be reconstructed through many vertices and730
intervening cells. The zero-dimensional character of a vertex is a property of the mathematical represen-731
tation, rather than evidence that the represented occurrence has zero physical duration.732

The first formal object is an event-decorated relational complex. Equation 12 records the minimal733
data used in this section.734

K = (K,Λ,≺,A ), Λ = (Λ0,Λ1,Λ2). (12)

In Equation 12,K supplies the cells and their attaching relations; Λp denotes a specified assignment735
of annotations to p-cells; ≺ is a strict partial order on a selected event set, introduced independently736
of cell orientations; and A collects model-specific admissibility conditions. The annotations may be737
types, records, constraints, representation labels, or interpretive metadata, and need not take numerical738
values. The object is deliberately general: a single universal group, metric, value unit, or stochastic739
interpretation is not assumed. Each instantiation must state which annotations are observed, inferred,740
posited, or normatively assigned.741
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The complex may be read as a relational spacetime in a limited, methodological sense. The term742
spacetime refers here to the structural representation of historical relations among events, including pos-743
sible temporal and causal annotations. It does not assert that the social domain possesses a background744
Lorentzian manifold, quantum-gravitational dynamics, or a physically fundamental cellular ontology.745
A metric can be introduced when the domain warrants one, although topology and incidence alone de-746
termine neither distance nor duration. Similarly, an oriented edge is an algebraic choice for cellular747
calculations; a causal direction must be established by additional assumptions or evidence.748

Event selection constitutes an epistemic operation. A documented meeting may contain many in-749
teractions, while a dataset may retain only one recorded event. An institution may record a completed750
service and omit the preparatory labor, waiting, misunderstanding, or negotiation that shaped its occur-751
rence. Such omissions can alter the geometry and homology of the constructed complex. The event752
inventory should therefore be accompanied by provenance, resolution, and inclusion criteria. These cri-753
teria can differ between an analysis of knowledge formation and an analysis of temporal deprivation,754
even when both use the same general mathematical language.755

4.2 Couplings and Higher-Dimensional Primitive Faces756

An edge e ∈ K1 is interpreted as a coupling involving its incident event vertices. Coupling is a broad757
structural relation that may express dependence, coordination, mediation, co-occurrence, constraint,758
transmission, or another relationship selected by the modeling protocol. The occurrence of an edge does759
not establish that something valuable was transmitted, that an obligation was satisfied, or that the two760
endpoint events occurred in the edge’s chosen algebraic orientation. Several couplings may connect the761
same event pair if the chosen cell-complex representation supports them as distinct cells, and interactions762
involving more than two events can be represented through interconnected edges and higher-dimensional763
attachments.764

A face f ∈ K2 is a primitive two-dimensional structure attached along a closed sequence of oriented765
edges. In the baseline regular-complex setting, a face has a well-defined cellular boundary. Equation 13766
expresses its incidence structure, with [f : e] denoting the signed incidence coefficient.767

∂2f =
∑
e∈K1

[f : e] e, [f : e] ∈ Z. (13)

Equation 13 is a mathematical statement about attachment. The term primitive indicates that the768
face belongs to the chosen representational building blocks, not that its sociological significance is im-769
mediately knowable. A face might eventually be assigned compatibility constraints, a field-like state,770
a representation label, or a domain-specific interaction among couplings. The present manuscript does771
not choose between those possibilities. In particular, a face is not defined as an institution, a value, a772
justice-preserving interchange of histories, or a guarantee that its boundary couplings can be traversed773
in causal order.774

The distinction has consequences for topological interpretation. Consider an oriented closed edge775
chain z with ∂1z = 0. If a combination of primitive faces has boundary z, then [z] is trivial in first776
homology. If no such two-chain exists, the class may be nontrivial. This difference is determined by777
the specified face attachments. Neither case alone provides a conclusion about the completeness of778
mediation, the feasibility of value exchange, or the justice of a circulation order. The model must first779
explain why its face data are relevant to a particular value-supporting historical structure. The incidence780
identity ∂1∂2 = 0 establishes a topological consistency property, as reviewed in Section 3.2, while781
substantive interpretation remains an additional task.782

Figure 2 illustrates three distinct operations on a small decorated complex: identifying primitive783
cells, selecting a recorded historical subcomplex, and associating selected regions with a candidate his-784
torical entity. The figure intentionally labels vertices as events. The shaded regions in its final panel785
are candidate supports for interpretation; they are not drawn as independently existing agents occupying786
individual vertices.787
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v: event e: coupling

f
primitive face

(a) Primitive incidence

KH

recorded cells

(b) Recorded history

Lent

Lother

(c) Candidate supports

Figure 2: Event, coupling, and primitive-face incidence (left); one recorded historical subcomplex (mid-
dle); and overlapping candidate supports for the historical constitution of an entity and another relational
configuration (right). The latter supports are derived selections within the event complex, not primitive
agents or fixed value quantities. The panels are schematic and do not establish causal directions or face
semantics.

Table 3: Structural roles and interpretive commitments in the proposed GR complex.
Object Specified role Additional conditions required

Vertex v ∈ K0 Event, at the chosen observational
resolution

Event identification, timing, evidential
provenance

Edge e ∈ K1 Coupling of incident events Coupling type, admissibility, and any
causal relevance

Face f ∈ K2 Primitive two-dimensional incidence
structure

Face-label semantics and interpretive
relevance

HistoricalKH ⊆ K Recorded event–coupling–face
configuration

Selection rule, documentary
completeness, resolution

Entity support L ⊆ KH Candidate history associated with entity
constitution

Identity, continuity, and recognition
conditions

Value support
Lα ⊆ KH

Candidate history associated with value
modality α

Modality-specific constitution and
evidence

Table 3 differentiates the structural types required to prevent an emergent entity or value from being788
mistaken for a primitive vertex or face. This distinction is carried forward into the constitution maps789
developed below.790

4.3 Local Encodings and Spin-Foam-Inspired Representations791

Spin-foam theory supplies a well-developed example in which two-dimensional complexes support lo-792
cal decorations. In the quantum-gravity formulation discussed by Baez [2], faces may carry group-793
representation labels, edges intertwiners, and local amplitudes contribute to a state-sum or transition-794
amplitude construction. The present framework borrows the organizational possibility of decorating795
face, edge, and vertex data. Physical representations, quantum amplitudes, and probabilities are retained796
as optional formal analogies, rather than inherited economic interpretations.797

A general local encoding can assign to each face f a state λf ∈ Af , where Af is a specified state798
space. Incident faces may be subject to coupling relations at an edge. The proposed interface is described799
in Equation 14.800

Ie ⊆

∏
f≻e

Af

× Ce, (14)

Here f � e means that e lies in the cellular boundary of f , and Ce holds any relevant coupling801
state or constraint record. A pair belongs to Ie when the incident labels and the coupling state are802
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compatible under the model’s selected rules. Equation 14 uses a relation because nonlinear, context-803
dependent, or partially defined couplings need not admit a single-valued linear operator. If the domain804
and representation justify a linear map, an intertwiner-like construction may be introduced as a special805
case. Where an event also changes the incident decorated configuration, an event-level operation may806
be defined on its local neighborhood. Its dynamics and historical consequences will be considered in807
Section 6, after value-supporting structures have been specified.808

The label spaces Af can differ from face to face. A possible representation-theoretic specialization809
is λf = (ρf , ψf ) with ρf a selected representation and ψf an associated state; an optional phase variable810
could be introduced within an explicitly defined amplitude model. Such a label does not identify a value811
modality by itself. For example, a numerical phase is periodic and has no inherent interpretation as a812
quantity of care, knowledge, or labor. A spin label similarly encodes a mathematical representation of813
a group; interpreting it as value requires a separately motivated translation. The descriptive distinctions814
developed in Section 2 allow a value-supporting subcomplex to assemble many primitive face encodings815
together with historical interactions and contextual interpretation.816

The present model consequently admits several distinct levels of structure: bare cellular incidence,817
annotated local states, compatibility of adjacent cells, historical realization, and interpretive identification818
of emergent structures. A state-sum amplitude over decorations would constitute a further model choice819
requiring a declared configuration space, local weights, and a normalization or probabilistic interpretation820
if one is intended. The existence of a decorated complex alone supplies none of those additional results.821

4.4 Historical Subcomplexes and Entity Constitution822

GR treats an entity as potentially constituted through a historically extended relational configuration.823
The relevant support may include observations, material continuities, communicative practices, institu-824
tional constraints, and other events and couplings, together with selected primitive faces. A candidate825
entity-supporting subcomplex thus represents an analytical reconstruction of constitution over a history.826
Its boundary is determined by evidence and identification criteria, and it need not coincide with the827
boundaries of an administrative label or a single legal status.828

A subcomplex must include the boundaries of all cells it contains. A mere subset of observed829
events does not therefore determine a unique two-dimensional historical support. We introduce a history-830
realization assignment to make the difference explicit. Let E ⊆ K0 be the modeled event set, and let831
I (E,≺) denote the set of finite, causally down-closed event subsets: H ∈ I (E,≺) implies thatw ≺ v832
and v ∈ H entail w ∈ H . A possible recorded-history assignment is stated in Equation 15.833

K : I (E,≺) −→ Sub(K), H 7−→ KH , (15)

The intended baseline conditions for Equation 15 are (KH)0 = H , closure under cellular faces, and834
monotonicity: H ⊆ H ′ implies KH ⊆ KH′ . These conditions define an accumulating historical rep-835
resentation. A sufficient finite construction using cell prerequisites is supplied in Appendix C. They do836
not follow from the ambient topology automatically. In particular, the assignment must decide when837
an edge coupling or a primitive face is included, given that its incident events have occurred. An ob-838
servation process may document some such cells only retrospectively; a source revision can change the839
reconstructed assignment without altering the past event history. Historical occurrence, active coupling,840
and available documentary evidence are therefore different layers of the model.841

An active relational configuration may be represented by a selected collection AH of currently op-842
erative cells or annotations within the recorded KH . Activity can cease or change while the historical843
record accumulates. When AH is represented by a cell subset that is not closed under boundaries, it844
should be treated as an annotation or active-cell set rather than automatically called a CW subcomplex.845
An institution can lose a collaboration, for example, while the corresponding former coupling remains846
significant for explaining its present configuration. This distinction is relevant to subsequent discussions847
of dissolution, fragmentation, and reproduction.848
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Entity identification is introduced as a set-valued interpretive construction. For a declared identifi-849
cation protocol κ and an available historical record KH , Equation 16 denotes the admissible identified850
supports.851

Eκ(H) ⊆
{
(L, ξ) : L ∈ Sub(KH), ξ ∈ IdDataκ(L,H)

}
. (16)

Here L is a candidate supporting subcomplex and ξ is a record of the identity conditions used by κ:852
continuity markers, evidence, institutional recognition, or other criteria relevant to the particular domain.853
Equation 16 is not an ontological existence theorem. Its set-valued form admits ambiguous boundaries,854
plural defensible individuations, or an absence of sufficiently supported identifications. The protocol855
may itself be affected by the historical processes it seeks to identify. These issues become important856
where some participants possess disproportionate power to record, delimit, or recognize other partici-857
pants.858

Continuity of entity identity across historical stages also requires a relation beyond inclusion of sub-859
complexes. Given H ⊆ H ′, the two sets Eκ(H) and Eκ(H

′) can be linked by a protocol-specific corre-860
spondence that records persistence, transformation, branching, merger, or dissolution. Shared support by861
itself need not entail identity; conversely, an entity’s recognized continuity may survive the replacement862
of many constituent events, practices, or organizational roles. The model consequently treats an entity863
as a relationally and historically identified object, potentially maintained through changing supports.864

Values can also have historical supports, but their identification follows different conditions. A re-865
searcher may become part of an identifiable laboratory or collaboration through a long series of activities,866
while a research skill generated through some of the same activities is a separate emergent value-related867
structure. Their candidate supporting complexes may overlap without being identical. The modality-868
dependent value-constitution operation will be specified in Section 5. This separation prevents the math-869
ematical language of subcomplexes from collapsing the concepts of entity, value, and event into one870
another.871

4.5 Causal Structure and Historical Accessibility872

Causal order is an additional relation on modeled events. A strict partial order ≺ is irreflexive and873
transitive; it represents the precedence dependencies asserted by a given analysis. A pair of incomparable874
events need not be physically simultaneous: incomparability indicates that the current model does not875
require one to precede the other. The direction of a coupling edge is an algebraic orientation and may876
differ from the direction or existence of a precedence relation. Cyclic sequences in the 1-skeleton can877
therefore coexist with an acyclic event precedence structure. Models that include feedback through time878
should represent distinct occurrences as distinct event vertices and assign the relevant precedence to879
those occurrences.880

For an event v ∈ E, define its causal predecessor set as in Equation 17.881

Past≺(v) = {w ∈ E : w ≺ v}, Acc(v) = K
(
Past≺(v) ∪ {v}

)
. (17)

Equation 17 defines an accessible recorded support of an event under the selected history-realization882
rule. Because Past≺(v) ∪ {v} is down-closed in a strict partial order, the expression lies in the domain883
of K . The construction is intentionally modest. It gathers the historical cells admitted by the model at884
that event; it does not prove that those cells are all causally efficacious, observed by the event’s partici-885
pants, or sufficient to determine its effects. A claim of causal sufficiency would require mechanisms and886
assumptions absent from this topological construction.887

A chronology may additionally attach an interval τ(v) = [av, bv] to an event, with timestamps or888
bounds supported by the records. If the intended notion of≺ entails chronological separation, the model889
must impose a corresponding compatibility condition such as bw ≤ av whenever w ≺ v. Some causal890
models allow overlapping processes and therefore require a different convention. Time labels, causal891
precedence, and cell orientation should be stored as distinct features so that the selected interpretation892
remains auditable.893
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Historical accessibility alone does not determine executable circulation order. A feasible history894
also depends on enabling conditions, resource constraints, institutional permissions, and the evolving895
decorated state. In a finite fixed-event approximation, linear extensions of ≺ filtered by a declared896
feasibility condition A provide a history set of the kind defined in Equation 9. A richer representation897
can admit optional and incompatible events, concurrent activities, newly enabled actions, or changes to898
the later event set. Such flexibility is relevant where value generation changes which future actions and899
couplings become possible, but those dynamics are introduced only after the value modalities have been900
defined.901

The history-based representation also makes a methodological distinction between causal occurrence902
and epistemic reconstruction. A documented event may be retrospectively reclassified, a previously un-903
known coupling may become visible, or an apparent face may be reinterpreted as an artifact of an obser-904
vational convention. Such revisions may alter the modeled subcomplex and its homology. They do not905
by themselves establish that the historical world underwent the same topological change at the time of the906
later reinterpretation. For empirical use, the formalism should retain versioned records and identification907
rationales so that competing reconstructions can be compared without erasing their provenance.908

The resulting ontology provides a platform for the remainder of the paper. Events, couplings, and909
primitive faces specify the baseline relational complex; local decorations supply optional structure; his-910
torical realization records the accessible past; and interpretive protocols identify emergent entities from911
subcomplexes. Value-supporting subcomplexes can now be developed without assigning exchange se-912
mantics to every event, reducing entities to vertices, or presupposing that a topological hole has a moral913
interpretation. Section 5 takes up that value-specific task by examining modality-dependent constitution914
and the topology, geometry, duration, and scale of heterogeneous value structures.915

5 Topological Morphology of Heterogeneous Values916

This section develops the value-specific structures anticipated by the event–coupling–primitive ontol-917
ogy of Section 4. Its objective is to describe heterogeneous values through historically supported con-918
figurations while distinguishing their topological morphology, geometric extent, temporal development,919
and modality-specific recognition. The construction begins with the selection of value-supporting sub-920
complexes and a partial constitution rule; proceeds to structural descriptors, overlap, and multiscale921
descriptions; and concludes with the separation of constitution, observation, and manifestation. These922
definitions are proposed analytical devices. They supply a domain for the transformation laws developed923
in Section 6 and the circulation-history analysis of Section 7, without identifying homological features924
with economic magnitude or normative standing.925

5.1 Value-Supporting Subcomplexes926

LetK denote the oriented two-dimensional relational complex of Section 4, equipped with a fixed mod-927
eling protocol and a causal event precedence relation ≺. Vertices are events, edges are couplings, and928
faces remain primitive cells. For a down-closed event history H ∈ I (E,≺), the history-realization as-929
signment K (H) = KH of Equation 15 supplies a recorded subcomplex. A candidate value-supporting930
structure is selected within KH . The selection may depend on events of preparation, failed attempts,931
training, mediation, and recognition, even where none of those events is individually an identifiable932
transfer of value.933

Fix a set A of proposed value modalities and a modality α ∈ A. Examples may include monetary934
claims, the provision of care, research capabilities, practical know-how, ecological regeneration, and935
forms of institutional trust. The examples are domain-dependent categories of analysis; the mathematics936
does not assume that they are exhaustive or stable across historical settings. A support-selection pro-937
tocol κα specifies which kinds of evidence and relational features may justify associating a historical938
configuration with modality α. Rather than assume a unique support, define the set of candidates in939
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Equation 18.940
Sα,κα(H) ⊆

{
(L, ξ) : L ∈ Sub(KH), ξ ∈ SuppDataα,κα

(L,H)
}
. (18)

The record ξ contains the supporting reasons, identification uncertainties, and evidence provenance941
admitted by the declared protocol. Equation 18may have several outputs or an empty output set. A value-942
supporting subcomplex is therefore an identified analytical support, not an autonomous value-object943
inserted into the primitive ontology. Its cells include the necessary incident boundaries. A disconnected944
support is permitted, for example when a capability develops through geographically separated events945
whose connection is represented in the broader historical context. A support whose relevant evidence946
extends beyond the observed complex must be marked partial rather than silently completed.947

The selected support L also has an inclusion ιL : L ↪→ KH . That inclusion matters because the948
same intrinsic cell pattern can occupy different positions in the surrounding coupling structure. A local949
pattern of training events, for example, may contribute to a different future capability when it participates950
in an institution offering subsequent access, support, or recognition. Intrinsic topology alone omits such951
ambient conditions. The present section retains both L and its ambient embedding as components of the952
representation.953

The support of a value and the support of an entity are identified by distinct protocols. An individual954
or institution may be historically constituted through a subcomplex represented by Eκ(H) in Equation 16;955
a research capability may have another support covering some of the same events. Shared cells do not956
establish identity between the entity and the value. Moreover, neither object requires a single distin-957
guished event vertex at which its entire constitution occurred. The distinction is important for subsequent958
accounts of circulation between historically emergent entities.959

5.2 Modality-Dependent Value Constitution960

A support-selection rule identifies candidate evidence for a modality, while a constitution rule speci-961
fies what value-related state is attributed to the supported configuration. The two operations should be962
distinguished. Let Λ|L denote the restrictions to L of the ambient primitive encodings and coupling an-963
notations introduced in Section 4.3. Let ηH be declared contextual information, including any relevant964
institutional or interpretive conditions and the available temporal record. For each modality α, choose a965
structured codomain Vα and an admissible domain Dα. Equation 19 describes a potentially set-valued,966
partial constitution relation.967

Gα : Dα ⇒ Vα, (L,Λ|L,H, ηH) 7−→ Gα(L,Λ|L,H, ηH). (19)

Here Dα contains only configurations meeting the conditions specified by κα and by the intended968
domain of Gα. The codomain Vα need not be a vector space, an ordered group, or a set of real-valued969
quantities. Its elements may describe capacities, claims, relations of trust, structured resources, or other970
modality-specific states. The set-valued form accommodates several defensible interpretations of one971
history. When a particular empirical protocol supports a unique output, a single-valued map may be972
selected as a special case. Equation 19 currently supplies a specification of what must be defined, rather973
than a computable model or an existence claim for every social value.974

For example, the relation between a monetary payment and twelve hours of labor can be represented975
by distinct modality spaces, Vmoney and Vlabor. A locally accepted exchange rate or wage relation may976
establish a conversion interface between specified portions of these spaces. Such an interface does not977
determine how working conditions, exhaustion, care responsibilities, or the later production of expertise978
enter other value modalities. Commensuration can itself be a consequential social process, rather than979
a neutral preexisting common metric [7]. The formalism accordingly preserves modality-specific data980
and makes proposed conversion operations explicit.981

A constitution rule also requires a time and evidence convention. One study may describe a capacity982
available at a historical stage; another may describe an observed manifestation or an institutionally rec-983
ognized claim. Those outputs can differ even where their supporting subcomplexes overlap extensively.984

25



DR
AF
T

Table 4: Dimensions of heterogeneous value morphology and candidate mathematical descriptions. De-
scriptors require explicit observation, weighting, and identification conventions.
Dimension Mathematical candidate Descriptive role

Topology Homology, connectivity, cycles Global incidence features of selected
support

Geometry Distances, measures, weighted cell
structures

Extent and relationships within an
assigned geometry

Temporal extent Duration and historical dependencies Periods of formation, continuation, and
relevant precedence

Scale Multiscale decompositions and
coarse-graining

Structural descriptions at different
resolutions

Dynamics Transformation, reproduction,
fragmentation

Changes in support and generative
conditions

Modality Type-dependent constitution and
interpretation

Criteria for recognizing value-related
states

The formalism leaves room for such differences by retaining ηH and ξ rather than suppressing the identi-985
fying procedures. In particular, assigning a state toVα does not settle who benefits from it, who controls986
its use, or how its generation ought to be evaluated. Those questions require the circulation dynamics987
and normative arguments developed later.988

5.3 Topological and Geometric Heterogeneity989

Values of different modalities may be supported by complexes with different intrinsic topology, embed-990
ding, weights, durations, and patterns of coupling. Table 4 records the principal dimensions retained in991
the proposed representation. The table names mathematical candidates and their descriptive roles; it sup-992
plies neither a unique descriptor for each modality nor a ranking of values. In particular, a complex that993
supports care may be spatially compact but temporally extensive, while a knowledge-producing collab-994
oration may consist of geographically distributed structures whose relevant interactions are coordinated995
through comparatively few couplings.996

For a finite support L, standard topological descriptors include its Betti numbers βp(L) =997
dimFHp(L;F) for a stated coefficient field F, and its Euler characteristic. Optional metric and998
weight descriptors require a chosen metric or cellular weighting. Equation 20 collects one possible de-999
scriptive signature, with µα a declared structural measure andDα an optional graph- or geometry-based1000
extent descriptor.1001

Mα(L) =
(
β0(L), β1(L), β2(L), χ(L), µα(L), Dα(L)

)
, χ(L) = β0(L)− β1(L) + β2(L). (20)

The equality in Equation 20 holds for finite CW complexes with homology taken over a field. The1002
two optional descriptors are not inferred from incidence alone: µα requires a weighting or measure and1003
Dα requires a metric convention; values of Dα may be undefined for disconnected supports unless a1004
componentwise convention is adopted. Likewise, cell-level orientation does not determine direction of1005
physical movement or causal influence. A structural signature is useful for comparing representations1006
constructed under the same protocol, but it omits many characteristics relevant to formation and justice.1007

Figure 3 depicts three finite square-cell complexes: a compact filled patch, a branching filled patch,1008
and a filled ring surrounding an unattached central region. They are simplified patterns of primitive1009
incidence. Each has one connected component; the first two have vanishing first Betti number, while1010
the third has one independent first-homology class. The branching pattern illustrates why visible shape1011
can vary without producing a distinct homology group. A topological hole in such a value-supporting1012
complex indicates a missing two-dimensional filling relative to the chosen cell structure. Its economic1013
or normative meaning depends on the independent support and face semantics and is not supplied by β11014
alone.1015
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Compact filled patch
β0 = 1, β1 = 0

Branching filled patch
β0 = 1, β1 = 0

Ring with an unfilled core
β0 = 1, β1 = 1

Figure 3: Three illustrative finite value-supporting two-dimensional subcomplexes. Shaded square cells
denote selected primitive faces and all incident edges and vertices are included. The compact and branch-
ing examples each have β0 = 1 and β1 = 0; the ring has β0 = 1 and β1 = 1. Their suggested morpholo-
gies are not assignments of specific economic values, and no valuation or causal directions are encoded
by the shading.

The embedding L ↪→ KH can also matter. Two supports with isomorphic intrinsic cell structures1016
can have different boundaries of coupling to surrounding events, access to resources, or positions in a1017
wider institutional system. To distinguish an intrinsic descriptor from such ambient properties, one may1018
record the set of couplings in KH incident to cells of L that are not themselves included in L. That1019
interface is a separate relational object and is not determined by H∗(L) alone. An apparent change in1020
morphology may therefore result from adding new support cells, revising the observational boundary, or1021
altering couplings outside the selected support. These possibilities require different explanations.1022

5.4 Structural Extent, Value Magnitude, and Temporal Duration1023

The word size admits several mathematically distinct readings. For a finite subcomplex L, a combina-1024
torial size may consist of cell counts; a geometric size may be the measure of its realization under a1025
chosen metric; and a historical size may describe how long relevant processes continued. None of these1026
quantities is a modality-independent measure of how valuable the resulting structure is. A comparatively1027
brief intervention may prevent severe harm, while a large and prolonged system of activity may accom-1028
plish much less under a particular evaluative criterion. A single numeric valuation would require its own1029
domain, scale, and justification.1030

A minimal structural extent descriptor is stated in Equation 21. Its temporal component is defined1031
only when the event records used to constitute L carry a meaningful time label τ ; the extrema should be1032
replaced by interval bounds when events are interval-valued.1033

Ext(L; τ) =
(
|L0|, |L1|, |L2|,∆τ (L)

)
, ∆τ (L) = max

v∈L0

τ(v)− min
v∈L0

τ(v). (21)

Equation 21 is intended for nonempty L0 with point-valued event times. Its numerical values change1034
under subdivision, observation resolution, and selection of temporal bounds. A refinement of the same1035
social activity may contain many more modeled cells without producing more value. Likewise, a value-1036
supporting history may contain long periods of inactivity or preparation; the elapsed span need not rep-1037
resent active labor time or time of receipt by a beneficiary. Claims about duration therefore require an1038
explicit measurement convention.1039

Value magnitude, where meaningful, is an additional modality-dependent evaluationmα defined on1040
some subset of Vα. In certain economic domains, monetary amounts have a well-defined unit and ordi-1041
nary addition; in others, a partial ordering, a multiattribute description, or qualitative distinctions may be1042
more faithful to the underlying practice. The mathematical representation should not postulate an addi-1043
tive scalar for trust, care, dignity, knowledge, or institutional legitimacy solely to support optimization.1044
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A value morphology may be described with geometric quantities even when there is no agreed scalar1045
magnitude of value. The debate over commensuration underscores the social importance of the choice1046
of metrics [7].1047

Duration also raises a question of constitution. A complex may accumulate relevant events over an1048
extended interval before an analyst can justify identifying a capability or claim. The date at which a1049
protocol first returns an identifiable state may depend on when evidence becomes sufficient, rather than1050
on an ontologically sharp instant of creation. A subsequent period of circulation or recognition may1051
follow. The present formalism consequently allows a value to be constituted gradually, retrospectively1052
identified, and later transformed or dissipated, while keeping those processes analytically distinct.1053

5.5 Overlapping and Distributed Value Structures1054

A single historical complex can support several modalities simultaneously. Consider a set of events1055
involving a patient, a volunteer, and hospital staff, understood as historically constituted participants1056
in the ambient relational system. Practical care, trust, medical knowledge, organizational coordination,1057
and costs may depend on some of the same events and couplings. A modality-specific analysis may1058
select different subcomplexes for each of these descriptions, with partial overlap and different boundaries.1059
There is no general reason to require that the supports partition the historical record.1060

Let Lα, Lβ ⊆ KH be selected supports for two modalities. Because intersections and unions of cel-1061
lular subcomplexes are themselves subcomplexes, Equation 22 defines an elementary overlap descriptor1062
when the union contains at least one cell. The symbol |L|c denotes the number of cells in L, in all1063
dimensions.1064

Oc(Lα, Lβ) =
|Lα ∩ Lβ |c
|Lα ∪ Lβ |c

, 0 ≤ Oc ≤ 1. (22)

The index in Equation 22 describes combinatorial overlap under a fixed resolution. It neither mea-1065
sures value similarity nor demonstrates that two modalities can be substituted for each other. A weighted1066
alternative may be appropriate where cell types and observational resolution differ, but those weights re-1067
quire justification. Figure 4 illustrates two selected supports over one ambient grid. Some primitive cells1068
are shared, while other cells participate in only one candidate modality. The shared region represents1069
common historical support, not a claim that the recognized values have identical content or beneficiaries.1070

The topological features of an intersection or union do not follow by simply adding the Betti num-1071
bers of its component supports. Standard homological tools, including Mayer–Vietoris constructions,1072
could analyze some such relationships if sufficient information about the inclusion maps is retained [11].1073
For the present purpose, the narrower observation is that a shared historical support can contribute to1074
distinct modality-dependent constitution processes. It may also mediate dependencies: the reproduction1075
of one value could condition another, or attempts to appropriate one modality might affect the viability1076
of the shared structure. The mechanisms of these interactions require the explicit dynamics deferred to1077
Section 6.1078

5.6 Multiscale Organization and Fractal Morphologies1079

Value-supporting complexes can be described at several observational or computational resolutions. A1080
research activity, for example, may be modeled through many small episodes, then aggregated into a1081
collaborative project, and then described as part of a broader institutional programme. These aggregate1082
levels require explicit reconstruction or coarse-graining operations; they are not automatically nested1083
subcomplexes of a single discretization. A refinement map, a quotient, or a relation between differently1084
discretized supports must specify which event distinctions and primitive attachments are retained.1085

For scales s � s′, one may propose a map qs,s′ : K(s) → K(s′) together with a transformation1086
of decorations and value-constitution data. Here s′ denotes a coarser level by convention. If qs,s′ is a1087
cellular map, it induces homology maps, but it need not be a homotopy equivalence; Betti numbers and1088
holes may change across scales. A quotient can erase historical distinctions important for causal ordering1089
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Shared and modality-specific historical supports

Modality α only Modality β only Shared support

Figure 4: Two modality-specific supports drawn within a common schematic event–coupling–face com-
plex. Mauve and blue faces belong to distinct selected supports; darker shared faces belong to their
intersection. The underlying cells remain events, couplings, and primitives. Overlap is a relation among
analytical supports and does not entail interchangeability or additive equivalence of the constituted val-
ues.

or justice. A valid effective model therefore needs a declared preservation target, such as an observable,1090
a family of admissible histories, or a specified comparison of value states.1091

A second form of scale dependence is supplied by a filtration Lα,a ⊆ Lα,b for ordered thresholds1092
a ≤ b. The threshold may refer to observational confidence, selected coupling strength, or historical in-1093
clusion, provided the subcomplexes genuinely satisfy nesting. Persistent homology can then describe the1094
birth and persistence of selected topological classes across that filtration [4, 9]. Filtrations derived from1095
increasing recorded histories need to be distinguished from the evolving active relational state: an active1096
couplingmay disappear while remaining present in the accumulated historical record. A nonnested series1097
of active supports does not itself define the required persistence filtration without additional construction.1098

Fractal geometry is a more specific possibility. Repeated branching, hierarchical organization, or1099
nested generative processes may motivate testing for approximate scaling relations. Deterministic net-1100
work models demonstrate that iterative structural mechanisms can yield hierarchical patterns [3]; those1101
examples provide mathematical precedents for examining scale, not evidence that the value structures1102
of social activity are fractals. A finite 2-complex has finitely many modeled cells, and a geometric1103
fractal dimension requires a chosen realization, metric, covering scheme, and scaling regime. Apparent1104
self-similarity over a few observational scales supports at most a bounded empirical description.1105

It is equally important to distinguish structural repetition from generative reproduction. A pro-1106
gramme can reproduce capacities for future research while its geometric support changes substantially.1107
Conversely, two support patterns may be geometrically similar while their enabling conditions, benefi-1108
ciaries, or effects differ. A useful multiscale account should specify what persists or recurs: incidence1109
motifs, causal dependencies, transformation rules, value-generating capacities, or merely a feature of the1110
observed diagram. The paper leaves these alternatives open for the dynamical treatment of Section 6.1111
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Recorded stage 1

Status remains open

Recorded stage 2

Status remains open

Recorded stage 3

Illustrative later recognition

Figure 5: Schematic accumulation of historical value-supporting cells across three recorded stages. The
later recognition marker represents a possible change in evidential interpretation rather than an instan-
taneous origin of the entire value. Shading denotes selected primitive faces within a historical record;
actual active couplings and manifestation events may evolve nonmonotonically.

5.7 Value Recognition, Interpretation, and Manifestation1112

Constitution, recognition, and manifestation should be distinguished in any historical account of hetero-1113
geneous value. The constitution rule Gα in Equation 19 assigns a value-related state under a declared1114
analytical protocol. An observer or institution, however, may have access only to an incomplete evi-1115
dential record and may use a different interpretive protocol. A recognizable capability can also remain1116
unexercised for a period, while a documented output may appear before its broader future significance1117
can be assessed. These differences are epistemic and temporal features of the intended representation.1118

For observer or institution r, let Or,H be the available evidence at historical stage H and κrecα,r a1119
recognition protocol. The schematic recognition relation in Equation 23 maps evidence and selected1120
context to a set of possible judgmentsRα,r.1121

Rα,r : (Or,H , ηr,H) ⇒ Rα,r, ηr,H ∈ Cα,r. (23)

Equation 23 expresses a second analytic layer and does not posit direct observer access to an observer-1122
independent value essence. The codomain may contain provisional recognition, withheld judgment, con-1123
tested classification, or other domain-specific categories. Its evidential inputs and rules must be stated1124
for an empirical implementation. Recognition may be delayed or revised, and different observers may1125
apply non-equivalent criteria. Such variation can bear on who controls a conversion interface, whose1126
work becomes visible, and which historically constituted capacities receive support. These questions1127
are relevant to value circulation and power, but no claim of injustice follows solely from disagreement1128
between recognition protocols.1129

A manifestation is a contextually observed expression of a value-related state: a demonstrated skill,1130
a completed repair, an instance of care, an articulated scientific result, or an exercised institutional capac-1131
ity. Manifestations can furnish evidence for recognizing a value; they may also change the supporting1132
complex through new events and couplings. Figure 5 represents accumulating recorded cells across three1133
stages and an illustrative later recognition marker. It makes no assertion that value begins precisely at the1134
recognition stage. Nor does it assume that growth of the recorded support implies monotone growth in1135
value magnitude: subsequent activity could undermine trust, exhaust capacity, or transform a modality1136
into another.1137

The distinction also allows temporally extended processes to be compared under different resolutions.1138
One analyst may describe a developing skill through weekly observations; another may reconstruct years1139
of training, setbacks, and collaborations. Neither record by itself determines a universal birth event for1140
the value. A defensible study would preserve the historical provenance of the reconstructed supports and1141
the recognition criteria used at each stage. It would also distinguish retrospective reinterpretation of an1142
existing record from a contemporaneous transformation of social activity.1143
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The proposed morphology formalism therefore consists of a historical support-selection procedure,1144
modality-dependent constitution, optional structural and geometric descriptors, and observer-relative1145
recognition protocols. The same events may support several modalities, and different modalities may1146
be recognized on different timescales. The construction identifies a domain for studying how supports1147
change when events occur and couplings are reconfigured. Section 6 introduces those dynamical trans-1148
formations; Sections 7 and 9 consider what their ordering may imply for the circulation of values and1149
for justice-related comparisons of feasible histories.1150

6 Generative Dynamics of Value-Supporting Structures1151

This section specifies a preliminary dynamical layer for the historical value-supporting structures in-1152
troduced in Section 5. Its objective is to describe changes in couplings, local face encodings, admissi-1153
ble supports, and modality-dependent value states as a history develops. A recorded event can alter a1154
value-supporting structure, its enabling context, or the possibilities of later activity; some events have no1155
presently identifiable value consequence. The formal construction therefore begins with histories and re-1156
lational configurations, develops local and extended transformations, and then distinguishes circulation,1157
conversion, fragmentation, reproduction, and feasibility. The rules below define classes of possible mod-1158
els, not empirical laws of social activity. The special assumptions needed for deterministic, conservative,1159
stochastic, or optimization-based versions are indicated where relevant.1160

6.1 Local Coupling and Event-Level Transformations1161

The relational substrate is the oriented two-dimensional complex K from Section 4, whose vertices are1162
events, edges are couplings, and faces are primitive higher-order cells. The historical-realization mapK1163
of Equation 15 associates a recorded subcomplex KH with a causally down-closed set of events H . A1164
subcomplex records that certain couplings and primitive faces participated in the modeled past; a further1165
activity annotation is required to distinguish operative relations from recorded ones. The existence of1166
an event vertex in this ontology does not assert that the event transfers a commodity, creates a value, or1167
even bears a value-related interpretation.1168

For eachH , letXH be a declared set of admissible decorated states overKH . An element xH ∈XH1169
contains the historical cell record, a possibly non-subcomplex active-cell annotation AH , primitive en-1170
codings λH , evidence and contextual records ηH , and any provisional support identifications sH . These1171
fields can be incomplete; their admissibility is determined by a modeling protocol. A state is conse-1172
quently more informative than its underlying topological space, while remaining a representation of a1173
historical configuration rather than a complete ontological inventory.1174

Suppose an event v /∈ H is permitted by the causal dependencies, and H ′ = H ∪ {v} is down-1175
closed. Equation 24 defines an event transition as a relation between admissible states over the two1176
recorded histories.1177

RH
v ⊆ XH ×XH′ , (xH , xH′) ∈ RH

v . (24)

The superscript H in Equation 24 permits an event’s admissible effects to depend on its historical1178
position. A relation, rather than an everywhere-defined function, allows several outcomes, insufficient1179
evidence, and constraints that exclude some event-state combinations. When a deterministic approxima-1180
tion is appropriate, one can select a partial map TH

v : XH ⇀ XH′ whose graph lies inRH
v . Probabilistic1181

models require an explicitly specified transition kernel and associated measurable spaces; no probability1182
distribution follows from the cell complex alone.1183

A local implementation can delimit an event neighborhood N(v) consisting of v, selected incident1184
couplings, their incident primitive faces, and declared contextual dependencies. A proposed locality1185
condition is that the state annotations outside this domain remain unchanged, apart from the history-1186
record update. This condition is an approximationwhose adequacy depends on the phenomenon: a public1187
announcement, regulatory change, or institutional rupture may have relevant consequences outside an1188
immediate cellular neighborhood. Moreover, in a CW complex, a face incident to an edge may have an1189
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attaching boundary extending far beyond the edge’s nearest vertices. The support required for a local1190
rule therefore needs an explicit incidence and context convention.1191

Two descriptions of a coupling should also be separated. Its cellular orientation fixes signs in the1192
boundary operators of Section 3; the assigned active state and local encoding describe whether and how1193
the coupling currently participates in a modeled transformation. Neither cellular orientation nor inci-1194
dence determines a causal direction of value transmission. If spin-foam-inspired representation spaces1195
are used for faces and intertwiners for edges, an additional interpretation and compatibility rule is needed1196
to relate their mathematical contraction to observed social activity [2]. In the current GR proposal, event1197
transformations remain the general dynamical mechanism, with representation-theoretic coupling as one1198
optional realization.1199

6.2 Historical Formation and Structural Evolution1200

The sequence of recorded historical complexes is monotone under the baseline history-realization as-1201
sumption: H ⊆ H ′ entails KH ⊆ KH′ . The contemporaneously active relational configuration and1202
the support selected for a particular value may change nonmonotonically. An operative relationship can1203
cease, a research capability can be lost, and an institution can discontinue an activity, while the prior1204
relevant events and couplings remain in the historical record. A change in the recorded topology should1205
therefore be distinguished from a change in operative relations and from a change in how a particular1206
modality is identified.1207

Fix a modality α and the support-selection protocol κα of Equation 18. At histories H and H ′, the1208
selected candidate pairs (L, ξ) and (L′, ξ′) need not satisfy L ⊆ L′. For a specified event transition RH

v ,1209
we introduce a possible support-update correspondence in Equation 25.1210

U H
α,v ⊆ Sα,κα(H)×Sα,κα(H

′), H ′ = H ∪ {v}. (25)

Equation 25 is required to be consistent with at least one admissible state transition and the declared1211
recognition and selection protocols. This consistencymust be specified in a concretemodel. For example,1212
if an event changes the active coupling configuration, then a corresponding support update may enlarge1213
one value support, split another, or leave a third unchanged. The set-valued construction retains multiple1214
interpretationswhere the evidence does not select a unique support. When a value becomes unidentifiable1215
under the chosen protocol, disappearance from the output should be distinguished from an established1216
historical claim that the value ceased to exist.1217

A useful change record therefore contains more than two homology groups. It can include newly1218
recorded cells KH′ \ KH , activated and deactivated annotations, revised modality-specific supports,1219
contextual changes, and a provenance relation linking portions of the earlier and later support. Such a1220
record can express the continuation, branching, merger, fragmentation, or dissolution of a value-related1221
configuration, without requiring a common numerical magnitude. A structural update that preserves1222
Betti numbers may still be causally decisive. Conversely, an increase in the first Betti number may result1223
from a newly included coupling loop without producing any demonstrable change in the relevant value1224
modality.1225

Figure 6 illustrates these distinctions on a small cell structure. An accumulated historical support is1226
rendered separately from highlighted operative and modality-selected faces. The figure is synthetic; its1227
spatial positions encode combinatorial visualization rather than empirically measured social distance.1228

In one modeling regime, supports are nested and a persistent-homology filtration is available. Under1229
the general update correspondence of Equation 25, however, support nesting is not guaranteed; ordinary1230
inclusion-induced persistence maps cannot then be assumed. Comparing the topology of changing sup-1231
ports would require specified correspondences, a common ambient filtration, or a method designed for1232
non-nested changes. This issue will recur in the topological treatment of circulation histories in Section 7.1233
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Recorded faces: 4   |   Selected faces: 4

Stage I  ·  initial support

Recorded faces: 7   |   Selected faces: 7

Stage II  ·  extension

Recorded faces: 7   |   Selected faces: 4

Stage III  ·  reconfiguration

→ →

Recorded primitive faces Selected active support

Figure 6: Illustrative relational dynamics across three recorded stages. Pale faces represent cells retained
within an accumulating recorded complex; darker faces mark one selected operative value support. An
initial compact support develops a branch and later exhibits separated active regions while earlier cells
remain recorded. Diagram arrows order the three historical observations and do not denote directed
cellular couplings or quantitative value flow. The construction distinguishes expansion of the record
from changes in active support and makes no normative assignment to the resulting morphologies.

6.3 Value Transmission and Circulation1234

Within the proposed ontology, circulation is a derived relation among historical changes in value-1235
supporting configurations. A cell or coupling does not itself announce the transfer of a value to an1236
entity; values and entities are constituted by separate historically situated protocols. Consequently, a1237
circulation claim requires evidence that some change in a value-related configuration is linked to another1238
part of the relational history, together with declared criteria for continuity, access, or participation. The1239
relevant events may include preparation, movement, interpretation, practice, delay, and recognition, in1240
addition to explicit transfers.1241

For a finite admissible event sequence γ = (v1, . . . , vn), let xγ = (x0, . . . , xn) be a compatible1242
trajectory of states under the event relations of Equation 24. A modality-dependent circulation trace is1243
a selected relational record pα linking value-support candidates at possibly several stages. Equation 261244
defines the intended output as a set of admissible traces, given a declared provenance and circulation1245
protocol πα.1246

Circα,πα(xγ) ⊆ Traceα,πα(xγ). (26)

The trace space in Equation 26 is a model-specific set of relational correspondences among event1247
occurrences, couplings, support identifications, andmodality-specific states. Amembermay substantiate1248
access to an existing capacity, transfer of a claim, reproduction of an informational pattern, or the creation1249
of a new capability through interaction. The chosen protocol specifies which phenomena qualify as1250
circulation. Without that protocol, Equation 26 remains a type specification. In particular, topological1251
connectivity or a chain with a given boundary does not independently demonstrate that a value was1252
transmitted or received.1253

The case of knowledge clarifies this distinction. An individual may share a procedure with a col-1254
league while retaining their own ability to perform it. A subsequent collaboration may improve both1255
participants’ capacities. The event history can consequently contain a copying mechanism, practical1256
learning, and joint generative transformation. A rule for an exclusive monetary claim might instead1257
specify that one recognized holder loses a claim when another gains it. Such cases require different tran-1258
sition semantics. The condition that a quantity is conserved across events is appropriate only where a1259
material or accounting invariant has been defined and empirically justified.1260

Return and recirculation are similarly historical notions. A benefit can return to a participant through1261
a later chain of institutions and activities even if there is no directed cycle in the ambient 1-skeleton.1262
Conversely, an algebraically closed cellular 1-chain may consist of couplings never jointly traversed in1263
one feasible causal history. The analysis of return thus needs correspondences among emergent entity1264
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supports and value traces over time, with potential reciprocity and asymmetry recorded separately. Gen-1265
erative justice is one relevant motivation for attending to productive and reproductive circulation [6]; the1266
present dynamics do not presuppose a unique operational definition of a just return.1267

6.4 Heterogeneous Value Conversion and Combination1268

Circulation may involve configurations from distinct modality spacesVα, as introduced in Equation 19.1269
A monetary payment, a period of care, an institutional permission, and an increment of practical knowl-1270
edge can have different units, histories, and identification criteria. Their joint occurrence does not require1271
them to be components of a universal scalar measure. Conversion operations must therefore specify their1272
input modalities, admissible contexts, output modalities, and mechanisms of recognition.1273

For finite index sets I and J of input and output modalities, a proposed contextual conversion or1274
combination relation is stated in Equation 27.1275

CηI,J ⊆

(∏
α∈I

Vα

)
×

∏
β∈J

Vβ

 , η ∈ CI,J . (27)

The contextual parameter η in Equation 27 may include capacities, institutional rules, technological1276
means, legal permissions, environmental limits, time, and the current configuration of couplings. The1277
relation permits one-to-many outputs, several required inputs, incomplete conversion, and caseswhere no1278
conversion is admissible. Its applicability to a concrete history requires support-level correspondences1279
and actual event transitions compatible with the specified input and output states. Multiplication or1280
addition of heterogeneous values is not defined merely by writing a Cartesian product of their state1281
spaces.1282

Consider the stylized exchange of one hundred dollars for twelve hours of labor. A particular agree-1283
ment may establish a recognized money-to-labor interface with a wage, schedule, and enforceable obliga-1284
tions. The resulting labor may subsequently contribute to care, learning, or an artifact through activities1285
whose outcomes depend on context and prior histories. The initial price supplies information about that1286
agreement, while the later constitution of knowledge or trust requires separate criteria. In institutional1287
settings, control over an interface can affect which efforts are recognized, which losses are compensated,1288
and whose capacities are maintained. The sociology of commensuration provides reasons to treat the1289
choice of conversion rules as a social process in its own right [7].1290

For analytical clarity, Table 5 distinguishes several mechanisms and their additional requirements.1291
These names denote modeling roles rather than universally separated empirical categories; one recorded1292
activity can instantiate more than one mechanism.1293

6.5 Fragmentation, Dissipation, and Regeneration1294

The changing morphology of a support is one possible indicator of dynamics, but its semantic interpre-1295
tation requires a model of relevant capacities and activity. A support may divide into several connected1296
components after some active couplings cease. Yet a disconnected collection can still sustain a distributed1297
capability through relations available in the ambient complex; a connected collection can support a ca-1298
pacity that has become inoperative. Fragmentation is therefore specified relative to the active relational1299
and modality-support rules, with topology supplying a descriptor of the change rather than its complete1300
explanation.1301

Dissipation can denote loss of material, attenuation of a capability, degradation of trust, decreased1302
access, or failure to reproduce the conditions of a practice. Each candidate definition requires its own1303
state comparison or admissibility relation. If a modality offers a preorder vα representing a declared1304
capacity or persistence criterion, one possible dissipation judgment compares constitution states at two1305
stages. Such a judgment has no automatic interpretation as a loss in a common numerical unit; its direc-1306
tion and meaning depend on the modality and on whose perspective enters the criterion. In the absence1307
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Table 5: Proposed dynamical modes of heterogeneous value-supporting structures. Each mode requires
modality-specific criteria, admissible causal histories, and evidential provenance.
Mode Structural description Additional condition

Transmission Correspondence between supports at
successive histories

Verified access, transfer, or participation
rule

Conversion Relational production of a different
modality state

Contextual cross-modality interface

Combination Several supported states jointly
participate in an output

Joint-input enabling conditions

Reproduction Later configurations sustain comparable
generative processes

Specified continuation or regenerative
capacity

Fragmentation Selected support separates or loses
operative integration

Declared activity and support protocol

Dissipation Recognized state or capacity declines
under an evaluation

Modality-specific persistence or decay
criterion

Capture Participation, recognition, or control
becomes asymmetrically concentrated

Identified claims, beneficiaries, and power
mechanism

of a relevant ordering, analysts can record specific lost operations, available pathways, or observed man-1308
ifestations instead.1309

A regenerative transformation concerns the restoration or extension of activity and the conditions1310
supporting later formation. For example, replacing a destroyed physical resource and rebuilding a co-1311
operative capacity can require different histories, even when the immediately visible outputs coincide.1312
Regeneration may involve new participants, revised practices, or novel couplings and therefore need not1313
reproduce the former support’s cell structure. Conversely, a return to a topologically similar pattern sup-1314
plies limited evidence about substantive restoration. These distinctions prevent topological diagrams of1315
splitting and merging from becoming unsupported claims about economic or ethical improvement.1316

Capture requires an additional distributional and institutional layer. One participant’s control over a1317
conversion or recognition interface may redirect the benefits of jointly generated activity or the authority1318
to classify its outputs. The mechanism involves historically constituted participants, entitlements, and1319
institutional constraints, rather than a distinguished vertex labelled as a controlling entity. A spatially1320
central position or high-degree coupling structure may be a useful descriptive indicator, but a claim1321
of appropriation requires evidence about decision rights, control, and consequential distribution. The1322
analytical significance of capture will be treated more directly in the circulation-order justice discussion1323
of Section 9.1324

6.6 Recursive Generation and Future Relational Capacities1325

GR’s interest in generativity motivates attention to how historical activity changes the possibilities of1326
further activity. An event may produce an artifact, establish an ability, or alter permissions and depen-1327
dencies that affect later feasible histories. These effects may extend beyond the immediate beneficiary1328
or the original value modality. A useful dynamical formalism therefore records a distinction between1329
realized manifestations at the present stage and subsequent configurations that become reachable under1330
explicit assumptions.1331

Let R denote a declared collection of event transition relations, including feasibility conditions, and1332
let X be the disjoint union of admissible states across modeled histories. For a state x ∈ X and a finite1333
horizon n, Equation 28 defines a simple reachable-state set. A state is included if some extension of at1334
most n admissible event transitions reaches it.1335

Reachn(x;R) =
{
y ∈ X : ∃m ≤ n, x = x0 Rv1 x1 Rv2 · · · Rvm xm = y

}
. (28)

The relations in Equation 28 are read with their appropriate historical indices as defined in Equa-1336
tion 24. The notation is a reachability construction, not a measure of expected value or a complete1337
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account of human possibility. It depends on the modeled event set, horizon, available resources, and1338
transition rules. A larger reachable set under one model need not signify a normatively better world: the1339
added possibilities might include harms, exploitation, or irreversible loss.1340

For a specific modality, one may apply the constitution relation Gα to candidate supports in each1341
reachable state and obtain a set of possible recognized or constituted states. That derived set could1342
be used to test whether an earlier activity enables later capabilities absent from a comparison history.1343
However, the observational protocol and its errors must be made explicit. A newly visible possibility1344
may reflect improved recognition rather than newly generated capacity. Likewise, future options may1345
remain formally reachable while becoming prohibitively costly or unlikely in practice. Stronger models1346
could incorporate durations, resource bounds, uncertainty, or stochastic transition kernels, with each1347
addition justified by the intended application.1348

There is an analytical difference between structural recurrence and generative recurrence. Repeated1349
motifs across scales may support studies of geometrical self-similarity, while the reproduction of produc-1350
tive conditions is a dynamical property of the transition system. Identically shaped support complexes1351
can have different reachable futures because their active couplings, constraints, and institutional condi-1352
tions differ. A historically sustained capacity may also rely on changing shapes. This distinction allows1353
multiscale or fractal descriptors to be explored without inferring a universal law of recursive value repro-1354
duction from a finite diagram.1355

The literature on path-dependent processes and increasing returns provides contextual motivations1356
for examining how early events can constrain or expand later options [5, 1]. These accounts do not1357
establish the proposed GR dynamics; their relevance is the more bounded observation that histories can1358
matter beyond endpoint descriptions. The reachability structure gives a place to express that dependence1359
mathematically once the enabling conditions have been specified.1360

6.7 Dynamical Constraints and Feasible Transformations1361

A causal partial order describes required precedence among events, while a feasible transformation also1362
depends on the state of the systemwhen the event is considered. Feasibility may involve scarce resources,1363
temporal deadlines, legal authorization, technical compatibility, and other context-dependent conditions.1364
These conditions must be evaluated on the current historical trajectory. When a transformation creates a1365
new coupling or disables an earlier capacity, an event that was previously executable can become inacces-1366
sible, and a previously unavailable event can become feasible. The event-order problem is consequently1367
richer than topologically sorting a fixed dependency graph.1368

For a finite fixed-event approximation, let Enabled(H) be the set of causally available next events1369
after a down-closed historyH . LetPv(xH ,H) be a declared admissibility predicate for v ∈ Enabled(H).1370
Equation 29 specifies a feasible annotated history as a sequence of event-state pairs satisfying causal1371
precedence, the predicate, and the transition relation at every stage.1372

Γn(x0) =
{
(v1, x1, . . . , vn, xn) : Hi = H0 ∪ {v1, . . . , vi},
vi ∈ Enabled(Hi−1), Pvi(xi−1,Hi−1) = 1,

(xi−1, xi) ∈ R
Hi−1
vi for 1 ≤ i ≤ n

}
.

(29)

In Equation 29, the indices refer to a chosen finite approximation and the states belong to the cor-1373
responding XHi . If enabled events, optional actions, or the universe of event types evolve, the model1374
should extend the state and event-generation rules; a single fixed poset is then insufficient. Feasibility1375
does not itself confer ethical permission, and the space of possible histories may include outcomes re-1376
quiring independent normative assessment. Resource commitments and institutional obligations may be1377
incorporated as explicit predicates without claiming that their observed implementations are just.1378

Even where two event orders are both causally and practically feasible, their transformations can be1379
order sensitive. Suppose events a and b are mutually incomparable, both can occur from a state x, and1380
deterministic partial transition maps are defined along both two-step histories. The two resulting states1381
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are given in Equation 30.1382

xab = T
H∪{a}
b

(
TH
a (x)

)
, xba = TH∪{b}

a

(
TH
b (x)

)
. (30)

Equation 30 distinguishes event order from cell orientation. Its two outcomes may differ in active1383
couplings, candidate value supports, recognized states, or later feasible opportunities; they may also be1384
identical. Where both outcomes coincide on a chosen observable, the intervening trajectories can still1385
differ in duration, access, or deprivation. In particular, equal final cell counts or homology groups do1386
not establish equality of modality-specific value states. A linear noncommutator would be meaningful1387
only after a common linear state space and compatible operators have been introduced; the composition1388
comparison above works with general partial event maps.1389

The dynamical layer is now sufficiently explicit to state the formal domain of later circulation-order1390
analysis. The ambient complex supplies the incidence structure; historical realizations retain the event1391
record; states describe operative couplings and relevant encodings; support-selection and constitution1392
protocols identify value-related configurations; and event relations generate feasible historical trajecto-1393
ries. Section 7 will investigate which parts of these trajectories are represented by chains, boundaries,1394
homology classes, and quotient operations, together with the information such operations preserve or1395
discard. Section 8 will supply deliberately simplified computational examples, and Section 9 will exam-1396
ine the independent ethical criteria needed to compare circulation orders. The present section claims a1397
coherent representational interface among these tasks, while leaving any empirically calibrated transition1398
law and complete theory of justice for subsequent work.1399

7 Topological Representation of Circulation Histories1400

This section specifies how event histories generated by the relational dynamics of Section 6 can be ex-1401
amined using cellular chains, boundaries, homology, quotient operations, and topological reduction. Its1402
analytical object is the distinction between an actual ordered history, the event–coupling–primitive com-1403
plex representing its historical support, and a separate complex constructed to compare alternative exe-1404
cutions. A mathematical reduction is useful only to the extent that it preserves the properties relevant to1405
the inquiry. Accordingly, the section first defines projections from event-state trajectories into topolog-1406
ical representations, then studies holes and quotient equivalence, and finally examines order-sensitive1407
outcomes, Morse reduction, and structural changes across histories. The arguments are mathematical1408
constructions and conditional illustrations; they do not assign moral status to a homology class or as-1409
sume that every event transfers a value.1410

7.1 Event Sequences and Circulation Orders1411

An event history in the present model consists of a sequence of event occurrences and their associated1412
admissible decorated states. For a fixed finite event set, the feasible histories are those described by Equa-1413
tion 29. An event occurrence is a vertex of the ambient GR complexK; its appearance in a history records1414
an occurrence with a position in causal order. The same named social entity can participate in many such1415
occurrences because entity identity is constituted through historical subcomplexes, as described by Equa-1416
tion 16. The sequence may therefore contain observation, communication, conflict, waiting, or repair1417
events in addition to events through which a value-supporting structure changes.1418

The causal relation ≺ determines which linear orderings are admissible before practical constraints1419
are considered. An incomparable pair (a, b) permits a possible exchange of order in the abstract event1420
poset, but the pair need not be executable in both orders from a given state. A resource commitment after1421
a may disable b; a subsequent institutional decision may also change the meaning of the earlier event.1422
Thus, the admissible sequence set should be filtered by the enabling predicatesPv and transition relations1423
RH

v of Section 6. A single topological sort supplies a proposed ordering, not an exhaustive account of1424
feasible trajectories.1425
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The phrase circulation order refers here to an event order viewed through a declared value-related1426
observation protocol. Let Γfeas contain annotated histories of the chosen finite model, and let Cα extract1427
a modality-specific circulation trace of the kind described by Equation 26. The projection in Equation 311428
records this derived relation.1429

Cα : Γfeas ⇀ Traceα, γ 7−→ Cα(γ). (31)

Equation 31 is partial because the necessary support identifications or value observations may be1430
unavailable. The codomain Traceα is model-dependent and may include typed transmissions, constitu-1431
tive changes, timestamps, evidence records, and uncertainty. It can consequently record circulation as1432
transmission or reconstitution of value-bearing structures without supposing that a fixed amount moves1433
through the vertices of K. Distinct histories may produce the same observed trace, while apparently1434
identical transfers can participate in different future-generating histories. The relation between histories1435
and observables must therefore be kept explicit.1436

7.2 Cellular Chains and Historical Path Representations1437

A cellular 1-chain inK is a linear combination of coupling edges, rather than a sequence of event transfor-1438
mations. The operator ∂1 records its net event-vertex incidence. For a traversed edge path p, Equation 51439
gives ∂1cp = vlast − vfirst. Neither the order of repeated traversals nor the times at which they occurred1440
are retained by this chain. In particular, cancellation of coefficients at an intermediate vertex expresses1441
an incidence identity, not the disappearance of an event from the social or historical record.1442

Some circulation histories contain a coupling path that can be explicitly identified with the relevant1443
transfer or communicative propagation. Only for such histories, and only under a declared path-selection1444
protocol r, do we introduce a partial map r : Γfeas ⇀ Path(K1) and its composition with the chain1445
assignment. The resulting representation is stated in Equation 32.1446

Pr : Γfeas ⇀ C1(K;F), Pr(γ) = cr(γ). (32)

The map Pr in Equation 32 is not canonical. A sequence of causally ordered events need not fol-1447
low adjacent coupling edges, and a value-supporting subcomplex may extend across many couplings1448
and faces. An edge path may therefore be an appropriate representation for a particular transmission1449
mechanism while omitting the distributed generative process that makes the transmitted capacity possi-1450
ble. Even when r exists, comparing Pr(γ) and Pr(γ

′) can erase precisely the timing and contextual data1451
required by an assessment of circulation order.1452

A different use of cellular chains arises from the recorded historical subcomplexKH of Equation 15.1453
Its chain groups and incidence matrices can be computed independently of whether a given circulation1454
path is identifiable. This permits topological comparison of supports, interfaces, and faces while keeping1455
history order in the trajectory data. For computational purposes, each layer should have separate identi-1456
fiers: event occurrence IDs, coupling-cell IDs, primitive face IDs, and ordered transition IDs. A chain1457
coefficient should not be used as a substitute for a full event provenance record.1458

7.3 Boundary Operators and Circulation Structures1459

The identity ∂1∂2 = 0 of Equation 3 gives a formal relation between primitive faces and the couplings1460
along their attaching boundaries. Its content depends on incidence and chosen orientation. For a 2-chain1461
F formed from primitive GR faces, ∂2F is an edge chain whose vertex boundary vanishes. This identity1462
does not state that value has been produced or conserved, since there is as yet no scalar conserved quantity1463
or flow law assigned to the edges. Value modalities can be incommensurable, temporally extended, or1464
constituted across overlapping subcomplexes.1465

It is useful to distinguish structural closure from flow balance. A 1-cycle z ∈ ker ∂1 is structurally1466
closed in the cellular sense. A value-flow model would instead need typed quantities on admissible cou-1467
plings, a transformation rule at events, and a compatibility or balance condition. Such a rule may use a1468
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boundary matrix, but its coefficients and source terms derive from the chosen modality and dynamics.1469
Where a process creates information or reproduces a capacity, ordinary conservation of a material quan-1470
tity may be an inappropriate assumption. The boundary matrix specifies the incidence scaffold on which1471
a balance equation could be formulated; it does not supply the equation’s substantive meaning.1472

A further distinction concerns the boundary of a value-supporting subcomplex. A support Lα ⊆ KH1473
may have a nonempty topological or combinatorial interface with its surroundings. This interface can1474
support transfers, dependencies, or constraints on future changes, but the cellular boundary of an arbitrary1475
sum of 2-faces need not coincide with the full set of couplings connecting the selected support to the1476
ambient complex. One may use an attaching-boundary chain, an incident-edge cut, or an explicitly1477
defined boundary operator on a manifold-like realization according to the analytical question. These1478
constructions should not be conflated merely because each uses the word boundary.1479

Accordingly, a description of value circulation based on ∂2 alone is incomplete. The operator be-1480
comes relevant to circulation when the encoding and transition protocols establish a relationship between1481
a primitive face’s boundary couplings and a change in a value-supporting configuration. Even in that1482
case, the resulting relationship is a substantivemodeling hypothesis. The incidence identity itself remains1483
mathematically valid independently of the hypothesis.1484

7.4 Homological Features and Value-Supporting Holes1485

Let Lα ⊆ KH be an identified support for modality α under the protocol of Section 5. Its first homology1486
H1(Lα;F) records first-dimensional cycles modulo face boundaries. A nontrivial class identifies a loop1487
of couplings not filled by a 2-chain within that support. It does not imply the existence of an unmet1488
obligation, a blocked circulation path, or an unjust distribution. Figure 3 displays precisely the distinction1489
between filled and holed supports in a simple square-cell model.1490

The ambient embedding supplies additional information. An unfilled cycle inLα may bound a face or1491
collection of faces inKH that the modality-specific identification protocol has excluded. The inclusion1492
i : Lα ↪→ KH induces the homology map in Equation 33.1493

i∗ : H1(Lα;F) −→ H1(KH ;F), [z] 7−→ [i#z]. (33)

A nonzero class in ker i∗ represents a support-intrinsic cycle that becomes a boundary in the am-1494
bient historical complex. A class surviving under i∗ is nontrivial in the ambient homology as well.1495
These are precise topological distinctions: the map may be informative about the selected scope of a1496
value-supporting structure, but its semantic meaning depends on why the relevant faces were included or1497
excluded and whether those choices are empirically defensible. A support-intrinsic hole can also disap-1498
pear when the support is enlarged or when the identification protocol is revised; neither operation alone1499
establishes a social repair.1500

Higher-dimensional face structures deserve separate attention. Because the baseline K is two-1501
dimensional, its group H2(K;F) is the kernel of ∂2; a nonzero class corresponds to a closed 2-cycle1502
of primitive faces. Such a structure could participate in the formation of a value modality under an1503
appropriate recognition rule, but topology by itself does not establish such participation. The same1504
caution applies to persistent holes across observational scales: mathematical persistence may indicate1505
robustness to a filtration, while the causal and ethical significance remains an independent question [4,1506
9].1507

Three separate topological domains can thus be relevant: the ambient event–coupling–primitive com-1508
plex K, a modality-supporting subcomplex Lα, and a derived history-comparison complex built from1509
admissible transitions. A hole in one domain need not determine a hole in the others. The third do-1510
main is introduced next because it is better suited to a comparison of event orders than an unqualified1511
interpretation ofH1(K).1512
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(H, x)

(H+a, xa) (H+b, xb)

(H+a+b, xab)

eHa

eHab

eHb

eHba

fab

(a) Derived history configuration (b) Waiting cost by event order

Order ab
a b Cost = 21

0 1 2

Order ba
b a Cost = 12

0 1 2
wa = 1, wb = 10; each event takes one time unit

Figure 7: Derived configuration diamond for two possible event orders. The diagram vertices denote
completed-event and decorated-state configurations, while the arrows denote state transitions; they are
distinct from the event vertices and coupling edges of the ambient GR complex. Panel (a) gives two
routes between a common initial and final configuration and a possible derived 2-cell fab specifying an
admissible interchange. Panel (b) annotates one synthetic waiting-cost example: the same final allocation
permits order costs of 21 and 12. Attaching the derived face identifies an algebraic difference of paths
without asserting their equality under a justice evaluation.

7.5 Quotient Constructions and Historical Equivalence1513

A history-comparison complex has different vertices from the ambient GR complex. For a finite dis-1514
cretized transition model, let D0 consist of selected reachable pairs (H,xH), where H is a completed-1515
event configuration and xH an admissible decorated state. An oriented 1-cell of D denotes an enabled1516
event transition between two such pairs. Parallel transition edges may be necessary if two distinct event1517
occurrences or actions produce the same state endpoints. These state-configuration vertices are derived1518
analytical objects; the vertices of K remain events. Methods in directed topology and the mathematics1519
of concurrent processes motivate this separation of state paths from their underlying event-occurrence1520
structures [10, 12].1521

Consider two incomparable events a and b from an initial configurationH , and assume that both two-1522
event orders are feasible. In general, Equation 30 yields distinct outcomes xab and xba. Two paths in D1523
then end at different decorated-state nodes, even though both have the completed-event set H ∪ {a, b}.1524
A diamond with common final vertex requires an additional condition, such as equality of decorated1525
outcomes or an explicitly justified equivalence relation on those outcomes. Equality of completed-event1526
sets alone supplies no such identification.1527

Under an exact common-endpoint condition, choose the transition edges eHa , eHa
b , eHb , e

Hb
a inD and1528

attach an optional 2-cell fab representing the specified admissible interchange. The difference between1529
the two oriented routes is a cycle, and its cellular filling is stated in Equation 34.1530

∂D2 fab = eHa + eHa
b − eHb − eHb

a , ∂D1 ∂
D
2 fab = 0. (34)

Equation 34 concerns the boundary operator in the derived complex D. Its square fab records a1531
selected relation between paths through configuration space and is not a new primitive face ofK. Wemay1532
choose to attach a face only for swaps certified under a named independence, observational-equivalence,1533
or other interchange protocol. In particular, the existence of both orders does not force us to attach that1534
face. Figure 7 illustrates the construction and its subsequent evaluation by a history-sensitive cost.1535

A second possible construction identifies historical paths through a quotient. Let ∼A be an equiva-1536
lence generated by a declared class A of certified local path interchanges. The quotient Γfeas/ ∼A can1537
simplify a history comparison when the discarded order distinctions are irrelevant to the property being1538
studied. Proposition 3.1 provides the precise test: an assessment J can be evaluated on the quotient1539
if and only if it is constant on the equivalence classes. A stronger equivalence can be convenient for1540
structural classification while failing to preserve urgency, waiting times, access histories, or generative1541
consequences. The quotient criterion is therefore a property-specific restriction rather than a general1542
license to erase historical order.1543
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7.6 Order-Dependent Transformations and Noncommutativity1544

The dynamics of Section 6 allow a direct comparison between two event orders. When deterministic1545
partial maps TH

a and TH
b are defined, Equation 30 distinguishes the compositions with order ab and1546

ba. If the two compositions return different states, the history is order sensitive at the level of the cho-1547
sen state representation. This may reflect changes in active couplings, value-supporting subcomplexes,1548
transformed capacities, or the feasible continuations. For general partial maps acting between differ-1549
ent history-indexed state spaces, it is better to compare these compositions explicitly than to write an1550
unqualified linear-operator commutator.1551

Even identical final decorated states do not imply indistinguishable histories. Consider a synthetic1552
case in which both a and b are one-unit allocation operations, a meets a need associated with weight1553
wa = 1, and b meets a more urgent need with weight wb = 10. Each need incurs its specified waiting1554
cost until its allocation completes; both allocations can be made in either order, and both orders reach1555
the same final allocation. The cumulative weighted completion-time costs are stated in Equation 35.1556

L(ab) = wa(1) + wb(2) = 21, L(ba) = wb(1) + wa(2) = 12. (35)

The quantities in Equation 35 are stipulated illustrative weights; no claim of a universal numerical1557
conversion between types of need is made. The example isolates temporal dependence while fixing1558
endpoint allocations. Its numbers could be replaced by modality-specific ordinal or partially ordered1559
outcomes where scalar assessment is ethically or empirically inappropriate. Figure 7(b) displays the1560
unequal waiting consequences.1561

When a common-endpoint diamond fab is attached in D, a real-valued additive assessment can be1562
represented by a 1-cochain ω ∈ C1(D;R) whose edge weights encode stage-specific costs. Define1563
cab = eHa +eHa

b and cba = eHb +eHb
a . The discrete Stokes identity of Equation 8, applied to Equation 34,1564

gives the local order difference in Equation 36.1565

〈δ1ω, fab〉 = 〈ω, cab − cba〉 = L(ab)− L(ba) = 9. (36)

This equality is an algebraic accounting identity for the specified cost cochain. In the example,1566
the first transition interval accrues both participants’ waiting costs, whereas the second interval accrues1567
only the still-unmet need. The existence of fab does not require δ1ω to vanish: the cell specifies a1568
topological relation between the paths, and the nonzero coboundary measures sensitivity of the selected1569
additive observable to their interchange. If δ1ω = 0, such differences vanish on face boundaries, while1570
a closed cochain may still distinguish pathways belonging to distinct global homology classes. These1571
observations concern a model-specific cost and should not be interpreted as an independent proof of1572
justice or injustice.1573

This treatment also clarifies the possible significance of a hole in the derived configuration complex.1574
Without a filling 2-cell, the difference between two common-endpoint paths may represent a nontrivial1575
class inH1(D), provided it is not the boundary of some other 2-chain. The class indicates an unfilled path-1576
difference relation under the chosen interchange protocol. It need not signal a materially blocked value1577
transfer; both paths can be feasible and may even have equal outcomes. A justice-relevant distinction1578
requires a separate history evaluation and evidence about the consequences of the selected order.1579

7.7 Morse Reduction and Preservation of Historical Information1580

Discrete Morse theory provides homology-preserving simplifications of finite regular CW complexes1581
under the conditions described in Subsection 3.6. A discrete gradient matching can replace many cells1582
by a smaller collection of critical generators, with associated chain maps and a chain homotopy. Such a1583
reduction can be useful for the ambientK, for a selected Lα, or for a finite history-comparison complex1584
D [8, 13]. The analytical meaning differs among these applications: reducing the ambient structure1585
studies primitive incidence, reducing a support studies its topology, and reducingD studies the topology1586
of permitted transition comparisons.1587
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Homology preservation is weaker than preserving event-order information. A contractible derived1588
diamond can be collapsed or represented by a Morse complex with the same trivial first homology, even1589
though its two directed routes have distinct intermediate states and, as in Equation 35, different waiting1590
consequences. A Morse reduction does not automatically transfer such weights, chronology, modality1591
labels, permissions, or historical provenance. Nor does the reduced Morse chain complex necessarily1592
have a literal subcomplex realization whose cells retain their original event or face semantics.1593

Let R : Γfeas → Y denote a proposed summary extracted after any computational reduction, pos-1594
sibly incorporating retained annotations as well as a reduced complex. Let J : Γfeas → Q be a target1595
assessment. The preservation requirement is the existence of a map J̄ : Y → Q with the factorization1596
given in Equation 37.1597

J = J̄ ◦R. (37)

Equation 37 requires J to agree on every fiber of R, just as Proposition 3.1 requires for a quotient.1598
The condition is easy to state and can be difficult to satisfy when assessments depend on temporal inter-1599
vals, evolving subjects, or historical obligations. If it fails, the reduced representation must retain more1600
information or be used only for a narrower question. For example, a reduction sufficient to compute β11601
may be inadequate to compare a sequence of care allocations. The kind of information preserved should1602
be certified at the level of the question rather than inferred from the size of the reduced chain complex.1603

A practical alternative is to treat Morse simplification as a topological preprocessing step and retain1604
a linked history ledger. Each reduced generator can carry references to original cells and to the state1605
transitions through which relevant supports were selected. An assessment then acts on the linked rep-1606
resentation rather than on the reduced homology alone. This is a proposed data-design strategy, whose1607
effectiveness would need verification for each operational model. It also respects the distinction between1608
historical reconstruction and the structure of the events as originally modeled.1609

7.8 Topological Changes Across Circulation Histories1610

An admissible history γ generates a sequence of recorded complexes KHi , decorated states xi, and1611
modality-specific selected supports Lα,i where the corresponding identification protocols apply. The1612
nestednessKHi ⊆ KHi+1 belongs to the baseline historical-record assumption of Section 4. Its inclusion1613
maps induce homomorphisms in ordinary homology. This permits a persistent analysis of the recorded1614
complexes along an ordered history, with all the qualifications concerning observational resolution and1615
retrospective revision noted earlier [4, 9].1616

The active annotations and selected value supports may change nonmonotonically. Therefore, the1617
inclusion-induced maps on Hp(Lα,i) generally do not exist unless the supports are nested or a further1618
correspondence is defined. A comparison can instead retain the ambient inclusion, the protocol-specific1619
support-update correspondence U H

α,v of Equation 25, and a record of which support cells became active,1620
inactive, or reassigned. Such information can differentiate a physically altered relational capacity from1621
an interpretive revision of the support-selection rule.1622

For two feasible orders γ1, γ2 with the same completed-event set, one possible structural comparison1623
is the collection of their support invariants, incidences, interface data, and later reachable histories. An1624
illustrative topological signature may be assembled from the Betti numbers, Euler characteristic, cell1625
counts, and ambient-support inclusion maps. Matching signatures do not prove equal support configura-1626
tions or equal consequences. Conversely, differing Betti numbers do not justify interpreting one history1627
as more just or more valuable. The signatures become analytically informative only through the declared1628
constitutive and dynamical mappings.1629

Table 6 summarizes the role and preservation limits of the representations introduced in this sec-1630
tion. The result is a layered account rather than a single universal reduction: topological invariants1631
describe selected structural properties, annotated histories encode admissible transformations and order,1632
and modality-specific constitution maps connect those structures to heterogeneous values. These con-1633
structions prepare a computational illustration in Section 8 and the independent normative analysis of1634
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Table 6: Distinct representational levels in the topological analysis of circulation histories. Preservation
statements depend on the specified maps, protocols, and observables.
Representation Analytical content Typical information requiring separate retention

AmbientK and
recordedKH

Primitive event, coupling and face
incidence; historical cell inclusion

Active status, modality identification, actual
order and time

Value support Lα Selected morphology, overlap and
ambient interfaces

Constitutive evidence, recognition rules,
magnitude and later effects

Annotated trajectory γ Event order, enabling conditions
and state transitions

Unobserved causal factors and normative
interpretation

Derived history
complex D

Reachable state configurations and
selected local path interchanges

Historical significance of a proposed face or
quotient

Reduced or quotient
representation

Invariants or equivalence classes
selected by the reduction

Any cost, responsibility or provenance data not
proved invariant

circulation-order justice in Section 9. They do not establish a direct correspondence between a topologi-1635
cal hole and a claim of injustice.1636

8 Illustrative Models and Computational Experiments1637

This section constructs reproducible finite examples for the formal distinctions introduced in Sections 4–1638
7. Its objective is to determine which structural and order-sensitive properties can be calculated from a1639
declared two-dimensional cell complex, a modality-specific support rule, and a simple event-transition1640
system. The experiments use synthetic cubical complexes, explicit boundary matrices over the field1641
F2, deterministic event updates, and one seeded stochastic variation. Their labels denote mathemati-1642
cal possibilities rather than measurements of social activity. The seven subsections establish a minimal1643
model, compare support morphologies, follow the formation of a cycle, evaluate alternative event or-1644
ders, demonstrate typed support combination, examine a multiscale construction, and report sensitivity1645
to two distinct kinds of modeling assumptions. The accompanying source package contains the gener-1646
ating program, numerical output files, and vector figures; Appendix D specifies the run parameters and1647
reproducibility checks.1648

8.1 Minimal Event–Coupling–Face Complex1649

A finite cubical two-complex provides a convenient computational realization of the proposed event–1650
coupling–primitive ontology. Consider an ambient rectangular grid of unit squares. Each lattice vertex1651
receives a distinct synthetic event identifier, each grid edge is an oriented coupling, and each square is a1652
primitive face. The coordinates are a drawing convention: equal Euclidean distances or common square1653
areas have no presumed social, causal, or economic interpretation. A particular selected support consists1654
of a collectionF of square faces together with their boundary edges and vertices, giving a genuine cellular1655
subcomplex L(F ) ⊆ K. The construction can be embedded in any sufficiently large ambient grid and1656
does not require identifying a social entity with a lattice vertex.1657

For each L(F ), let np be its number of p-cells, and letB1 andB2 denote the cellular boundary matri-1658
ces computed over F2. Working over this coefficient field removes orientation signs from the numerical1659
matrices while preserving the ordinary incidence information required for the present examples. The1660
ranks rp = rankF2 Bp determine the Betti numbers through the finite-dimensional identities in Equa-1661
tion 38.1662

β0 = n0 − r1, β1 = n1 − r1 − r2, β2 = n2 − r2. (38)

The implementation constructs edges once per geometric incidence, computes boundary columns for1663
the closed boundary of each selected square, and checks B1B2 = 0 over F2. It additionally checks that1664
the alternating sum of cell counts agrees with the alternating sum of Betti numbers. These are internal1665
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Compact   |   1=0 Branching   |   1=0 Holed   |   1=1

Figure 8: Three synthetic value-supporting cubical subcomplexes. The compact and branching patterns
are connected and have trivial first homology; the unfilled ring has one independent first-homology class.
Cell shape is a visualization choice, and the labels do not constitute a ranking of value magnitude or social
benefit.

Table 7: Computed cellular counts, mod-2 boundary ranks, and Betti numbers for four synthetic support
complexes. The filled 3× 3 block is included to exhibit the effect of attaching its central face.

Support n0 n1 n2 r1 r2 β0 β1 χ

Compact 2× 2 9 12 4 8 4 1 0 1
Branching 18 25 8 17 8 1 0 1
Ring 3× 3 16 24 8 15 8 1 1 0
Filled 3× 3 16 24 9 15 9 1 0 1

consistency tests for the finite examples, not tests of the GR interpretation. Over Z, the same oriented1666
cells can be assigned signed incidences for analyses requiring directional chain coefficients; the present1667
rank calculations deliberately concern topological support alone.1668

We distinguish three computational layers. The ambient complex supplies possible incidences and1669
primitive faces; an active modality support selects the faces currently recognized by an illustrative sup-1670
port protocol; and an event ledger records the operations producing successive states. A topology com-1671
puted from the selected support therefore characterizes that protocol’s output. A different recognition1672
protocol can select a different subcomplex from the same ambient complex, even when the event ledger1673
is unchanged. For the order experiments below, a fixed preliminary support is present before either al-1674
location event occurs; subsequent events may activate an additional face without requiring the historical1675
ambient record to lose any previously recorded cell.1676

8.2 Compact, Branching, and Holed Value Morphologies1677

The first calculation compares three selected supports whose faces form, respectively, a 2 × 2 filled1678
block, a connected eight-square branching motif, and the eight-square boundary of a 3 × 3 block with1679
its central square omitted. The motifs are combinatorial constructions: their names describe observable1680
morphology and do not identify particular modalities with universally fixed shapes. Figure 8 displays the1681
selected faces with the computed first Betti numbers. Table 7 reports the actual cell counts and boundary1682
ranks used in Equation 38.1683

For the ring, the count n0 − n1 + n2 = 0 is consistent with β0 = 1, β1 = 1, and β2 = 0. Filling1684
the center increases n2 and the rank of B2 by one, leaving the number of vertices and edges unchanged.1685
Consequently, the first Betti number decreases from one to zero. The comparison establishes a combina-1686
torial relation between primitive-face inclusion and a topological invariant. It does not assign a semantic1687
meaning to the absent face. Depending on the constitution protocol, an unfilled region may be impor-1688
tant, incidental, or unrelated to the recognized value modality. Moreover, the branching and compact1689
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Figure 9: Two independent synthetic calculations. Left: the first Betti number of nine nested face sup-
ports, exhibiting an unfilled cycle followed by its filling. Right: weighted waiting costs of two allocation
orders with equal final deliveries and different completion times. The two panels display distinct struc-
tural and evaluative observables rather than a causal relationship between a hole and deprivation.

supports have identical Betti numbers despite having different incidence structures and extents. Betti1690
numbers therefore supply only part of the morphological description developed in Section 5.1691

8.3 Historical Formation of Heterogeneous Values1692

The second calculation follows a nine-step nested sequence of selected square-face sets within a 3 × 31693
ambient block. Faces are added successively around the outer ring, beginning at its upper-left corner and1694
proceeding along the perimeter. The ninth step activates the central square. Each selected set includes its1695
boundary cells. Because the sequence is nested, inclusion maps between consecutive supports are avail-1696
able and its first-homology evolution can be read as a simple finite filtration. This particular growth rule1697
is chosen to isolate a structural transition; social or economic value formation may involve deactivation,1698
recognition changes, and non-nested histories as described in Section 6.1699

The computed sequence of first Betti numbers is recorded in Equation 39.1700 (
β1(L1), . . . , β1(L9)

)
= (0, 0, 0, 0, 0, 0, 0, 1, 0). (39)

At step eight the closing perimeter completes a one-dimensional cycle; at step nine its central fill-1701
ing makes that cycle a boundary of a face. Figure 9 plots the computed homology sequence alongside1702
a separate order-cost calculation introduced below. In persistent-homology language, the selected one-1703
dimensional class appears at the eighth recorded threshold and is killed at the ninth, subject to the chosen1704
indexing convention. The calculation does not demonstrate a social value emerging at step eight. A pro-1705
tocol that recognizes a ring-shaped configuration could register a structural condition at that step, while1706
another modality could require information unrelated to the hole. Historical constitution and observation1707
are therefore represented by distinct layers even in this small example.1708

The complete event record also requires a distinction between a recorded event and the activation1709
of a face in a selected modality support. Adding a face in the numerical sequence stands for updating1710
a specified representation, which may follow an actual coupling change or a revised recognition rule.1711
Without evidence that selects between these interpretations, the computed change is attributable only1712
to the declared model operation. The illustrated history thereby separates causal occurrence, support1713
identification, and the appearance of a measured topological property.1714

8.4 Alternative Circulation Orders and Structural Consequences1715

The third experiment introduces two synthetic allocation events, b and c, which deliver one unit of an ab-1716
stract resource to two historically identified recipients,B andC. The recipient labels denote derived par-1717
ticipants in the model; the primitive vertices remain event occurrences. A preliminary observation event1718
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b then c   |   1=0 c then b   |   1=1

Figure 10: Final selected value-supporting complexes after two feasible synthetic event orders. Com-
pleting b before c activates the middle face under the declared contextual rule; completing c before b
leaves the ring unfilled. Both histories have the same allocation totals. The face update is an assigned
model mechanism and the difference in β1 has no intrinsic normative sign.

o records contextual information and makes no allocation. The admissible executions are γbc = (o, b, c)1719
and γcb = (o, c, b). Both produce the completed-delivery set {B,C}, and each allocation occupies one1720
time unit after o. The example uses a fixed event-order comparison rather than an optimization over all1721
possible social relationships.1722

For an illustrative urgency-sensitive accounting rule, take per-unit waiting weights wB = 1 and1723
wC = 10. The participants begin waiting at the first allocation interval; the relevant completion times1724
are (tB, tC) = (1, 2) for γbc and (2, 1) for γcb. Equation 40 gives the declared additive cost and its order1725
difference.1726

W (γ) = wBtB(γ) + wCtC(γ),

W (γbc) = 21, W (γcb) = 12,

W (γbc)−W (γcb) = wC − wB = 9.

(40)

The right panel of Figure 9 shows the calculated values from Equation 40. This is an invented1727
evaluation rule, useful for exhibiting order sensitivity. The selection of weights requires independent1728
justification in an applied case, especially when obligations, rights, and heterogeneous needs are not1729
reducible to one numerical metric. The earlier derived history diamond of Section 7 represents local1730
execution comparisons; its possible filling faces should not be confused with the primitive faces of the1731
present ambient GR complex.1732

The same execution system receives a second, purely structural update rule. Initially, its selected1733
value support consists of the eight-square ring. If event c occurs after b, the specified coupling context1734
permits activation of the central face; if c precedes b, that activation is absent under this particular rule.1735
At a bridge-activation parameter of one, the final support of γbc is the filled block, whereas that of1736
γcb remains the ring. This context dependence is deliberately imposed as a minimal example of the1737
history-dependent transition relations of Equation 24; it is not a claim that a real allocation event typically1738
produces a face of this kind.1739

Figure 10 and Table 8 report the two outcomes. Both completed histories have delivered the same1740
resource units, but the selected support homologies differ. In the model, the order with smaller waiting1741
cost retains the hole, while the order with greater waiting cost fills it. This directly illustrates that the1742
sign of a topological difference and the ordering of a particular normative cost are independent outputs1743
of the chosen rules.1744

An additional repair or review event could be defined to activate the missing central face after either1745
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Table 8: Computed comparison of the two allocation orders. The observation event occurs before both
allocations and is omitted from the completion-time clock.

History tB tC Weighted waiting cost Final β1
o, b, c 1 2 21 0
o, c, b 2 1 12 1

Modality alpha
1=0

Modality beta
1=0

Converted support
1=1

With mediator
1=0

Figure 11: Synthetic typed support combination. Two four-face subcomplexes, each with trivialH1, are
combined by a declared event rule to produce an eight-face ring with β1 = 1. Activation of a further
primitive face yields a nine-face filled support with β1 = 0. These outputs concern the combinatorial
consequences of the selected rule, not a numerical equivalence among heterogeneous value types.

history, causing both final supports to agree while preserving their distinct waiting trajectories. Such an1746
extension would separate long-run structural convergence from historical equivalence even more sharply.1747
It is not included in the reported numerical runs, whose scope is the three-event histories and their ex-1748
plicitly selected final supports.1749

8.5 Value Conversion Across Distinct Morphologies1750

The fourth experiment uses two different typed supports with four primitive faces each. The selected1751
α-support occupies a left and upper arc of a 3× 3 block, and the β-support occupies the complementary1752
lower and right arc. Each has β1 = 0 as a closed subcomplex. A declared combination event m is1753
enabled when both typed supports are available. Its illustrative output rule selects their union as the1754
support of a third modality ζ. Equation 41 specifies the simplified rule; it should be read as a protocol1755
for support formation, with the semantic map between modalities remaining to be developed.1756

Tm(Lα, Lβ) = Lζ := Lα ∪ Lβ , β1(Lα) = β1(Lβ) = 0, β1(Lζ) = 1. (41)

The computation in Equation 41 is an elementary instance of higher-order structural formation: two1757
supports without independent first-homology classes together support a closed one-cycle. A further des-1758
ignated mediating face fills the interior and changes the first Betti number of the output to zero. Figure 111759
shows the two inputs, their composed support, and the mediated configuration. The two input modali-1760
ties are typed mathematical objects, and the composition rule is imposed. Their combination therefore1761
illustrates possible changes in morphology without establishing a conversion rate, a conservation law, or1762
a social interpretation for the cycle.1763

The experiment also indicates why the topology of a value-supporting complex can depend on more1764
than one modality. Modality labels and constitution maps must specify whether a combined support1765
can be recognized as a new value configuration, whether it continues an earlier one, and which relevant1766
dependencies are preserved. A union operation on selected face sets cannot supply those interpretations1767
by itself. This limited construction is nevertheless a reproducible demonstration that local composition1768
can change global topology, including the creation and subsequent filling of a hole.1769
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Level 0   |   1=0 Level 1   |   1=1 Level 2   |   1=9 Level 3   |   1=73

Figure 12: Four finite stages of a recursively substituted cubical support. Face counts grow as 8k, and
the first Betti numbers are 0, 1, 9, and 73. Repeated shapes are generated by an explicit mathematical
rule; the illustration neither identifies a real value modality as fractal nor equates the number of holes
with the scale of its value.

8.6 Topological Evolution and Multiscale Observables1770

A fifth calculation examines the geometric variation mentioned in Subsection 5.6. Begin with a single1771
filled square. At each successive level, replace each filled square by a 3× 3 square array with its middle1772
face omitted. Repeated substitution produces finite approximations to a classical carpet-like self-similar1773
motif. The implementation constructs the face masks with repeated Kronecker products of the 3 × 31774
eight-face mask, closes the selected face sets under cellular boundaries, and calculates Betti numbers1775
independently at each level. The construction uses the same cubical incidence method as the earlier1776
experiments.1777

For levels k = 0, 1, 2, 3, the computed face counts are 1, 8, 64, and 512, while the first Betti numbers1778
are 0, 1, 9, and 73. For these levels the observed identities agree with the exact replacement-rule counts1779
stated in Equation 42.1780

n2(k) = 8k, β1(k) =
k−1∑
j=0

8j =
8k − 1

7
. (42)

The recurrence in Equation 42 follows because the construction retains one connected support, in-1781
troduces one central complementary region in each previously occupied cell, and preserves the existing1782
complementary regions under replacement. The finite grid computations independently verify the for-1783
mula through level three. Figure 12 visualizes these four levels. For the idealized limiting geometric1784
set, the substitution pattern suggests the conventional similarity dimension log 8/ log 3; this dimension1785
is a property of the mathematical construction under its limiting interpretation and has not been inferred1786
from data about social value.1787

The example clarifies the distinction between a repeated geometric motif and a mechanism that repro-1788
duces the capability to generate value. The substitution algorithm guarantees a selected pattern; gener-1789
ative recurrence in a social or economic system would instead require explicit transition laws, enabling1790
relations, and evidence about resulting capacities. Moreover, a coarse-graining operation that erases1791
small holes could lower measured Betti numbers even when the underlying history remains unchanged.1792
The resolution and support-selection protocol should therefore accompany any proposed multiscale ob-1793
servable.1794

8.7 Sensitivity to Coupling, Ordering, and Recognition Rules1795

The final experiment varies two independent parameters of the order example. First, let p ∈ [0, 1] denote1796
the synthetic probability that the context-enabled central face becomes active when c follows b. Under1797
the declared Bernoulli activation rule, the b, c history has β1 = 0 when activation succeeds and β1 = 11798
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Figure 13: Sensitivity of two separate observables in the synthetic circulation model. Left: exact ex-
pected first Betti number under Bernoulli activation with seeded Monte Carlo sample means from 3,000
runs per parameter value. Right: the difference in weighted waiting cost under varying urgency assigned
toC whileB’s weight remains one. Neither panel defines a universal relationship between topology and
justice.

otherwise. Equation 43 gives the exact expectation, with no statistical approximation required.1799

E[β1(Lbc) | p] = 1− p, E[β1(Lcb) | p] = 1. (43)

A seeded Monte Carlo run evaluates 3,000 independent synthetic b, c histories at each of1800
p = 0, 0.25, 0.5, 0.75, 1. The resulting sample means are 1.0000, 0.7527, 0.5270, 0.2470, and1801
0.0000, compared with the exact means 1, 0.75, 0.5, 0.25, and 0. The discrepancy at intermediate values1802
is sampling variation under the declared randomization. These experiments illustrate sensitivity to an1803
assumed coupling or face-activation mechanism; they estimate no parameter of any actual society.1804

Second, hold wB = 1 and vary wC through 1, 2, 5, 10, and 20. Equation 40 shows that the excess1805
waiting cost of the b, c order is exactly wC − 1. This changes the normative-cost output without chang-1806
ing the face-activation model. Figure 13 juxtaposes both parameter families and thereby distinguishes1807
the topological sensitivity of a support-update rule from the evaluative sensitivity of a chosen urgency1808
weighting.1809

A third sensitivity concerns recognition and measurement rather than dynamics. If the central face1810
is activated in the underlying modeled state but a support-selection protocol omits it, the selected output1811
remains an eight-face ring and has β1 = 1. If the protocol includes it, the selected output is the nine-face1812
block and has β1 = 0. These two observations are calculated from the same underlying filled state with1813
different face-selection rules. The discrepancy would be epistemic in this construction, whereas the ran-1814
domized bridge rule changes the operative state specified by the model. A valid empirical investigation1815
would need to distinguish changes in observations from changes in relations before drawing a conclusion1816
about value formation or loss.1817

The numerical results establish several limitedmathematical findings. First, computable morphology1818
distinguishes finite selected supports even when their cell counts or Betti numbers partly agree. Second,1819
a nested history can produce the birth and filling of a first-homology class. Third, declared history-1820
dependent event rules can separate endpoint allocation equality, interim waiting costs, and final support1821
topology. Fourth, combining typed supports and iterating a multiscale rule can change global topological1822
invariants. Every result depends on the explicit finite construction, the selected support protocol, and the1823
stated cost or transition parameters. The source files specify these dependencies and permit independent1824
reproduction. Claims about human needs, justice, institutions, and actual generative capacities require1825
additional social evidence, conceptual justification, and a normative account developed separately in1826
Section 9.1827
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9 Justice of Heterogeneous Value Circulation Order1828

This section develops a preliminary normative interface for the event histories and heterogeneous value-1829
supporting structures constructed in Sections 6–7. Its objective is to specify which features of circulation1830
order may enter a judgment of justice, how a comparison can remain meaningful under partially com-1831
parable values, and which questions require independent moral, legal, and empirical justification. The1832
method combines explicitly defined history observables with a plural evaluative relation; it does not infer1833
a moral ranking from cell counts, topological invariants, or computed costs. The discussion proceeds1834
from normative admissibility and temporally distributed needs through obligations, historical power,1835
and subsequent generative possibilities, before examining partial comparisons and the interpretive role1836
of topology. The synthetic executions of Section 8 serve as fixed examples rather than evidence about1837
actual social arrangements.1838

9.1 Historical Order and Normative Assessment1839

Let Γfeas denote the technically and causally feasible event-state histories introduced in Equation 29.1840
A history γ ∈ Γfeas includes event occurrences, a precedence-respecting execution, relevant state transi-1841
tions, and records of the changing supports of candidate values. Its events are vertices in the GR complex;1842
people, organizations, and other putative bearers of claims are identified, if at all, through historically1843
supported entity-constitution procedures. Consequently, claims about a beneficiary in the following anal-1844
ysis refer to an identified trajectory or a role in an illustrative protocol, rather than to a primitive event1845
vertex.1846

Technical feasibility and normative admissibility perform distinct tasks. A possible transfer can1847
satisfy every resource and causal constraint while breaching a right, violating a prior undertaking, or1848
exposing a vulnerable participant to avoidable harm. LetΘ be a declared family of normative interpreta-1849
tions, each supplying its evidential standard, scope of standing, recognized claims, and rules for assessing1850
conflicts. For θ ∈ Θ, let Aθ(γ) denote satisfaction of those histories’ specified mandatory constraints.1851
Equation 44 defines the corresponding restricted domain.1852

Γadm
θ = {γ ∈ Γfeas : Aθ(γ) = 1}. (44)

In Equation 44, admissibility records a conclusion under a declared normative interpretation. The1853
symbolAθ is an input to ethical analysis, not an algorithm that establisheswhich rules are justified. Where1854
an alleged entitlement, beneficiary, or relevant legal norm is disputed, several admissibility domains may1855
coexist. An empty domain would identify inconsistency among the specified constraints and modeled1856
feasibility conditions, and would motivate examination of the model and the obligations rather than1857
automatic relaxation of the latter.1858

A justice assessment additionally addresses differences among histories that meet the applicable1859
mandatory constraints. A convenient notation is a family Jθ taking annotated histories into an ordered1860
space (Qθ,�θ), with q �θ q

′ interpreted as the judgment that q is at least as acceptable as q′ within1861
that interpretation. This permits a preorder or partial order whose members are themselves structured1862
profiles. The source of the ordering can be ethical argument, institutional rules, participatory deliber-1863
ation, or a restricted decision protocol; the topological formalism supplies a history representation to1864
which that ordering can be applied. Comparative and realization-sensitive approaches to justice supply1865
one relevant intellectual precedent for evaluating feasible social arrangements while preserving plural1866
evaluative considerations [14].1867

Three distinct questions then arise. Attribution determines which historically emergent individuals1868
or groups bear a relevant interest. Assessment determines which features of their trajectories and sur-1869
rounding relations count normatively. Comparison determines which of the resulting profiles can be1870
ordered. The identification protocol and the resulting moral standing need not coincide: failure to ob-1871
serve a person’s contribution or need under a particular data protocol does not establish that no justified1872
claim exists. Historical records, recognized values, and justified value judgments should therefore re-1873
main separate fields in a usable implementation.1874
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9.2 Heterogeneous Needs, Urgency, and Temporal Deprivation1875

A need can be described through a modality-specific condition and a time interval over which satisfaction1876
matters. Let Bθ denote the set of recognized claim-bearing histories or roles for a chosen interpretation;1877
its elements are derived from relational records and may be revised when the evidence changes. For1878
a ∈ Bθ andmodalityα, let nθaα(t; γ) describe the applicable need specification, and let rθaα(t; γ) describe1879
access to a resource or capability relevant to it. The two descriptors may be qualitative, interval-valued,1880
or categorical. For modalities where a defensible nonnegative loss scale is available, define a local1881
deprivation intensity dθaα(t; γ). The optional time-aggregated assessment in Equation 45 records its1882
dependence on an explicitly chosen horizon and measure.1883

Dθ
aα(γ; [t0, t1]) =

∫ t1

t0

dθaα(t; γ) dµθ(t), dθaα ≥ 0. (45)

Equation 45 applies only when the intensity, horizon, and measure are meaningfully specified. It1884
neither presupposes a single scale across value modalities nor treats every unmet need as smoothly accu-1885
mulated damage. A deadline-sensitive obligation may instead require a threshold indicator, a duration1886
above a risk level, or a record of whether an irreversible event occurred. For trust, dignity, care, or1887
knowledge, an observer may be able to identify a consequential absence without producing a justified1888
numerical intensity. Such modalities require their own assessments and uncertainty statements.1889

Urgency concerns the dependence of consequences on timing. A socially meaningful urgency re-1890
lation can be represented by a claim-specific deadline, a time-varying risk, or a precedence constraint1891
supported by medical, practical, legal, or contextual reasons. Waiting is therefore assessed relative to1892
the claimant’s history and available alternatives. A priority convention based solely on the sequence of1893
requests may exclude relevant differences in severity, exposure, and the relation between early access1894
and later capacity. Equally, an urgency-based exception may create obligations toward those deferred.1895
These considerations are compatible with ethical accounts that treat the organization of care and the1896
distribution of responsibility as political and institutional matters [15].1897

The synthetic comparison in Equation 35 illustrates a narrow, testable temporal claim. Both possi-1898
ble orders complete two unit-duration allocations. With declared weights wB = 1 and wC = 10, the1899
order B,C has cumulative weighted completion-time cost 21 while C,B has cost 12. The difference1900
is 9, and the nominal final allocation is identical. The weight assignment is an assumption of the toy1901
model: it cannot independently establish C’s moral priority, the legitimacy of either allocation, or the1902
appropriate treatment of longer-term effects. The outcome demonstrates that a time-sensitive assessment1903
can distinguish endpoint-equivalent histories, leaving the justificatory interpretation of its weights open.1904

9.3 Circulation Histories and Distributional Consequences1905

A distribution recorded at a final event can omit intermediate access, timing of loss, and the conditions1906
throughwhich the distributed resources were constituted. In the presentmodel, a history-specific distribu-1907
tional record Rθ(γ) should therefore retain at least: the recognized bearer of an allocation or contribution,1908
the value modality, the event interval, the structure supporting the allocated value, the relevant evidential1909
status, and any ensuing restriction on future access. These fields are properties of an interpreted history,1910
not components of the ambient complex’s boundary operator.1911

The difference between cumulative receipts and viable use is significant. One allocation may be1912
recorded as completed when a resource is delivered, while its practical benefit depends on whether ear-1913
lier events preserved the claimant’s opportunity to use it. A course made available after the learner’s1914
eligibility ends, or care delivered after a preventable deterioration, may be counted in an endpoint inven-1915
tory yet fail to meet the relevant need. Conversely, an early enabling intervention can contribute to the1916
formation of additional capacities not enumerated in a transfer ledger. The possibility of path-dependent1917
outcomes provides a conceptual reason to retain histories evenwhen their endpoints or aggregate resource1918
quantities agree [5, 1]; it does not import a specific increasing-returns law into the present model.1919
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Table 9: Analytical dimensions for comparing justice-relevant circulation histories. Each row specifies
possible information to retain and a separate interpretive requirement. The table supplies a modeling
interface rather than a universal priority rule.
Dimension History-sensitive descriptor Normative question or prerequisite

Timing and urgency Completion times, delay intervals,
irreversible thresholds

Evidence for severity and priority under
the circumstances

Distribution and
access

Modality-specific receipts, available use,
access restrictions

Standing, entitlement, relevant baseline
and opportunity to use

Obligations and rights Undertakings, responsibility chains,
constraint violations

Authority and scope of the applicable
norm

Conversion and power Control of exchange interfaces, terms,
refusal and exit options

Legitimacy, dependence and avoidable
imposition

Generative
consequences

Reachable subsequent supports,
capacities, and feasible paths

Which future options merit protection or
support

Recognition and
provenance

Observation protocol, missing records,
contested attribution

Reliability, representation and potential
epistemic exclusion

Distributional descriptions should also attend to the constitution of the claimant. The entity-1920
recognition relation of Section 4 permits several candidate historical supports to contribute to the1921
identity of one organization or person as represented in the model. A person’s present capacities and1922
vulnerabilities may depend on earlier education, labor, institutional exclusions, or supportive relations.1923
An allocation table indexed by supposedly fixed and independent agents will then be a useful projection1924
for some tasks but an incomplete account of the generative history. Such a projection may nonetheless be1925
preferable for a narrowly stated empirical or legal inquiry; the appropriate degree of detail is determined1926
by the object of assessment.1927

Table 9 separates descriptors from normative questions. Its rows should be read together where the1928
relations make them interdependent. A delay might alter the capacity to exercise a right; a conversion1929
interface might determine who can document a contribution; and an institutional practice might change1930
the set of future feasible histories. These interactions explain why additive summation across heteroge-1931
neous descriptors requires further justification rather than following from the existence of a vector of1932
measurements.1933

9.4 Relational Dependencies, Obligations, and Power1934

The justice of an event order also depends on who may determine that order, which alternatives are1935
open to affected participants, and how obligations persist as value-supporting structures transform. An1936
obligation may concern delivery, reciprocity, noninterference, attribution, care, or repair. In the GR rep-1937
resentation, such relations can be recorded by annotations on histories and couplings, while their bearers1938
are identified through the relevant entity-constitution protocol. An obligation survives a topological1939
operation only if the retained data permit its provenance and applicable force to be reconstructed. A1940
quotient of histories that identifies identical endpoint allocations may therefore discard a wrongful delay1941
or a broken undertaking.1942

An illustrative exchange of money and labor clarifies the point. A transaction can have a common1943
nominal price under two histories while differing in the sequence of payments, the ability to withdraw,1944
exposure to uncertainty, the availability of safety protections, and opportunities to challenge the terms.1945
Those differences affect the interpretation of consent and the distribution of risk. The question of justice1946
cannot be resolved by equality of monetary endpoints or by the similarity of the topology of the value1947
supports. The particular law, organizational practice, bargaining arrangement, and relevant accounts of1948
legitimate consent must be specified.1949

Power can be studied through the control of feasible transformations. Consider two history-indexed1950
states with identical total labeled supports. In one state, a participant can access several conversion mech-1951

52



DR
AF
T

anisms and exit alternatives; in the other, a single gatekeeper controls the only admissible conversion1952
interface. Their raw topology may coincide, yet their sets of reachable future configurations can differ1953
under the enabling predicates and event transitions defined in Section 6. The gatekeeper can influence1954
the circulation order by delaying, bundling, conditioning, or withholding access, even without extracting1955
an explicitly priced resource. Within this paper, control of a conversion interface denotes a relational1956
capacity specified by such predicates and available transitions. Its classification as coercive, justified,1957
exploitative, or protective requires institutional and normative interpretation.1958

Historical asymmetries are relevant to both need and valuation. Those who control record-keeping1959
may influence which contributions enter the recognized history, which modalities count as valuable,1960
and whose waiting or loss is visible. Commensuration procedures have their own social and political1961
consequences [7], and recognition protocols should be treated as possible sites of selection and bias.1962
This is especially important where labor, care, ecological contributions, and expressive activity circulate1963
under different measures of social value [6]. The proposed formalism can record disputed identification1964
and conversion rules; its mathematical notation does not authorize a particular hierarchy among them.1965

9.5 Generative Capacities and Future Possibilities1966

A circulation history may change the conditions for producing subsequent values. Let xγ be the final1967
decorated state of a feasible finite history γ, and let Reachh(xγ) be the set of subsequent decorated1968
states reachable within a declared horizon h under specified event rules. Section 6 introduced reachable1969
possibilities in Equation 28. For justice analysis, themeaning of an option depends onwho can exercise it,1970
how reliably it can be sustained, and whether its realization would respect relevant rights and obligations.1971
The set of reachable states is thus a descriptive input to an assessment rather than a direct measure of1972
moral progress.1973

Consider two synthetic orders that yield the same nominal allocation. The first supplies a learning1974
resource before a qualification deadline and permits a subsequent enrollment event. The second supplies1975
the same resource after the deadline, leaving that enrollment event disabled. The final transfer ledger may1976
agree, whereas the reachable-event sets differ. A corresponding distinction could arise for therapeutic1977
access, rebuilding trust after an injury, or a repair activity that preserves future social cooperation. These1978
examples concern stipulated enabling rules, and each would require a separate operational and normative1979
account in an empirical application.1980

It may seem attractive to rank histories by the number or measured volume of reachable configura-1981
tions. Such a ranking would be difficult to defend without further conditions. The size of a state space1982
depends on the resolution of the model; it can count frivolous, harmful, inaccessible, and valuable pos-1983
sibilities together. A seemingly expansive history may also impose costs or constraints on others. One1984
defensible limited comparison identifies a named set Gθ of permissible future opportunities, defines a1985
projection Πθ from reachable states to that set, and tests inclusion among the projected opportunities.1986
Equation 46 records this restricted comparison.1987

Oθ(γ;h) := Πθ

(
Reachh(xγ)

)
∩Gθ, Oθ(γ1;h) ⊇ Oθ(γ2;h). (46)

The inclusion in Equation 46 establishes only that the first history provides at least the opportunities1988
specified in the model’s chosen projection; it does not give a complete justice ranking. The opportunity1989
set, causal horizon, participant capabilities, reliability of access, and effects on others remain part of its1990
interpretation. In some contexts an option’s quality, security, and accessibility may matter more than1991
set inclusion. The representation is therefore consistent with historical and generative assessment while1992
keeping substantive judgments visible rather than embedding them unnoticed in geometry.1993

9.6 Partial Comparability and Justice-Oriented Orderings1994

A plurality of value modalities and normative considerations suggests a family of partial comparisons.1995
For each θ ∈ Θ, define a structured assessment profile qθ(γ) containing those descriptors of Table 91996
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for which there is adequate standing, evidence, and interpretive justification. Its comparison relation�θ1997
can prioritize mandatory claims, use Pareto comparisons across commensurable subdomains, or leave1998
some alternatives incomparable. Equation 47 gives a conservative comparison across a declared set of1999
permissible interpretations with a shared account of the compared histories.2000

γ1 �rob γ2 ⇐⇒
[
γ1, γ2 ∈ Γadm

θ and qθ(γ1) �θ qθ(γ2)
]

for every θ ∈ Θ. (47)

The universal comparison in Equation 47 is deliberately restrictive. A failure to establish its right-2001
hand side can reflect incompatible criteria, insufficient evidence, or contested standing, and does not2002
entail an ethical tie. The relation is reflexive and transitive if the domain is shared and each underlying2003
�θ has those properties; it may lack antisymmetry when distinct histories receive equivalent assessments.2004
Different interpretations may also disagree on whether an act is admissible, leaving robust comparison2005
unavailable. These are useful outputs of the analysis because they identify where additional deliberation2006
or evidence is needed.2007

Within a narrower domain, further comparisons are possible. When obligations are agreed to have2008
priority, an admissibility filter can precede evaluation of residual distributional harms. When several2009
deprivation dimensions have contextually legitimate scales, Pareto improvement avoids introducing ex-2010
change rates between them. A lexicographic rule is appropriate only if a justified priority ordering has2011
been supplied; a weighted sum requires even stronger commensuration assumptions. These alternatives2012
embody different normative commitments and should be made explicit. They also distinguish the act of2013
modeling the evaluative domain from selecting a social decision procedure.2014

The difference between a strict ranking and a traceable justification matters for institutional use. A2015
systemmay report that one order satisfies an agreed deadline constraint, that two orders are incomparable2016
under current evidence, or that changing one priority reverses the ranking. Such a report is analytically2017
informative without claiming that a formula has resolved the underlyingmoral disagreement. The presen-2018
tation should preserve supporting evidence, alternative interpretations, and the rationale for the priority2019
rules. This follows the paper’s commitment to distinguish a formal representation from normative au-2020
thority and to treat bias in recognizing and communicating value as part of the inquiry.2021

9.7 Topological Information and Normative Evaluation2022

The topological structures of Sections 3 and 7 can help organize and compare circulation histories.2023
The ambient event complex K, a selected value-supporting subcomplex Lα, and a derived history-2024
comparison complex D are different objects. Their homology groups capture distinct properties of the2025
chosen incidence or interchange relations. A first-homology class in Lα describes an unfilled cycle in2026
a selected support under its primitive face specification. An unfilled path-difference cycle in D may2027
describe an interchange relation absent from a declared history-equivalence protocol. Neither invariant2028
carries an intrinsic judgment of benefit, deprivation, or wrong.2029

A topology-sensitive normative question requires a connecting mechanism. For example, a support2030
hole might matter if a specified face-coupling transformation requires a filling relation and a particular2031
need remains unsatisfied as a result. The argument would then require a verified support-selection rule,2032
an admissible-event mechanism, a demonstrated causal effect on the claim-bearing history, and an inde-2033
pendently defended normative criterion. In a different model, the same Betti number could coexist with2034
beneficial redundancy, a stable circulation pathway, or a purely descriptive geometric gap. Figure 9 and2035
Figure 13 show how these distinctions can be isolated in synthetic examples.2036

The derived order diamond of Figure 7 provides a sharper local analysis. Attaching an interchange2037
face relates two edge paths with common endpoints, while Equation 36 evaluates their difference for one2038
additive cochain. In that selected model the coboundary measures the sensitivity of waiting cost to a lo-2039
cal order interchange. A general justice evaluation can depend on nonlinear thresholds, identity-specific2040
obligations, disputed recognition, and future opportunity sets; a single real-valued cochain may be in-2041
sufficient. The criterion of Proposition 3.1 consequently remains decisive for reductions: the required2042
evaluative observable must be constant on classes identified by the quotient. Homology preservation by2043

54



DR
AF
T

a Morse reduction, considered in Subsection 7.7, is a separate guarantee and does not imply preservation2044
of normative assessments.2045

The comparativemodel in Section 8 is especially instructive. An order with a lower stipulatedwaiting2046
cost may retain a first-homology class while the alternative order activates a face that fills the correspond-2047
ing support hole. The two observables vary independently under the chosen parameters. Therefore, a2048
statistical association between topological features and justice-related outcomes, if eventually observed,2049
would require identification of relevant mechanisms and alternative explanations. Topological sensitivity2050
to recognition protocols could otherwise be mistaken for a change in actual value-supporting relations.2051

For subsequent inquiry, three classes of formal question remain distinct. Structural questions con-2052
cern the morphology and topological transformations of value supports. Historical questions concern2053
feasibility, causal order, evidence, and the constitution of entities and values. Normative questions con-2054
cern standing, admissibility, obligations, need, and the comparison of histories. The present formalism2055
connects these classes through explicit projections and declared evaluation rules while preserving their2056
individual assumptions. It supports analysis of the justice of heterogeneous value circulation order as an2057
inquiry into historically situated choices and their generative consequences. The empirical identification2058
of its variables and the justification of its normative ordering remain tasks for specialized applications2059
and further argument.2060

10 Mathematical Scope and Interpretive Considerations2061

The event–coupling–face formalism offers a common representation for historical relational configura-2062
tions, heterogeneous value-supporting structures, and order-sensitive processes of circulation. Its mathe-2063
matical usefulness depends on specifying the connection between a chosen complex and the phenomenon2064
under examination. This section examines the levels of claim supported by the formalism, the semantics2065
of its topological observables, information preservation under reductions, epistemic uncertainty in the2066
recognition of value, the requirements of empirical operationalization, and possible extensions of the2067
underlying cell complex. The method is an internal assessment of definitions and inferential dependen-2068
cies, informed by the preceding synthetic constructions. It seeks to identify conditions under which the2069
formal representation may support further inquiry while leaving ontological, empirical, and normative2070
questions appropriately open.2071

10.1 Structural Formalization and Ontological Suspension2072

The primitivemodeling decisions are specified in Section 4: a vertex denotes an event, an edge a coupling,2073
and a two-cell a primitive higher-dimensional relation whose particular semantics require a modeling2074
convention. The cellular incidences, boundary operators, and representation labels then determine a2075
formal object. The use of a two-complex is an analytical proposal about which distinctions to record; the2076
existence of a useful cellular description does not establish that a social process is, in a literal physical2077
sense, a quantum spin foam. In the physical literature, spin foams supply mathematical structures for2078
histories of spin-network states and their amplitudes [2]. The present paper borrows certain combinatorial2079
and representational possibilities without importing a physical probability law, an identification of social2080
value with spin, or a theory of quantum social interaction.2081

The meaning of an individual modeling decision can be described at three levels. At the combinato-2082
rial level, a finite cell complex has vertices, incidence relations, and awell-defined cellular chain complex2083
once orientations and coefficients are chosen. At the representational level, a research protocol identi-2084
fies recorded occurrences as events, encodes relevant couplings, and decides which higher-dimensional2085
primitive relations warrant faces. At the interpretive level, a historically selected subcomplex is associ-2086
ated with an emergent value or entity according to separately declared criteria. Only the first level is2087
fixed by the relevant mathematical definitions; the latter two involve substantive choices about evidence2088
and interpretation. The same distinction applies to the causal partial order, history-realization map in2089
Equation 15, value-constitution relation in Equation 19, and event-transition relation in Equation 24.2090
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Table 10: Claim levels in the proposed relational-spacetime formalism and their requirements.
Claim level Formal or evidential object Requirement for interpretation

Mathematical Cellular boundaries, homology, order
relations, and valid deductions

Declared definitions, hypotheses,
coefficients, and correct calculations

Representational Assignment of events, couplings, faces, time
labels, and states

Documented coding rules and an adequate
record of the setting

Constitutive Identification of entities and heterogeneous
values through historical supports

Defensible modality-specific and
entity-specific criteria

Empirical Mechanisms, parameters, and predictions of
observed processes

Appropriate observations, identification
assumptions, and validation

Normative Standing, obligations, acceptable histories,
and justice comparisons

Independent ethical or legal justification with
recorded disagreement

The analytical layers and their respective evidential requirements are summarized in Table 10. The ta-2091
ble is also a guide to the scope of claims that may legitimately be derived from the manuscript’s synthetic2092
examples.2093

A mathematically valid statement may remain conditional on the representation. For example, a2094
computation can establish that a selected subcomplex has first Betti number one over a specified field.2095
Whether the selected cells constitute the support of a recognized value, whether its hole affects the fea-2096
sibility of an exchange, and whether any resulting deprivation is unjust require additional arguments.2097
Conversely, an empirical observation of deprivation may motivate a search for structural mechanisms2098
without requiring an initially successful topological representation. The distinction allows the formalism2099
to coexist with historical investigation, qualitative interpretation, and institution-specific methods.2100

The paper therefore takes an ontologically suspended stance. A historical relational account moti-2101
vates the selection of mathematical objects, while the ontology and the representation remain open to2102
revision. Such restraint is compatible with the historical development of economic categories: the cate-2103
gories used to identify and compare forms of value may themselves be products of social practices. Work2104
on commensuration, for example, describes how the construction of common metrics constitutes a con-2105
sequential social process [7]. Within the present model, a common metric is an additional institutional or2106
analytical operation, not an automatic consequence of assembling multiple modalities in one complex.2107

10.2 Topological Invariants and Value Semantics2108

Topology identifies structural features that are invariant under the selected notion of equivalence. For a2109
finite complex with a specified coefficient field, Betti numbers measure ranks of homology groups; under2110
the usual conventions the Euler characteristic alternates the counts of cells and also the Betti numbers.2111
These properties follow from the chain-complex construction reviewed in Section 3. They remain distinct2112
from the annotations and interpretation of the complex as an event history or a value-supporting structure.2113
In particular, two supports can share Betti numbers while differing in edge couplings, geometric extent,2114
temporal order, value modalities, recognition conditions, and reachable future configurations.2115

A useful distinction separates intrinsic support topology from the embedding or inclusion relation.2116
The homology of a candidate value support Lα concerns its cellular structure. Its inclusion into the2117
ambient recorded complex KH provides additional information about which events and couplings the2118
support shares with surrounding configurations. An inclusion-induced map on homology, when the2119
underlying inclusion is a cellular map, can determine whether a cycle in Lα remains nontrivial inKH or2120
becomes a boundary there. This distinction may be relevant when a support has a closed one-dimensional2121
coupling pattern that is filled by a primitive face available in the ambient complex but absent from the2122
selected value support. Whether that distinction participates in an actual value transformation depends2123
on the role assigned to the face and on the applicable transition rules.2124

The interpretation of a hole is therefore conditional on the definitions of cells, labels, and admissi-2125
ble transformations. A nontrivial class in H1(Lα) represents a closed cellular one-chain that is not a2126
boundary in Lα under the chosen coefficients. Such a class may be used to locate structural differences2127
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between candidate supports. It establishes neither a deficient resource nor the existence of a circulation2128
route, because actual circulation additionally requires compatible value states, feasible transformations,2129
and a causal history. A history-comparison complex introduced to represent interchanges among event2130
orders has a different face semantics from the primitive faces of K. Conflating their homology groups2131
would merge descriptions with different domains of interpretation.2132

Geometric weights and modality labels add further qualifications. Length, area, and duration require2133
conventions for measurement and often change under a different resolution or time discretization. Simi-2134
larly, an algebraic representation or phase attached to a primitive face can participate in a coupling rule2135
while having no independently established economic meaning. Multiple value modalities can share por-2136
tions of a support, as in Equation 22, without acquiring a common magnitude. A model that uses a vector2137
of descriptors can keep these distinctions visible, while any aggregation must specify which components2138
may be compared and why.2139

The computed examples in Section 8 provide a finite counterexample to the inference from topology2140
to normative ranking. In one stipulated order, lower cumulative waiting cost accompanies a surviving2141
support hole; in another, higher waiting cost accompanies the filling of the corresponding cycle. The2142
result is internal to its synthetic rules. It demonstrates that a homological change and the specified2143
temporal evaluation are separate observables, even when both respond to event order. The design of a2144
causal explanation linking them is a further research task. Persistent topology and multiscale descriptors2145
likewise require a documented filtration, rather than a presumption that persistence itself measures lasting2146
social benefit [9, 4].2147

10.3 Coarse-Graining and Historical Information Preservation2148

Relational spacetime may contain many recorded events and primitive relations, while practical inquiry2149
often operates with aggregations such as projects, institutions, periods, or regional systems. A reduction2150
can compress the original data into a more manageable representation. Its adequacy is relative to the2151
questions being asked. Homology-preserving simplification, history-preserving compression, preserva-2152
tion of feasible transitions, and preservation of a normative assessment are distinct requirements. Dis-2153
crete Morse theory supplies methods for reducing cell complexes with controlled homological properties2154
[8, 13]; a chosen Morse matching supplies no general guarantee that event timestamps, rights-relevant2155
evidence, or modality-specific recognition data survive unchanged.2156

At the chain level, a morphism between chain complexes is represented by degree-indexed maps2157
qp : Cp(K)→ Cp(K

′) that commute with boundaries. Equation 48 states the required relation.2158

∂′p ◦ qp = qp−1 ◦ ∂p (p = 1, 2). (48)

A family satisfying Equation 48 induces maps on homology. An arbitrary grouping of cells, however,2159
need not define such a family, and an induced homology map need not be an isomorphism. Even if it2160
is an isomorphism, histories whose distinctions concern order, timing, or recognized claims can become2161
indistinguishable under the reduction. A reduced complex should therefore be accompanied by metadata2162
about the projection and by a clear statement of which information the construction preserves.2163

An assessment-oriented reduction has a separate criterion. Let r : Γ→ Γmap detailed histories into2164
reduced histories. For an assessment Jθ : Γ → Qθ, exact recovery from the reduced representation is2165
possible when there is a function J θ with the factorization in Equation 49.2166

Jθ = J θ ◦ r. (49)

The condition is equivalent to requiring Jθ to be constant on each fiber of r. It is a criterion for preserva-2167
tion of the assessment as defined, rather than an endorsement of the assessment’s ethical legitimacy. In2168
particular, when an order-sensitive deprivation record depends on the time at which a need is met, a reduc-2169
tion that retains only final resource totals may violate Equation 49. This relates the information-theoretic2170
motivation for a quotient to the interpretive restrictions established in Proposition 3.1 and Subsection 7.7.2171
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In a bounded scalar approximation, the loss of exact preservation can be quantified. Assume a justi-2172
fied real-valued assessment Lθ on a specified finite history domain, a reduced estimate Lθ, and a stated2173
uniform error bound. Equation 50 records this assumption.2174

sup
γ∈Γ

∣∣Lθ(γ)− Lθ(r(γ))
∣∣ ≤ ε. (50)

For two histories γ1, γ2, the difference between their actual assessment gap and their reduced assessment2175
gap is then at most 2ε by the triangle inequality. Consequently, a reduced strict ordering whose gap2176
exceeds 2ε has the same sign as the unreduced ordering, provided the bound is valid for both histories.2177
This conclusion follows from the approximation assumption; establishing a credible bound in a social2178
application is a separate evidential problem. For partially ordered justice profiles, analogous preservation2179
would require a stated margin or stability criterion appropriate to the chosen order, and some comparisons2180
may remain unresolved.2181

A useful implementation can therefore retain two linked records: an aggregated representation for2182
comparison or visualization and an auditable event-level history for provenance-sensitive reconstruc-2183
tion. Effective models may also retain sufficient summaries of deadlines, unmet needs, and relevant2184
conversion interfaces. The summary cannot be declared sufficient solely because it reproduces the Betti2185
numbers of its source. The appropriate preservation criterion should follow from the intended analytical2186
use, particularly when the model is used to inform decisions that affect identifiable participants.2187

10.4 Epistemic Limits of Value Recognition2188

The historical support of an emergent value is rarely given as an unambiguous observable. Events may2189
be undocumented; couplings may be inferred from incomplete traces; institutional categories may record2190
certain contributions while overlooking others; and a value may become recognizable only after several2191
subsequent events. The selection of a support therefore involves epistemic conditions alongside topology.2192
Section 5 introduced a recognition relation separate from the proposed constitution of value. For empiri-2193
cal work, this separation should be preserved in the database, identification procedure, and presentation2194
of model outputs.2195

One representation of uncertainty is to retain a family K (O;κ) of candidate event–coupling–face2196
reconstructions compatible with an observation record O and documented coding protocol κ. Different2197
elements can reflect alternative readings of one reported interaction, incomplete evidence about event2198
precedence, or contested choices of primitive faces. A value-constitution protocol Gα may in turn asso-2199
ciate several candidate value-supporting complexes with the same reconstruction. If an alleged support2200
hole occurs in only somemembers of the candidate family, its status should be reported as reconstruction-2201
dependent. The notation describes a set of admissible interpretations; it does not assume a probability2202
measure on them.2203

This uncertainty has at least three distinguishable sources. Observational incompleteness concerns2204
events, couplings, or records that are unavailable. Interpretive plurality concerns defensible differences2205
in the coding of value, entity continuity, or causal connection. Representational selectivity concerns ef-2206
fects of the chosen vocabulary, data structure, thresholds, or visual display. These sources can interact.2207
A visualization showing a disconnected support may emphasize apparent absence when the underlying2208
record in fact contains an unresolved classification or an observation gap. Conversely, a coarse insti-2209
tutional label may join activities that bear different histories and obligations. A reliable display should2210
allow users to examine the evidence and assumptions behind significant cells, classifications, and in-2211
ferred relations.2212

Recognition can also have causal consequences. If an institution recognizes certain activities as pro-2213
ductive and treats others as peripheral, that judgment may shape future access to funding, time, training,2214
collaboration, or public standing. Such mechanisms need empirical support in each case, yet the formal2215
architecture accommodates their possibility by representing recognition as part of a history that can af-2216
fect later coupling and transition rules. The present framework thereby distinguishes an observer’s report2217
about a value from an event in which the report itself changes a social configuration. Historical records2218
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and interpretive systems may both enter the subsequent modeled history, while their evidential status2219
remains separately annotated.2220

The normative consequences of epistemic asymmetry are equally important. A claimant’s capacity2221
to have a contribution or need documented may differ from another’s. Institutional classifications can2222
therefore influence whose histories enter the feasible comparison set and which deprivations are rec-2223
ognized. The formalism should support disagreements and versioned corrections rather than issuing a2224
single hidden classification as if it were definitive. The concern is related to the socially consequential2225
character of measurement and classification discussed in the literature on commensuration [7]. It is also2226
consistent with the claim in Section 9 that normative standing cannot be inferred solely from successful2227
observation or formal identification.2228

An epistemically cautious analysis should report sensitivity across reasonable reconstruction proto-2229
cols, retain uncertainty about dates and couplings, preserve the source of contested interpretations, and2230
distinguish missing evidence from evidenced absence. These practices do not settle disputes about the2231
correct account of value, but they make the dependence of mathematical outputs on interpretive choices2232
more accessible to criticism and revision.2233

10.5 Formal Identifiability and Empirical Operationalization2234

A proposed structural formalism becomes empirically informative when its objects can be related to an2235
observation protocol and its mechanisms are stated so that they can be examined against evidence. A2236
first operational study would define an observation boundary, a unit and interval of event recording, rules2237
for assigning couplings and faces, and criteria for identifying candidate entities and value modalities. It2238
would also distinguish observed events from inferred or simulated ones. The event-based ontology does2239
not prescribe a unique empirical sampling unit: a transaction, a meeting, an episode of care, a learn-2240
ing activity, or a machine-state transition can each have a different defensible resolution. The selected2241
resolution affects which features of the resulting complex can be compared.2242

An observational design should specify what the data allow the analyst to recover. For example,2243
an institutional event log might document a completed transfer while omitting prior informal labor or2244
the deadline after which a transfer ceases to be useful. A survey might record recognized trust while2245
omitting the interactions through which that trust was formed. An ethnographic account may preserve2246
temporal dependencies that are absent from administrative logs while supporting less precise event times.2247
Combining records requires rules for aligning event descriptions, provenance, and uncertainty across2248
modalities. It also requires attention to consent, confidentiality, and the consequences of classifying2249
people’s actions as economically or morally valuable.2250

Formal identifiability is distinct from a successful fit to a sample. Let θ ∈ Θdyn denote a parame-2251
terization of event-transition, coupling, and recognition rules, and let Pobs

θ be the resulting probability2252
law over a clearly specified set of observables, whenever such a stochastic model has been justified. A2253
global identifiability criterion, relative to a declared equivalence ∼, is stated in Equation 51.2254

Pobs
θ1 = Pobs

θ2 =⇒ θ1 ∼ θ2. (51)

Equation 51 askswhether observationally indistinguishable parameterizations can differ in away relevant2255
to the claims of the model. A deterministic design can formulate the corresponding condition using an2256
observation map rather than a probability law. Distinct support-selection or transformation mechanisms2257
may generate the same cell counts, similar homology, or identical final allocations. Without additional2258
observations or assumptions, such mechanisms may be observationally equivalent. A goodness-of-fit2259
statistic, including an exact match to synthetic outputs, does not resolve that ambiguity.2260

A feasible validation sequence would begin with transparent descriptive reconstruction of a bounded2261
case; assess sensitivity to alternative resolutions and face semantics; test local hypotheses about event2262
order and the availability of particular conversions; and evaluate whether the model predicts held-out2263
historical features or distinguishes plausible counterfactual mechanisms. Predictive success, when ob-2264
served, would support the tested operational model within its domain, not prove that value is fundamen-2265
tally topological. Normative evaluation requires an additional protocol for determining whose interests2266
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count, which harms or capabilities are relevant, and which comparisons are ethically defensible. In2267
high-stakes settings, the analysis should preserve the ability to contest classifications and correct source2268
records.2269

The results of Section 8 constitute a computational consistency and illustration exercise. Their2270
boundary-rank checks, controlled order changes, and stochastic sensitivity calculation show that the2271
specified algorithms behave as described for the constructed finite complexes. The generated samples2272
originate from declared rules rather than social observations. External validity, parameter estimation, and2273
causal attribution remain open. A future empirical pilot should disclose this separation in its methods,2274
code, data dictionary, and reporting of uncertainty.2275

10.6 Extensions to Higher-Dimensional and Dynamical Complexes2276

A two-dimensional complex is sufficient to express event vertices, coupling edges, primitive faces, and2277
first- and second-dimensional cellular information. Some relational phenomena may call for higher-2278
dimensional cells, additional coefficient structures, or complexes that change with the modeled history.2279
Extensions should be selected in response to an explicit representational task, since additional dimensions2280
create both expressive possibilities and new identification obligations.2281

A three-dimensional cellular extension would introduce C3(K) and a boundary map ∂3 : C3(K)→2282
C2(K) satisfying ∂2∂3 = 0. Three-cells could, under a chosen semantics, record relations among primi-2283
tive faces or coherence conditions among different local configurations. They would alter the interpreta-2284
tion ofH2, which would then quotient closed two-chains by boundaries of three-cells. The dimensional2285
increase therefore changes which closed face structures are counted as homologically nontrivial. It does2286
not automatically capture more social reality: a new cell requires evidence or an explicit formal rule that2287
gives its boundary a substantive interpretation. The same caution applies to simplicial, cubical, and more2288
general CW representations.2289

A dynamically evolving complex requires a second distinction. An accumulating record may add2290
previously occurred events and their documented relations, while an active configuration may gain and2291
lose couplings and supports. The former can sometimes be represented as a filtration of included subcom-2292
plexes; the latter may need non-monotone correspondences or a sequence of complexes linked through2293
common refinements. Persistent homology is useful for filtrations, provided the filtration parameter is2294
defined and its relationship to event time, measurement resolution, or a threshold is declared [9]. For2295
changing active relations, a suitable non-monotone persistence construction may be considered, but its2296
maps and interpretation would need to be specified separately. A value’s apparent disappearance under2297
a different recognition protocol must likewise be distinguished from disappearance caused by historical2298
events.2299

Other mathematical directions include cellular sheaf or cosheaf coefficients for typed local data,2300
categories of transformations for composition and compatibility, directed-topological methods for non-2301
reversible execution histories, and multiscale effective models. Directed topology is relevant insofar as2302
equivalence of execution paths is intended to respect an explicit direction of permissible change [10].2303
For heterogeneous value, a coefficient system could record type-dependent local information, while non-2304
linear and history-sensitive value constitution may require additional maps beyond ordinary linear chain2305
complexes. An extended construction would need to state whether it represents a physical mechanism, a2306
data schema, a normative interface, or a formal analogy; these roles may coexist but do not follow from2307
one another.2308

The most useful criterion for an extension is whether it resolves a concrete limitation of the current2309
model. Higher-dimensional coherence may improve the expression of interacting primitive relations;2310
enriched coefficients may improve the representation of heterogeneous modalities; directed history com-2311
plexes may preserve causal order; and empirically constrained transition rules may clarify the mecha-2312
nisms by which value-supporting configurations evolve. Each extension also changes the assumptions2313
needed for an interpretation. The present two-complex therefore serves as a revisable starting point2314
whose chief result is an explicit separation of relational structure, historically constituted value, admis-2315
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sible circulation history, and justice-sensitive assessment. Subsequent work can strengthen the links2316
among these levels through formal derivation, reproducible modeling, and context-specific evidence.2317

11 Conclusion2318

The present study has developed a preliminary topological formalism for representing heterogeneous2319
value circulation in a historically constituted relational spacetime. The inquiry began from a representa-2320
tional difficulty: socially consequential values often develop across extended sequences of activity, and2321
their circulation can depend on the timing, context, and transformation of those activities. A recorded2322
transfer may be localized in time, while the capacities enabling it, the obligations accompanying it, and2323
the possibilities it generates have longer histories. A formal treatment of circulation order consequently2324
requires a description of relational structure and historical processes that can retain these distinctions.2325
The model presented here is a proposal for such a description; its intended contribution is an explicit2326
organization of formal objects, their interpretive roles, and the conditions under which comparisons may2327
be meaningful.2328

The first component is an oriented two-dimensional event–coupling–primitive complex. Vertices2329
represent event occurrences, edges represent couplings among events, and faces provide higher-order2330
primitive structures whose specific semantics are supplied by a declared modeling protocol. The com-2331
plex accommodates diverse events, including occurrences that have no direct exchange or allocation2332
interpretation. Historically emergent entities are identified, where possible, through relations to subcom-2333
plexes and recorded trajectories. Section 4 distinguishes this ambient structure from selected historical2334
supports, active configurations, and the additional causal order needed to construct feasible event histo-2335
ries. These distinctions allow historical record and present activity to be represented separately, while2336
retaining the possibility that changes in coupling, observation, or interpretation affect subsequent identi-2337
fications.2338

The second component concerns the constitution andmorphology of heterogeneous values. Section 52339
treats candidate values as potentially supported by extended, overlapping, and modality-dependent rela-2340
tional subcomplexes. A constituent face can carry a primitive encoding without representing a complete2341
value. Compact, branching, and holed supports exhibit differences in cellular organization; further de-2342
scriptors record structural extent, temporal duration, geometric weighting, and scale-dependent features.2343
These descriptors are informative only in relation to the selected support and its constitution protocol.2344
The magnitude, social significance, or ethical standing of a value requires criteria beyond its cell count,2345
area, Betti numbers, or apparent geometric complexity. The proposedmultiscale constructions also allow2346
recursive organization to be studied without presupposing exact fractal structure as a general property of2347
value.2348

The third component is a history-sensitive account of generative dynamics. Event transitions and2349
support-update correspondences in Section 6 describe candidate changes in locally coupled configu-2350
rations, including transmission, conversion, combination, fragmentation, dissipation, and regeneration.2351
Circulation may therefore be represented through the changing supports and capacities associated with2352
successive events, as well as through conventional transfer records. Feasible histories additionally de-2353
pend on causal precedence and declared resource or transformation constraints. The possibility that an2354
earlier event changes the set of feasible later events is central to the longer-term inquiry into generativity:2355
circulation order may modify the conditions of further value formation. The manuscript proposes mathe-2356
matical interfaces for expressing that possibility while leaving the selection and calibration of transition2357
laws to subsequent formal or empirical work.2358

The fourth component separates topological reduction from historical and normative comparison.2359
The cellular chain complex provides boundary operators and homology groups for the ambient complex2360
and its value-supporting subcomplexes. A distinct, derived history-comparison complex can represent2361
admissible transitions between decorated configurations and possible local interchanges of event order.2362
The difference between two paths in that derived complex may be a boundary of an explicitly attached2363
face, while their interim costs or consequences remain unequal. Likewise, a quotient identifies histories2364

61



DR
AF
T

for a particular analytical purpose only when the properties to be evaluated are preserved by its equiva-2365
lence relation. Discrete Morse simplification, homological invariants, and coarse-graining accordingly2366
serve as conditional reduction tools. Their suitability depends on which causal, modal, and historical2367
information the analysis must retain. A topological hole, in particular, specifies a feature of a chosen2368
complex and coefficient system; its meaning for value circulation depends on the primitive and support2369
semantics established in the model.2370

The computational exercises in Section 8 make several of these distinctions explicit. Finite cubical2371
examples exhibit compact, branching, and ring-shaped supports and verify their cellular boundary and2372
homology calculations. An illustrative filtration produces a one-dimensional class that appears when2373
an outer ring closes and disappears after its center is filled. A separate pair of allocation orders yields2374
the same completed deliveries with weighted waiting costs of 21 and 12 under stipulated assumptions.2375
Additional synthetic rules link circulation order to different final support topologies and explore sensi-2376
tivity to coupling and recognition decisions. These calculations demonstrate the internal behavior of2377
the specified examples and the distinguishability of selected structural and temporal observables. Their2378
numerical outcomes do not establish empirical regularities in social value formation, causal effects in2379
observed institutions, or ethically justified allocation priorities.2380

The normative extension in Section 9 treats circulation-order justice as an assessment of admissible2381
histories under explicitly declared ethical interpretations. Its objects include historically identified claim2382
bearers, modality-specific needs, temporal deprivation, obligations, conversion power, and the future2383
opportunities made reachable by different trajectories. Under such a construction, technically feasible2384
histories can be distinguished from normatively admissible ones, and justice comparisons can remain2385
partial when relevant values or claims are incompletely commensurable. Endpoint equivalence, equality2386
of certain topological descriptors, and equality under a justice assessment are therefore different relations.2387
The model is designed to make possible consequences and evidential dependencies visible for ethical2388
argument; it leaves the justification of rights, weights, standing, and permissible trade-offs to the relevant2389
normative and institutional inquiry.2390

Several tasks follow from the limits examined in Section 10. A more complete theory would need2391
defensible semantics for primitive faces and the coupling data attached to them; coherent procedures for2392
identifying value- and entity-supporting subcomplexes across histories; mathematically specified trans-2393
formation rules, including cases in which the complex itself evolves; and criteria for which historical2394
distinctions may survive quotienting or coarse-graining. Empirical applications would further require2395
documented event reconstruction, uncertainty in support selection and recognition, tests of model identi-2396
fiability, and comparisons against alternative explanations. Normative applications would need to make2397
explicit the ethical standing of affected entities and the reasons supporting assessments of urgency, obli-2398
gation, loss, and future capability. These lines of work may be pursued through formal derivation, com-2399
putational modeling, historical interpretation, and participatory or empirical investigation, according to2400
the problem at hand.2401

The resulting formalism provides a common vocabulary for an inquiry that begins with historically2402
distributed events and couplings, considers the relational constitution of heterogeneous values, and com-2403
pares the consequences of different feasible circulation histories. Its central analytical proposal is that2404
the morphology and trajectory of value-supporting structures may carry information about generation,2405
circulation, and future possibilities that is absent from an endpoint-only allocation record. Whether2406
those additional descriptions yield explanatory, predictive, or normative advantages remains an open2407
and testable matter. The present contribution is the explicit framework and synthetic demonstrations2408
from which those questions can be investigated with greater mathematical and interpretive precision.2409

A Notation and Mathematical Conventions2410

This appendix consolidates the mathematical symbols and interpretive conventions used in Sections 3–2411
10. Its purpose is to make the domains of the formal operations explicit, distinguish objects that share a2412
convenient diagrammatic presentation, and state the assumptions under which a topological expression2413
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Table 11: Cellular, homological, and coefficient conventions used in the manuscript.
Symbol Mathematical role Interpretive qualification

K,Kp Ambient finite oriented 2-complex and its p-cells K0 events,K1 couplings,
K2 primitive faces

Λ = (Λ0,Λ1,Λ2) Annotations or local encodings by cell dimension Labels may be measured,
inferred, posited, or
interpreted

Cp(K;F), ∂p Cellular chains and signed boundary operators Orientation is algebraic,
separate from causal order

[f : e], Bp Cellular incidence coefficient and boundary matrix Matrix entries depend on
chosen bases and field

Zp, Bbdry
p , Hp Cycles, boundaries, and homology groups Bbdry

p distinguishes
boundaries from boundary
matrices Bp

βp, χ Betti numbers and Euler characteristic Topological descriptors
with no intrinsic normative
ranking

δp, ω Cochain coboundary and an optional p-cochain The interpretation of a
weighted evaluation is
additional

Sub(K) Cellular subcomplexes of the ambient complex Included cells are closed
under cellular boundaries

has its usual algebraic meaning. The definitions and choices listed here summarize the working construc-2414
tion; they introduce neither an additional social ontology nor a new criterion of justice. In an application,2415
the observation protocol, value modalities, historical resolution, and admissibility rules must still be2416
supplied. Tables 11, 12, and 13 summarize the cellular, historical, and evaluative notation, respectively.2417

A.1 Cellular Structure, Coefficients, and Orientation2418

The baselineK is a finite, oriented, regular two-dimensional CW complex. The notationKp denotes its2419
set of p-dimensional cells, for p = 0, 1, 2. Vertices v ∈ K0 are events; edges e ∈ K1 are couplings; faces2420
f ∈ K2 are primitive two-dimensional cells. This is a proposed GR interpretation of a mathematical cell2421
complex. The ontology does not equate an event with an emergent entity or require that an event involve a2422
value transfer. The primitive semantics of faces are left model-dependent, as discussed in Subsection 4.2.2423

Unless another coefficient system is specified, Cp(K;F) denotes the cellular p-chain space over a2424
field F, and ∂p denotes its cellular boundary map. The corresponding space over Z is a free abelian chain2425
group. An oriented p-cell supplies one basis generator, and reversing the chosen orientation reverses2426
that generator’s sign over characteristic other than two. Incidence numbers [f : e] are integers whose2427
signs depend on chosen orientations. The algebraic identity ∂1∂2 = 0 is structural; its validity does not2428
require the coupling orientation to agree with an event’s causal precedence. Equation 3 introduces the2429
chain complex, and Equation 13 specifies the face boundary.2430

A rank calculation overF2 (also denotedGF(2)) discards orientation signs in its matrix representation2431
because+1 = −1 in that field. Integer or real coefficients retain the sign conventions. The experiments2432
of Section 8 use F2 for boundary ranks and Betti numbers, whereas the signed order-coboundary example2433
of Subsection 7.6 uses real-valued cochains. These are separate calculations with different coefficient2434
assumptions; a numerical equivalence between them is not asserted.2435

Table 11 gathers the principal cellular symbols. In a finite complex, βp(K;F) is the dimension of2436
Hp(K;F), and the Euler characteristic χ(K) can be obtained from cell counts or the alternating sum of2437
Betti numbers. Betti numbers depend on the coefficient field in the possible presence of torsion, while2438
the Euler characteristic does not. A homology class describes an equivalence class of cycles modulo2439
boundaries of higher-dimensional cells, under the selected complex and coefficients.2440
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Table 12: Historical and derived-configuration notation with domain distinctions.
Symbol Domain and function

E,≺,� Modeled event set and strict/reflexive precedence relations
I (E,≺),H Downward-closed event configurations and one selected historical configuration
K ,H 7→ KH Record-realization rule associatingH with a cellular subcomplex ofK
AH , τ Active-cell selection and optional event-time annotations
Eκ(H) Set of candidate entity supports with identification data under protocol κ
Γfeas,Γn(x0) Feasible histories and finite state-bearing trajectories under the declared transition

system
D Separate history-comparison complex; its vertices are execution configurations
Pr,Cα Partial projections from histories to cellular chains and to value-circulation traces
Lα ↪→ KH Inclusion of one value support in its recorded historical ambient complex

Some conventional mathematical notation is overloaded across disciplines. In this manuscript, Bp2441
designates a matrix representation of ∂p in calculations, while im ∂p+1 denotes the group or space of cel-2442

lular boundaries. The latter may be writtenBbdry
p where a distinction is needed. The cochain coboundary2443

δp is dual to ∂p+1 with the usual pairing convention; in the real-valued calculation of Equation 36, it is2444
used on a separately constructed history-comparison complex.2445

A.2 Events, Causal Histories, and Recorded Configurations2446

An event set E ⊆ K0 carries a strict partial order ≺ when the model specifies causal or precedence2447
dependencies. In the reflexive convention v � w means either v = w or v ≺ w. Two events can2448
be incomparable because the model does not require an order; incomparability does not itself establish2449
simultaneity or causal independence. A linear extension is a total ordering consistent with the given2450
partial order. The choice of an algebraic orientation for an edge or face places no constraint on this event2451
order.2452

The symbol H designates a finite downward-closed subset of E, and I (E,≺) is the collection of2453
such subsets. The recorded historical subcomplex KH = K (H) is defined by a history-realization2454
assignment, described in Equation 15. The intended conditions are cellular closure, (KH)0 = H , and2455
monotonicity under enlargement of recorded histories. These conditions require a selection rule for2456
couplings and primitive faces; they are not implied by the event subset alone. When the observational2457
reconstruction is incomplete, the meaning of KH must be qualified by the evidence and provenance2458
attached to the assignment.2459

The selectionAH records operative or active cells at historyH . Activity can decline or cease even as2460
the recorded historical complex grows. An active-cell selection need not be a subcomplex unless closure2461
under boundaries has been verified. The symbol τ denotes temporal annotations, such as timestamps or2462
event intervals, when available; it is not identified with ≺ or an edge’s orientation. The causal-past and2463
accessibility operations appear in Equation 17.2464

Table 12 distinguishes the representations used for historical and circulation-order analysis. Its en-2465
tries prevent the ambient event complex from being conflated with the derived execution or comparison2466
diagram of Sections 3 and 7.2467

There are two uses of “history” which are related but mathematically distinct. A down-closed event2468
configuration H describes what has occurred according to an event inventory. A trajectory γ ∈ Γfeas2469
additionally records a permissible order and, where specified, intermediate states and event-transition2470
data. Distinct trajectories may therefore have the same completed-event set. The projection Pr in Equa-2471
tion 32 requires a separately declared routing rule r to turn an event trajectory into a path on a selected2472
cellular graph. A cellular 1-chain is a linear combination of oriented edges; it is not, by definition, a2473
chronologically ordered event list.2474

In particular, D denotes a derived history-comparison complex whose vertices encode completed-2475
event configurations rather than GR events themselves. A face ofDmay encode a stipulated permissible2476
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interchange between two event orders. Such an interchange face is different from a primitive face ofK,2477
even if both are drawn as polygons. The boundary identity of Equation 34 belongs to D. It supplies no2478
general correspondence between the topology ofD and that of the ambientK.2479

A.3 Value Modalities, Supports, and Recognition2480

A modality index α denotes a contextually specified kind of value. The index is a type designation, not2481
automatically an element of a globally commensurable numerical scale. The selected support Lα ⊆ KH2482
is a candidate historical subcomplex contributing to the constitution of value of modality α. Supports of2483
distinct modalities may overlap and may have different event spans, connectivity, or cell counts. Their2484
identification requires selection criteria and cannot be recovered uniquely from homology alone.2485

The set Sα,κα(H) of Equation 18 lists admissible pairs of candidate supports and associated support2486
data for a declared protocol κα. The constitution relation Gα of Equation 19 maps admissible, decorated2487
historical inputs into candidate value statesVα. Its set-valued arrow allows undecided or multiple defen-2488
sible identifications. The observer-relative recognition relation Rα,r, defined in Equation 23, concerns2489
the available evidence and interpretation protocol of observer r. Constitution, recognition, and mani-2490
festation occupy different analytical roles; an observed manifestation may inform recognition and may2491
itself add new events to a history.2492

The morphology descriptor Mα(L) in Equation 20 contains selected topological, geometric, and2493
scale-dependent measurements. The optional extent descriptor Ext(L; τ) in Equation 21 counts cells and2494
records a temporal span under a specified time annotation. A weighted measure µα(L) or an estimated2495
dimension Dα(L) requires an independently declared metric, covering procedure, or measurement rule.2496
A higher cell count or Betti number is not a definition of greater value magnitude. Where supports2497
overlap, Oc denotes a selected, cell-count-based overlap index as in Equation 22.2498

A.4 Transformation Relations and Comparison of Histories2499

The symbol XH denotes the admissible decorated states at a recorded historical configuration H . A2500
local event-transition relationRH

v ⊆XH×XH′ links such states under a stated enabling and feasibility2501
protocol. The support-update correspondence U H

α,v relates selected value supports across that event.2502
A conversion relation CηI,J relates products of potentially distinct value-state spaces under contextual2503
conditions η. The notation is relational because unique outputs, reversibility, linearity, and conservation2504
are not assumed in the general proposal. Equation 29 describes a finite operational model with enabling,2505
permission, and transition checks; the event-order composition in Equation 30 illustrates conditional2506
dependence on historical order.2507

The reachable-state construction Reachn(x;R) is conditional on a horizon and available transfor-2508
mations. It describes specified further possibilities rather than a universal magnitude of generativity.2509
The justice-related notation of Section 9 is likewise indexed by a normative interpretation θ. The2510
subset Γadm

θ contains histories that pass the corresponding normative admissibility conditions; it may2511
be strictly smaller than the technically feasible set Γfeas. A component Dθ

aα denotes a conditional2512
temporal-deprivation measure for a designated claim-bearing position a and modality α, and Oθ(γ;h)2513
is an interpretation-indexed projection of permissible future opportunities. The notation a here is a2514
position or claimant designation within an applied normative description, not a GR vertex.2515

Table 13 records the remaining operators. Their domains should be declared afresh whenever a2516
particular empirical or normative application replaces these schematic constructions with measured or2517
estimated quantities.2518

A symbol such as q, R, or r can denote a quotient, a topological simplification, or a map on histories2519
in different portions of the manuscript. The applicable domain and codomain govern its interpretation.2520
A cellular reduction that preserves homology need not preserve event timestamps, interpreted needs, or2521
the evaluative order of histories. The factorization criteria in Proposition 3.1 and Equation 49 express2522
exact preservation of a specified assessment; Equation 50 instead addresses a bounded approximation2523
for a declared real-valued loss. Neither condition follows from homology preservation alone.2524
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Table 13: Transformation, reduction, and normative-assessment notation.
Symbol Specified use

XH ,RH
v Historical state space and event-triggered transition relation

U H
α,v, C

η
I,J Value-support update and context-dependent conversion relation

Reachn States reachable under explicitly specified transition rules and horizon
Γadm
θ Histories passing the normative admissibility criterion associated with θ
Dθ

aα,Oθ Conditional deprivation integral and permissible opportunity projection
qθ,�θ,�rob Normative profile, comparison relation, and robust comparison across

interpretations
R, r, q Context-dependent reduction or quotient map; domain and target specified

locally
J,J θ Assessments on a reduced space when factorization is justified

A.5 Scope of Mathematical and Normative Claims2525

Four claims should remain separate during formal interpretation. First, a statement about a cellular bound-2526
ary, homology group, or chain map is a theorem or computation under explicit algebraic assumptions.2527
Second, labeling a selected subcomplex as an entity or value support is a model-mediated identification2528
under a stated historical and interpretive protocol. Third, assigning feasible event transitions or identify-2529
ing a causal effect requires specified mechanisms and, for empirical claims, evidence. Fourth, classifying2530
or comparing histories as just requires declared normative standing and criteria. The model is designed2531
to relate these operations, while retaining their distinct conditions of validity.2532

Expressions such as “hole,” “circulation,” “face state,” and “generation” can otherwise appear to2533
carry more than one meaning. Throughout the manuscript, a hole means a topological feature of a spec-2534
ified complex with specified coefficients and attaching cells. A circulation trace is a selected repre-2535
sentation of a feasible history or of changes in value-supporting configurations. A face state is local2536
encoding data whose social semantics are additional. Generation refers to changes in constituted values2537
or reachable capabilities under a proposed transformation model. None of these definitions supplies an2538
empirical mechanism or normative verdict without the appropriate connecting assumptions. The planned2539
subsequent appendices will address explicit boundary calculations, historical construction protocols, re-2540
producibility specifications, and possible extensions under these conventions.2541

B Cellular Boundary Matrices and Homology Calculations2542

This appendix supplies exact chain-level calculations for the finite examples used tomotivate the topolog-2543
ical formalism. Its objective is to make the choice of cells, orientations, coefficient fields, and attaching2544
data reproducible, and to distinguish the ambient relational complex from a selected value-supporting2545
subcomplex and a separate history-comparison complex. The calculations comprise a triangular cycle, a2546
ring included in a filled cubical complex, a closed two-dimensional shell, and a diamond of event-order2547
configurations. They establish mathematical relations among boundary ranks and homology groups. In-2548
terpreting a selected subcomplex as a constituted value, or evaluating an order as just, remains a separate2549
model-dependent operation. The computations are independently reproduced by the source-package2550
script experiments/run_appendix_b_homology.py.2551

B.1 Cellular Bases and Rank Conventions2552

Let K be a finite regular two-complex, with its cells ordered in a declared basis and with an algebraic2553
orientation chosen for each positive-dimensional cell. Over a coefficient field F, the corresponding2554
boundary matrices are B1 ∈ Fn0×n1 and B2 ∈ Fn1×n2 , where np = |Kp|. These matrices represent the2555
boundary maps introduced in Equation 3. A zero-column matrix represents an absent group of two-cells.2556
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Table 14: Exact cellular counts, rational boundary ranks, and Betti numbers for the appendix examples.
Identical Betti numbers were obtained over F2 by an independent elimination routine.

Complex n0 n1 n2 r1 r2 β0 β1 β2

Unfilled triangle 3 3 0 2 0 1 1 0
Filled triangle 3 3 1 2 1 1 0 0
Eight-face ring 16 24 8 15 8 1 1 0
Nine-face filling 16 24 9 15 9 1 0 0
Tetrahedral shell 4 6 4 3 3 1 0 1
Diamond without face 4 4 0 3 0 1 1 0
Diamond with face 4 4 1 3 1 1 0 0

Equation 52 gives the Betti numbers in terms of exact matrix ranks.2557

β0(K;F) = n0 − rankF(B1),

β1(K;F) = n1 − rankF(B1)− rankF(B2),

β2(K;F) = n2 − rankF(B2).

(52)

Equation 52 follows from rank–nullity and the definition of homology in Equation 6; it assumes2558
that the complex has no three-dimensional cells. The matrix identity B1B2 = 0 is checked exactly for2559
each example. We use Q for signed incidence and exact rank calculations and repeat the ranks over2560
F2. For these particular complexes the resulting Betti numbers agree. Such agreement is an outcome of2561
the selected examples and does not establish field-independent homology for arbitrary complexes. The2562
algebraic orientations are distinct from event precedence and from the direction of a value transformation.2563

B.2 Triangular Cycle and Primitive-Face Attachment2564

Take three event vertices v0, v1, v2 and coupling edges e01, e12, e20, oriented along the indicated ordered2565
pairs. The three-edge loop has the first boundary matrix stated in Equation 4. With no primitive face,2566
C2 = 0; consequently rankB1 = 2 and rankB2 = 0. The generator e01 + e12 + e20 lies in kerB1 and2567
represents a nonzero first-homology class. Equation 53 records the Betti vectors of the two complexes.2568

(β0, β1, β2)unfilled = (1, 1, 0),

(β0, β1, β2)filled = (1, 0, 0).
(53)

For the filled triangle, attach a primitive face f whose oriented boundary is e01 + e12 + e20. The2569
resulting column B2 = (1, 1, 1)⊤ spans kerB1, and the cycle is a cellular boundary. The attachment2570
does not remove an edge or a vertex; it changes the available two-dimensional filling data. This is2571
an elementary example of how face selection affects the topology of a value-supporting candidate. No2572
inference about value magnitude, circulation feasibility, or an unmet obligation follows from Equation 532573
alone.2574

B.3 Cubical Ring, Filled Complex, and Induced Homology2575

Consider the regular cubical cell structure of a 3 × 3 block of unit squares. Let Kdisk contain all nine2576
square faces and their boundary cells, and let Lring ⊂ Kdisk contain the eight outer faces and all their2577
incident edges and vertices. Both have the same 16 vertices and 24 edges; the inner four edges remain in2578
the ring because they bound the surrounding faces. An orientation is fixed by ordering vertices by planar2579
coordinates, orienting edges from the lexicographically smaller to the larger endpoint, and orienting each2580
square counterclockwise. The exact counts and ranks are collected in Table 14.2581

The ring has rankB1 = 15 and rankB2 = 8. Its nine-dimensional cycle space thus contains one2582
class outside the eight-dimensional boundary space. Attaching the ninth face raises rankB2 to nine, so the2583
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1 = 1

(a) Eight-face ring

1 = 0

(b) Filled nine-face complex

Figure 14: An eight-face cubical subcomplex included in a nine-face filled complex. Both retain the
same one-skeleton. The dashed inner cycle is nontrivial in the first homology of the eight-face ring and
is the boundary of the additional central face in the filled complex. Vertex dots denote abstract GR events
in this illustrative incidence structure; no empirical circulation or value magnitude is encoded.

filled complex has trivial first homology. Figure 14 exhibits the shared one-skeleton and the additional2584
filling explicitly. This comparison also verifies Euler’s identity: the ring has χ = 16 − 24 + 8 = 0,2585
whereas the filled complex has χ = 16− 24 + 9 = 1.2586

The inclusion i : Lring ↪→ Kdisk induces a homomorphism on first homology. Equation 54 records2587
this map.2588

i∗ : H1(Lring;Q) ∼= Q −→ H1(Kdisk;Q) = 0. (54)

The generator represented by the inner four-edge cycle is carried to zero by Equation 54, because2589
that cycle is the boundary of the additional central face in the ambient filled complex. Thus a value-2590
supporting candidate subcomplex may have a nontrivial homology class that becomes trivial in the larger2591
recorded spacetime. This is a statement about the inclusion and its selected cells. Whether the added2592
face participates in the constitution or recognition of a particular value modality requires an explicit2593
constitution or observation protocol, as specified in Section 5.2594

B.4 Closed Two-Dimensional Shell and Second Homology2595

A closed collection of faces can support nontrivial second homology even in a strictly two-dimensional2596
complex. Consider the boundary of a tetrahedron, with vertices 0, 1, 2, 3, edges 01, 02, 03, 12, 13, 23,2597
and oriented triangular faces 012, 013, 023, 123, with orientations induced by increasing vertex order.2598
The six-by-four matrix B2 is displayed in Equation 55.2599

B2 =



1 1 0 0
−1 0 1 0
0 −1 −1 0
1 0 0 1
0 1 0 −1
0 0 1 1

 , B2


1
−1
1
−1

 = 0. (55)

The first boundary matrix has rank three, and B2 also has rank three. Equation 52 yields2600
(β0, β1, β2) = (1, 0, 1), with Euler characteristic two. The signed sum of the four faces in Equa-2601
tion 55 is a two-cycle. Because the complex contains no three-cells, this nonzero two-cycle cannot be2602
a cellular boundary of a three-chain within the specified complex. This example distinguishes second-2603
dimensional closed face configurations from first-dimensional holes. It does not require identifying the2604
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collection with a specific economic value, and it does not treat an abstract cell complex as a physical2605
spacetime realization.2606

B.5 Derived Event-Order Diamond and Coboundary Calculation2607

The history-order diagram in Section 7 is a different cellular construction. Its vertices S0, Sb, Sc, Sbc are2608
completed-event configurations, not primitive GR events. Give the diagram the ordered edges d0b, dbF ,2609
d0c, and dcF , each oriented toward the next configuration. In these bases, Equation 56 gives its matrices2610
when an interchange face is included.2611

BD
1 =


−1 0 −1 0
1 −1 0 0
0 0 1 −1
0 1 0 1

 , BD
2 =


1
1
−1
−1

 , BD
1 B

D
2 = 0. (56)

The two paths d0b + dbF and d0c + dcF have identical endpoint boundaries. Their difference is the2612
column of BD

2 . Without an interchange face, the diamond has β1 = 1; with one, β1 = 0. Attaching this2613
face expresses a selected relation among possible executions. It adds no primitive face to the ambient2614
GR spacetimeK unless a separate modeling rule expressly establishes such a correspondence.2615

For completeness, the weightedwaiting-cost example of Subsection 7.6 can be checked at the cochain2616
level. Let the costs assigned to the four directed execution steps be the real-valued one-cochain ω =2617
(11, 10, 11, 1) in the edge order of Equation 56. These values represent the specified cumulative interval2618
costs when the first waiting period involves both recipients, and the second involves only the recipient2619
still waiting. The two path totals are 21 and 12. Equation 57 verifies their difference by the dual boundary2620
pairing.2621 〈

δω, fD
〉
=
〈
ω, ∂2fD

〉
= (11 + 10)− (11 + 1) = 9. (57)

The comparison in Equation 57 is over real-valued cochains; the preceding F2 ranks do not encode2622
signed or weighted harm. A nonzero coboundary establishes the path sensitivity of the selected additive2623
evaluation, not a general moral ranking of the two histories. The evaluation depends on the imposed2624
urgency weights, feasible steps, and time discretization. The derived interchange face and the primitive2625
value-bearing faces ofK remain semantically distinct.2626

B.6 Verification Protocol and Interpretive Boundaries2627

The supplied script constructs boundary matrices from declared oriented simplicial and cubical inci-2628
dences, checks B1B2 = 0 exactly, computes ranks over Q using exact symbolic arithmetic, and recom-2629
putes ranks over F2 using binary elimination. It verifies the Euler identities, the displayed tetrahedral2630
two-cycle, the ring’s inner cycle and its filling in the ambient complex, and the numerical cobound-2631
ary in Equation 57. Its machine-readable outputs are experiments/appendix_b_results.json and2632
experiments/appendix_b_results.csv. Each case is a deterministic constructed example rather2633
than an empirical observation; no random seed or statistical uncertainty is involved.2634

The calculations support three delimited uses in the main text. First, cellular attachment data can dis-2635
tinguish an unfilled edge cycle from a filled one with the same one-skeleton. Second, the homology of2636
a selected support can differ from that of its ambient recorded complex, and this distinction is expressed2637
by an induced map under inclusion. Third, homology on a derived execution complex and real-valued2638
cochain evaluations can describe selected order relations without identifying those relations with ambi-2639
ent primitive faces. Identifying a value modality, determining its economic significance, establishing2640
historical causation, and comparing justice-sensitive consequences require additional rules and evidence2641
beyond the calculations of this appendix.2642
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C Formal Constructions of Historical Subcomplexes2643

This appendix gives explicit finite constructions for the history-realization assignment introduced in2644
Equation 15. Its role is to connect the event-based ontology of Section 4 to the value-support and dy-2645
namical operations of Sections 5 and 6. The constructions specify how completed-event configurations,2646
recorded primitive cells, active couplings, and candidate supports can be represented without reducing2647
an entity or a value to an event vertex. They also establish conditions under which accumulation of his-2648
torical records defines an inclusion filtration. The example and the companion calculation are synthetic;2649
their semantic annotations illustrate choices made by a protocol and are not empirical classifications.2650
Figure 15 and Table 15 provide the concrete reference structure.2651

C.1 Event Configurations and Admissible Historical Prefixes2652

Fix the modeled event inventory E = K0 of an ambient finite regular two-dimensional CW complex2653
K, and a strict partial order ≺ on E. The order represents stated precedence dependencies, rather than2654
the orientations chosen for the cellular edges. A completed-event configuration H is an order ideal:2655
whenever v ∈ H and w ≺ v, the predecessor w also lies inH . Write I (E,≺) for the set of such ideals,2656
including the empty configuration. The topology of K places no independent restriction on the order2657
ideals beyond the compatibility rules explicitly introduced by the model.2658

A finite event execution is a sequence γ = (v1, . . . , vn) of distinct events whose prefixes Hi =2659
{v1, . . . , vi} are ideals. Equivalently, each newly appended event is enabled by the declared order. This2660
definition permits several executions with the same terminal setHn, because concurrent or incomparable2661
events may be ordered differently. A more restrictive feasible execution must also satisfy the state and2662
permission checks in Equation 29. Hence an admissible prefix in the order-theoretic sense is a necessary2663
structural input, rather than a declaration of technical or normative feasibility.2664

For a fixed event inventory, a history prefix retains the events that have occurred, whereas the evi-2665
dence available to an observer may arrive later. It is useful to distinguish an occurrence-indexed record2666
from an observation-indexed reconstruction: a source may subsequently document a coupling involving2667
earlier events, and a researcher’s revised interpretation may assign a different primitive-face structure to2668
the same reported episode. The construction below operates on one explicitly selected version of that2669
reconstruction. A change of version can be compared by another map, without being mistaken for an2670
event that occurred at the time of revision.2671

C.2 Cell Prerequisites and the Historical Realization Map2672

A history-realization map needs a rule for including edges and faces after the relevant events have oc-2673
curred. The following finite construction supplies such a rule. For each cell σ ∈ K, assign a prerequisite2674
setWσ ⊆ E; this set specifies which completed events suffice for the selected recording protocol to in-2675
clude σ. We requireWv = {v} for each event vertex andWτ ⊆Wσ whenever τ is a cell in the closure of2676
σ. In particular, the endpoint events of an edge, and all vertices in a face boundary, belong to the relevant2677
cell’s prerequisite set. The sets may contain additional events associated with documentary confirmation2678
or a chosen reconstruction threshold. These prerequisites are formal recording conditions and should not2679
automatically be read as causal mechanisms.2680

Definition C.1 (Prerequisite-based history realization). For an order ideal H ∈ I (E,≺), the recorded2681
historical complexKH consists of exactly those cells whose declared prerequisites have occurred. Equa-2682
tion 58 specifies the assignment.2683

KH = {σ ∈ K :Wσ ⊆ H}, KW : H 7−→ KH . (58)

The requirement that all faces of an included cell have prerequisites contained in those of the cell2684
is essential. Merely selecting all cells with incident vertices in H is another possible rule, but it makes2685
an implicit decision that all incident couplings and faces are already documented when their vertices are2686
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present. Equation 58 makes that decision inspectable and allows a primitive face to be recorded only2687
after an additional modeled event.2688

Proposition C.2 (Closure and accumulation of prerequisite histories). Under the stated prerequisite2689
conditions, KH is a subcomplex of K with zero-skeleton H for every order ideal H . Furthermore,2690
H ⊆ H ′ impliesKH ⊆ KH′ .2691

Proof. If σ ∈ KH and τ belongs to its cellular closure, the prerequisite condition givesWτ ⊆Wσ ⊆ H .2692
Thus τ ∈ KH , proving closure. A vertex v lies in KH exactly whenWv = {v} ⊆ H , so (KH)0 = H .2693
Finally,Wσ ⊆ H ⊆ H ′ implies σ ∈ KH′ . The claim follows. □2694

Proposition C.2 gives a sufficient condition for the monotone history-realization assumption in Sec-2695
tion 4.4. The result depends on a fixed event inventory, ambient complex, and prerequisite protocol. If2696
the observer revises any of these, two successive reconstructed records may cease to be nested. Such a2697
revision is better represented as an explicit relation between recorded versions than silently incorporated2698
into an apparent historical filtration.2699

C.3 Active Relations and Versioned Observation2700

The accumulated recorded complex can retain a coupling even after it stops operating. For each2701
completed-event configuration H and observation version ν, let aH,ν : KH → A0 be an activity2702
annotation, with a declared range such as inactive, active, and undetermined. The active-cell2703
selection AH,ν then consists of the cells assigned an active state under this protocol. It may fail to be a2704
CW subcomplex: an active edge can have an inactive endpoint under a particular operational conven-2705
tion, and a face’s activity need not follow from the statuses of all its boundary couplings. Calculations2706
requiring a subcomplex must therefore use an explicitly constructed boundary-closed selection, and2707
document which additional cells closure introduces.2708

Documentation also has an epistemic time axis. A revised source record can change the inferred2709

prerequisites, primitive labels, or status of an earlier coupling. Let ν index a reconstruction version;K(ν)
H2710

denotes the subcomplex produced by that version’s admissible cell prerequisites. This formal distinction2711
supports audit trails and competing interpretations. In a historical report, a newly discovered document2712

may change K(ν)
H even when the modeled completed-event set H stays fixed. The revised topology is2713

then a change in representation, with its possible implications for claims about the underlying history2714
requiring independent assessment.2715

A minimal provenance record can attach the event inventory and its resolution, source references,2716
the meaning of each coupling, face-annotation conventions, prerequisite sets, observation timestamps,2717
protocol versions, and reasons for subsequent modifications. These data cannot eliminate interpretive2718
bias, but they allow the transformation from documentary materials to a cellular representation to be2719
inspected and contested. Such traceability is particularly important when an institutional observer has2720
authority to recognize or omit the historical activities of another participant.2721

C.4 Entity and Value-Support Selection2722

Recorded historical cells provide candidate support for higher-level identifications. They do not automat-2723
ically constitute either entities or values. GivenH and a declared entity protocol κ, the previously defined2724
relation Eκ(H) in Equation 16 selects pairs (L, ξ) with L ∈ Sub(KH) and identity data ξ. A modality-2725
specific value protocol κα analogously selects candidate pairs (Lα, ηα) from the space Sα,κα(H) in2726
Equation 18. The identification of an entity and the constitution of a value can use overlapping cells2727
while imposing different continuity, recognition, and validation requirements.2728

There are two useful general strategies for constructing these supports. In a generating-cell protocol,2729
a specified seed set S ⊆ KH generates its smallest boundary-closed subcomplex ClK(S). In a constraint2730
protocol, a candidate subcomplex is admitted only if it satisfies a declared predicate incorporating rel-2731
evant labels, provenance, temporal conditions, or participation in specified interactions. Equation 592732
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Table 15: Construction layers for an event-based historical reconstruction. Each layer requires a sepa-
rately declared rule and preserves a different type of information.
Layer Construction rule Information preserved or required

Completed eventsH Order ideal in (E,≺) Modeled occurrence and precedence; not
a value-transfer ledger

Recorded subcomplex
KH

Cell prerequisites and boundary closure Historical incidence and primitive
attachments; depends on observation
protocol

Active relations AH,ν Time- and version-indexed activity
annotations

Currently operative statuses, potentially
non-closed as a cell set

Entity support LE Identity and continuity protocol κ Candidate historical individuation, with
ambiguity and provenance

Value support Lα Modality-specific protocol κα Candidate value constitution, potentially
overlapping with other supports

History and circulation
trace

Ordered transitions and trace protocol πα Timing, intermediate states, transmission
claims, and their evidential basis

expresses the second strategy schematically, with Sub(KH) denoting the family of subcomplexes.2733

Lκ(H) = {L ∈ Sub(KH) : Pκ(L,H,Λ) = 1}. (59)

The predicate Pκ in Equation 59 is a declared model choice, not an empirically established classifier.2734
For example, a historical entity protocol might depend on evidence of continuity in practice or legal2735
recognition; a knowledge-value protocol might depend on documentation of an acquired capability; a2736
care-value protocol might include the timing of responsiveness to an identified need. These are distinct2737
applied criteria. A subcomplex with compact geometry or a nontrivial homology class does not, by those2738
features alone, satisfy any particular constitution protocol.2739

History-dependent supports also need not be nested even though KH is nested. As further events2740
become available, a protocol may withdraw an earlier interpretation, divide a candidate entity into sev-2741
eral continuities, or associate a value with a different configuration. A support correspondence can2742
record which earlier selected structures continue, overlap, split, or merge. An equality test of supports is2743
therefore distinct from an identity-continuity judgment. The latter can carry evidential uncertainty, and2744
multiple candidates can remain defensible under the available records.2745

Table 15 separates the operations involved in a practical reconstruction. In a single application, the2746
underlying cell inventory may remain fixed while both the active relation mask and the selected value2747
support change as historical observations accumulate.2748

C.5 A Four-Event Historical Construction2749

Consider four abstract events E = {a, b, c, d} with precedence relations a ≺ d, b ≺ d, and c ≺ d, and2750
no precedence relation among a, b, c. Define a two-dimensional simplicial complex with five edges ab,2751
ac, bc, bd, and cd, and two triangular primitive faces abc and bcd. The edge bc is shared. Assign to each2752
edge the prerequisite set of its endpoints; assignWabc = Wbcd = {a, b, c, d}, so the primitive faces are2753
recorded only after event d. These choices meet the closure conditions because each face prerequisite2754
set contains those of its boundary edges.2755

Choose the ideals H1 = {a, b}, H2 = {a, b, c}, and H3 = E. By Equation 58, KH1 is one edge2756
with its endpoints; KH2 is an unfilled triangular one-skeleton; KH3 contains both triangles and all five2757
edges. The Betti numbers, computed over F2, are summarized by Equation 60.2758

(β0, β1, β2)(KH1) = (1, 0, 0),

(β0, β1, β2)(KH2) = (1, 1, 0),

(β0, β1, β2)(KH3) = (1, 0, 0).

(60)
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Figure 15: Prerequisite-based construction of recorded historical complexes at three causally admissible
event configurations, followed by two illustrative overlapping modality supports in the final complex.
Vertices denote events, edges couplings, and filled triangles primitive faces. The shaded regions in the
last panel are protocol-dependent candidate value supports sharing an edge. The apparent geometric
positions are diagrammatic, and the labels α, β do not establish observed social values.

The temporary first-homology class in Equation 60 is a feature of the chosen recording filtration. Its2759
disappearance after d reflects the inclusion of a primitive face filling the abc cycle. It does not establish2760
that event d created an ethically significant value or repaired a socially meaningful deficiency. The2761
additional bcd face is attached to a second triangle sharing one edge with the first, so the final complex2762
has the homotopy type of a disk.2763

Figure 15 shows the recorded support at each stage and, in a fourth panel, two candidate modality2764
supports. For illustration only, let Lα be the closed triangular support abc and Lβ the closed triangular2765
support bcd. They share the edge bc and its endpoints, while their face sets differ. Assigning them2766
names such as knowledge-related and care-related would require a genuine constitution protocol and2767
observations in a concrete setting; the diagram records only the combinatorial possibility of distinct2768
overlapping value supports. An activity annotation may simultaneously mark ab inactive at H3 while2769
keeping it withinKH3 as part of the recorded history.2770

The two incomparable events a and b may occur in either order while leading to the same ideal2771
{a, b}. Once event c has also occurred, the recorded subcomplex is the same under both orders for2772
the present history-realization map. A state-dependent model can nevertheless assign different interim2773
costs or different subsequent capacities to those executions. This example therefore exhibits a limitation2774
of KH as a complete description of ordered dynamics: the occurrence set and its associated recorded2775
incidence do not retain the entire sequence or intermediate value-related state. The operational histories2776
of Section 7 supply that additional information.2777

C.6 Operational Histories, Validation, and Identifiability2778

A practical implementation can build the historical representation in two passes. First, validate the ambi-2779
ent incidence data and verify the declared event precedence and prerequisite conditions. Second, traverse2780
one enabled event at a time, update the completed-event ideal, and include cells whose prerequisite sets2781
are now contained in that ideal. Additional layers assign active-status annotations, identify candidate2782
entity and value supports, and apply event-transition and circulation-trace protocols. Such a workflow2783
preserves the distinction between a completed event, a recorded coupling or face, and a subsequently2784
recognized value. It also provides a direct consistency check of the history-realization assignment.2785

The companion Python script experiments/run_appendix_c_histories.py constructs the2786
four-event case, verifies closure under cellular faces and accumulation across the three prefixes,2787
computes Betti numbers by exact elimination over F2, and checks the overlap of the two selected2788
triangular supports. It writes a JSON summary and CSV table under the experiments/ direc-2789
tory, with filenames beginning appendix_c_results. The related vector figure is generated by2790
figures/scripts/draw_appendix_c_histories.py. These tests establish internal consistency2791
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of the declared finite example and can reveal implementation errors; they do not validate the GR2792
interpretation of a cell inventory or a value-constitution rule.2793

Three practical limitations remainmaterial. An event inventory is constructed from selected evidence2794
and may omit processes that were unrecorded, inaccessible, or historically marginalized. Distinct prereq-2795
uisite protocols can produce nonisomorphic complexes from the same event descriptions; apparent holes2796
or fillings can consequently be sensitive to recording choices. Finally, distinct circulation histories and2797
value-constitution hypotheses can generate the same available observations. A concrete analysis should2798
therefore provide source provenance, uncertainty and alternative reconstructions, and an explicit account2799
of which historical distinctions are preserved when its representation is simplified. The formal method2800
supports such an audit, while claims of causal mechanism or justice remain conditional on substantive2801
empirical and normative work.2802

D Illustrative Simulation Specifications and Reproducibility2803

This appendix specifies the computational models used in Section 8 and the exact symbolic constructions2804
in Appendices B and C. Its purpose is tomake the finite examples inspectable, repeatable, and distinguish-2805
able from empirical research. The account covers data representations, event-transition rules, parameter2806
settings, expected outputs, validation checks, and execution procedures. All inputs are constructed for2807
illustration; the programs contain neither observed social-network data nor fitted economic, causal, or2808
normative parameters. The correspondence between mathematical cells and GR interpretations remains2809
a proposal external to the computational tests.2810

D.1 Computational Domains and Data Representations2811

The main computational experiment uses finite two-dimensional cubical complexes. A selected2812
primitive-face support is a finite set of integer-coordinate unit squares indexed by (i, j). Each selected2813
square includes its four boundary edges and four corner vertices; shared edges and vertices are stored2814
once. Thus, the selected cells form a subcomplex of a sufficiently large ambient square grid. The2815
program constructs B1 from edge–vertex incidences and B2 from face–edge incidences, and computes2816
ranks over F2 by finite elimination. The resulting dimensions and Betti numbers are the cellular quan-2817
tities defined by Equation 38. Grid positions are plotting coordinates and do not carry calibrated social2818
distances, areas, prices, or durations.2819

The exact calculations of Appendix B use a separate script with integer signed incidence matrices2820
represented by SymPy. That script evaluates ranks overQ and, independently, after reductionmodulo two.2821
The latter calculation checks the coefficient-field agreement in the selected examples; such agreement2822
is an observed property of these particular complexes, not an assertion of universal agreement across2823
coefficient systems. The event-prerequisite construction of Appendix C uses a separate finite simplicial2824
complex with four event vertices, explicit edge and face incidences, and prerequisite sets for recorded2825
cells. Its configurations are represented by sets of completed events. The event vertices in both models2826
identify formal events, not presumed enduring social subjects.2827

Table 16 records the data contracts relevant to reproduction. A row called support identifies a selected2828
cell collection under the model’s incidence rules; it does not by itself establish the presence or magnitude2829
of a social value. In particular, labels such as α, β, and converted name mathematical support-selection2830
protocols rather than measurements of money, care, knowledge, or other real-world value modalities.2831

D.2 Declared Morphologies and Support Evolution2832

The morphology experiment selects four small cubical supports. The compact motif is a filled two-2833
by-two block of squares; the branching motif is an eight-square branched construction; the ring is a2834
three-by-three block with its central square omitted; and the filled motif contains all nine squares. Their2835
plotted geometries are stipulated examples. The corresponding first Betti numbers are zero, zero, one,2836
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Table 16: Data representations used by the three computational construction scripts. The files contain
synthetic structural and dynamical output.
Computational object Stored representation Intended analytical role

Cubical support Finite set of integer square coordinates Cell counts, homology, and support
recombination

Boundary matrices Finite incidence matrices over F2 or
signed matrices over Z

Verify the chain identity and calculate
homology

Execution trace Ordered event labels, step index,
delivered-label set, and support update

Contrast sequences sharing a terminal
delivery set

Event record Completed-event ideal with cell
prerequisites and activity annotations

Construct closed historical
subcomplexes and distinguish active
selection

Morphology or sensitivity
result

CSV row with parameters, counts,
ranks, and diagnostics

Reproduce tables and compare runs

Run summary JSON with selected parameters and
reported synthetic outputs

Machine-readable check of principal
numerical results

and zero, respectively, as calculated by the source program. In the ring case, the full boundary cycle2837
surrounds an omitted primitive face. Attaching that face fills the first-homology class in the selected2838
finite complex. The exact signed analogue is developed in Appendix B.2839

For the sequential support experiment, the first eight face additions traverse the perimeter of the three-2840
by-three square block in a prescribed order; the ninth adds its central face. The first seven stages contain2841
no first-homology class, stage eight has one, and stage nine has none. These results describe how the2842
specified inclusion sequence changes the topology of a recorded support. They do not imply that a social2843
value was created at stage eight or that a perceived deficit was remedied at stage nine. The face-selection2844
rule would need separate historical and interpretive evidence before acquiring either meaning.2845

The typed-support illustration assigns one four-square path to modality α and another four-square2846
path to modality β. A stipulated union operation produces a ring, while a further selected central face2847
produces a filled support. The union is a geometric operation on supports under a declared conversion2848
convention. It contains no exchange-rate, utility, price, or normatively justified conversion law. Its use2849
in Section 8 demonstrates the possibility that a combination rule alters topology even when each input2850
support has trivial first homology.2851

D.3 Event Order, Synthetic Waiting Cost, and Support Updates2852

The order-sensitive experiment uses three event labels: observe, b, and c. The observation occurs first2853
in either recorded execution and only updates an audit flag. Events b and c are incomparable under the2854
declared prerequisite ordering and complete two allocations, each taking one synthetic time unit. The2855
model therefore compares the sequences (observe, b, c) and (observe, c, b). The recipients of the2856
hypothetical allocations are roles represented by external labels; neither is identified with a vertex of the2857
cubical complex.2858

An initially unserved allocation carries a waiting-cost weight wb or wc. At each completion step,2859
the code adds the weights of allocations still outstanding immediately before that completion. For the2860
two-step system, this gives the order difference stated in Equation 61.2861

L(bc)− L(cb) = wc − wb, (61)

where L is a synthetic cumulative waiting-cost functional. Equation 61 follows from L(bc) = wb+2wc2862
and L(cb) = 2wb+wc, assuming both tasks have unit duration and both needs are initially pending. The2863
baseline weights arewb = 1 andwc = 10, which yield 21 and 12, respectively. The weights are declared2864
illustration parameters, not empirically measured need intensity or a validated criterion of justice.2865
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Table 17: Declared settings and variations for the finite synthetic experiments. All weighting, timing,
and activation parameters are illustrative.
Model component Fixed specification Variation or output

Cubical supports Unit squares with boundary closure;
F2 ranks

Compact, branched, ring, and filled
motifs

Order experiment Observation precedes either
allocation; each allocation takes one
time unit

bc compared with cb

Waiting weights Baseline wb = 1, wc = 10 wc ∈ {1, 2, 5, 10, 20}
Face activation Candidate central face after c follows

b
p ∈ {0, 0.25, 0.5, 0.75, 1}

Stochastic draws Seed 20261018; one generator
stream

3,000 trials per value of p

Multiscale support Three-by-three center-omission rule Levels k ∈ {0, 1, 2, 3}
Historical reconstruction Four event vertices, five edges, two

faces
Ideals ab, abc, abcd

The initial selected support in both orders is the eight-square ring. If event c occurs after b, the model2866
additionally attempts to activate its central primitive face. At the default activation probability p = 1,2867
order bc produces the filled support with β1 = 0, whereas order cb retains the ring with β1 = 1. The2868
difference results directly from the stipulated event-dependent support-update rule. Equal completed2869
allocation sets therefore coexist in the example with different waiting costs and support topologies, and2870
neither descriptor logically determines the other. The added face is part of the selected value-supporting2871
complex; it is distinct from the derived interchange face of the event-order diamond analyzed in Section 7.2872

D.4 Finite Multiscale Construction and Stochastic Variation2873

The multiscale illustration begins with a single square and recursively replaces each occupied square by2874
a three-by-three block with its center omitted. For levels k = 0, 1, 2, 3, the face counts are 8k and the2875
computed first Betti numbers are (8k − 1)/7. These identities hold for the specified finite construction.2876
Three recursive substitutions provide an example of geometric organization across resolutions; they do2877
not establish fractality of an empirical value structure. The drawings and tabulated results record the2878
finite combinatorial construction alone.2879

The stochastic extension varies the probability p that the central face is added after the order bc. It2880
uses the five values 0, 0.25, 0.50, 0.75, and 1, with 3,000 independently sampled synthetic trials per2881
parameter setting. A NumPy pseudorandom generator is initialized with seed 20261018, and the script2882
evaluates settings sequentially using the same generator stream. For this two-outcome construction, the2883
exact conditional expectation is reported by Equation 62.2884

E[β1 | bc, p] = 1− p. (62)

Equation 62 follows because the ring retains one first-homology class if the candidate face is not activated2885
and has none if it is activated. The sampled means recorded in sensitivity_results.csv are 1,2886
0.7527, 0.5270, 0.2470, and 0, rounded to four decimals. Their agreement with 1 − p is checked using2887
the script’s explicitly selected absolute-error tolerance of 0.05. This test is an implementation sanity2888
check and supplies no statistical validation of a social process.2889

Table 17 identifies the principal fixed and varied quantities. The distinction between a fixedmodeling2890
convention and an investigated parameter is relevant because the demonstrated sensitivity is conditional2891
on every remaining rule. In particular, the support-update rule and waiting-cost rule are stipulated inde-2892
pendently; the experiment does not estimate any causal effect of a real institutional decision.2893
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D.5 Validation Tests and Limits of Reproduction2894

The three calculation scripts assert the chain-complex identityB1B2 = 0 for each relevant complex. The2895
cubical experiment checks Euler-characteristic consistency and the expected first Betti numbers for the2896
declared motifs and filtration. Appendix B checks signed rational ranks, ranks over F2, the homological2897
effect of central-face attachment, the tetrahedral shell’s nontrivialH2, and the order-diamond coboundary2898
calculation. Appendix C checks the closure of recorded subcomplexes, monotonicity along the selected2899
event ideals, specified overlap of two candidate supports, and the first-Betti-number sequence 0, 1, 0.2900
These are finite formal calculations: they validate implementation consistency against the declared inci-2901
dence and event rules.2902

A separate verification command supplied in the source package inspects the generated numerical2903
files and compares their contents with the expected structural and analytic checks. It tests the previously2904
generated section-level tables, the expected waiting-cost outputs, the finite multiscale counts, and the2905
exact reference values for the stochastic mean, using a declared numerical tolerance for Monte Carlo2906
results. This output-level audit supplements the scripts’ own assertions. It does not provide a mathe-2907
matically independent implementation of all cellular calculations, and therefore is not a substitute for2908
external code review.2909

Exact structural invariants and finite event-order costs should reproduce under an unchanged imple-2910
mentation. The pseudorandom sequence is deterministic for the stated seed and tested software environ-2911
ment, but bit-for-bit equality of generated graphics or random streams need not persist across plotting2912
backends and numerical-library versions. The appendix therefore privileges machine-readable numeric2913
outputs and explicitly reported tolerances over file-level image equality. A successful re-run warrants2914
the limited statement that the specified finite construction has been reproduced; it does not independently2915
confirm the social interpretation of its cells, validate a model of heterogeneous value, or establish nor-2916
mative priority relations.2917

D.6 Source Files, Execution Sequence, and Archival Outputs2918

The complete source archive contains three principal calculation programs and two figure-generation2919
scripts for Appendices B and C. Starting in the directory containing manuscript.tex, a reader can exe-2920
cute the scripts listed in Table 18 after installing the Python dependencies specified in the accompanying2921
requirements file. The scripts resolve output locations relative to their own source paths and overwrite2922
the corresponding generated files. For manuscript compilation, the same directory supports make, which2923
invokes XeLaTeX and Biber in the sequence already used for the main text. The Python experiments2924
can be reproduced independently of manuscript compilation.2925

The source archive also includes experiments/REPRODUCIBILITY.md, which gives the setup, com-2926
mands, tested local dependency versions, and expected diagnostic results. The generated CSV and JSON2927
files provide the numerical outputs presented in the main text and appendices. Vector PDFs are used2928
for the manuscript figures, and the PNG files provide convenient inspection images. Figure-generating2929
scripts for the earlier conceptual diagrams are retained separately under figures/scripts/; they are2930
not part of the Section 8 numerical experiments. Regenerating the same diagrammatic image does not2931
verify the proposed meaning of its labels.2932

For further empirical study, an additional layer of source provenance would be necessary: event2933
and cell-identification protocols, timestamp uncertainty, alternative reconstructions, observer or institu-2934
tional context, ethically appropriate handling of social records, and explicit justification for any modality-2935
specific normative weights. The present package keeps the computational and interpretive layers separa-2936
ble so that later researchers can change the assumptions, reproduce the finite consequences, and identify2937
where new evidence is required.2938
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Table 18: Reproduction commands from the manuscript source directory and representative outputs.
Commands are listed in the order recommended for a clean validation run.
Command Principal products

python
experiments/run_section08_experiments.py

Four section-level CSV tables, summary.json,
six vector figures and PNG previews

python experiments/run_appendix_b_homology.py appendix_b_results.csv and
appendix_b_results.json

python
experiments/run_appendix_c_histories.py

appendix_c_results.csv and
appendix_c_results.json

python
figures/scripts/draw_appendix_b_grid.py

Ring-inclusion PDF and PNG figure

python
figures/scripts/draw_appendix_c_histories.py

Historical construction PDF and PNG figure

python
experiments/validate_reproducibility.py

Output-level assertion checks, printed pass/fail
summary

make manuscript.pdf with regenerated
cross-references and bibliography

E Mathematical Extensions and Open Formal Problems2939

This appendix identifies mathematical extensions that can be developed from the finite event–coupling–2940
primitive formalism without assigning an empirical or normative meaning to topological features by def-2941
inition. Its role is to specify the additional data and consistency conditions required by typed encodings,2942
higher-dimensional relations, directed event histories, multiscale changes, and justice-sensitive abstrac-2943
tion. The constructions below are candidate mathematical interfaces. Only results stated under explicit2944
assumptions are treated as deductions; proposed interpretations of money, labor, care, knowledge, and2945
other value modalities require separate argument. The distinction between the event complexK, value-2946
supporting subcomplexes Lα, and the derived history-comparison complexD follows Appendix A.2947

E.1 Typed Cellular Coefficients and Value Encodings2948

Section 5 treats value modalities as historically constituted configurations supported by subcomplexes.2949
A possible refinement is to attach typed primitive data to the cells composing those supports. This2950
would allow two otherwise identical subcomplexes to carry different admissible labels and coupling2951
constraints. The refinement must respect the distinction between the primitive data attached to a face2952
and the constituted value of an extended configuration. In particular, a local face label is not assumed to2953
be a complete economic or ethical evaluation.2954

For a finite oriented regular cell complexK, fix a coefficient field F and finite-dimensional F-vector2955
spaces Wσ associated with cells σ. For each codimension-one incidence τ < σ, suppose a linear map2956
rστ : Wσ → Wτ is specified. These maps are an additional assignment of typed information; the basic2957
cellular structure supplies incidence signs but does not determine rστ . Under this assignment, a candidate2958
coefficient-aware cellular boundary is given by Equation 63.2959

Cp(K;W ) =
⊕
σ∈Kp

Wσ, ∂Wp |Wσ(x) =
∑
τ<σ

dim τ=p−1

[σ : τ ]rστ (x). (63)

Equation 63 is an algebraic construction over the selected field. Money, labor hours, environmental2960
effects, and interpretive recognition cannot be added indiscriminately because they are represented by2961
vectors. A typed direct sum separates coordinates; legitimate conversion among modalities requires2962
independently defined maps with justified domains, units, and interpretive assumptions. Nonlinear or2963
history-dependent constitution is outside the information carried by the linear boundary alone.2964
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Proposition E.1 (A sufficient condition for a coefficient-aware chain complex). For a finite oriented2965
regular two-dimensional cell complex, suppose that for each face f and incident vertex v, the composites2966
rev ◦ rfe : Wf → Wv are equal for all boundary edges e incident to both f and v. Then the maps of2967
Equation 63 satisfy ∂W1 ∂W2 = 0.2968

Proof. Fix f ∈ K2, x ∈ Wf , and an incident vertex v. The coefficient of v in ∂W1 ∂W2 (x) is the sum2969
over incident edges e of [f : e][e : v](rev ◦ rfe)(x). By the stated compatibility assumption all such2970
composites equal one map rfv, so the sum equals

(∑
e[f : e][e : v]

)
rfv(x). The incidence sum vanishes2971

by the ordinary cellular identity ∂1∂2 = 0. The argument applies to every vertex and face, hence to their2972
direct sums.2973

Proposition E.1 gives a sufficient condition, not a necessary characterization of all possible coeffi-2974
cient systems. For a single oriented triangular face with consistent identity maps between equal one-2975
dimensional coefficient spaces, Equation 63 reduces to the ordinary triangular cellular boundary in Ap-2976
pendix B. With incompatible edge or vertex spaces, the requisite maps may fail to exist, or the relevant2977
composites may fail the compatibility condition. Such a failure indicates that the proposed coefficient2978
construction is incomplete; it does not establish that a corresponding real-world value cannot circulate.2979

The construction can be related to cellular (co)sheaf-like data when the incidence maps satisfy the2980
appropriate functorial requirements, but terminology and covariant or contravariant conventions must2981
be fixed before making that identification. If types are not naturally vector spaces, alternatives could2982
use modules, ordered monoids, categories of typed states, or probabilistic kernels. Their homological2983
treatment cannot be presumed to follow from Equation 63. A valuable early test would compare the2984
ordinary groupsHp(Lα;F)with homology constructed from admissible typed data, under fully specified2985
incidence and coupling rules. A difference between those invariants would be a property of the selected2986
representation and coefficient assignments, with empirical significance requiring independent validation.2987

E.2 Higher-Dimensional Coherence and Primitive-Face Relations2988

Our foundational ontology employs a two-dimensional complex: vertices denote events, edges couplings,2989
and faces primitive higher-order structures. That dimensional choice supports a clear minimummodel. A2990
possible extension adds cells of dimension three when relations among several primitive faces themselves2991
need to be represented. The added cells would be mathematical descriptors of specified higher-order2992
dependencies, without changing the event interpretation of vertices or requiring that any value be carried2993
by a single face.2994

For a three-dimensional extension K(3), the second homology group becomes the quotient in Equa-2995
tion 64.2996

H2(K
(3);F) = ker(∂2 : C2 → C1)

/
im(∂3 : C3 → C2) , ∂2∂3 = 0. (64)

As Equation 64 shows, a closed face combination that represents a nonzero class in a purely two-2997
dimensional complex may become the boundary of an added three-cell. Appendix B computes β2 = 12998
for the tetrahedral two-shell; attaching its solid three-cell makes that shell homologous to zero in the2999
enlarged complex. The numerical change is an ordinary topological consequence of a specified attach-3000
ment. Whether a three-cell represents a feasible reconciliation among primitive relations, a consistency3001
constraint, or some other social mechanism is a separate semantic choice.3002

For a concrete extension, the face boundary of each three-cell would need to be an explicitly declared3003
cellular two-cycle, its historical availability would need to be related to the event-recording protocol, and3004
any face labels would require coherent maps compatible with that attachment. Additional dimensions3005
can also create representational ambiguity. Two distinct higher-dimensional models may have the same3006
event logs and lower-dimensional observable data. Higher-dimensional coherence becomes useful when3007
it expresses a concrete mechanism or supplies a new checkable implication, rather than simply filling a3008
visually salient hole. Existing treatments of cellular homology provide the relevant mathematical back-3009
ground [11, 13].3010
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E.3 Directed History Categories and Order-Sensitive Operations3011

A cellular orientation supplies algebraic incidence signs; it does not identify which event orders are3012
causally realizable. Section 7 therefore introduces trajectories on top of an event-precedence relation3013
and constructs a separate history-comparison complexD. One extension would formalize this separation3014
through a category of executions or, with further structure, a directed topological space [10]. The choice3015
is justified when the research question concerns composition and substitution of causal histories, rather3016
than homology of the ambient complex alone.3017

In a simple finite model, let objects be attainable pairs (H,x) comprising a completed-event idealH3018
and a state x. Let a generating morphism be one admissible event transition (H,x)→ (H ∪{a}, Ta(x)),3019
with composition represented by concatenation of compatible histories. Associativity of concatenation3020
is available at the path-description level, although an interpretation as a well-defined state-transforming3021
category requires consistent domains and composite transition rules. Such a category retains differences3022
between histories that a mere final event set forgets. It can also distinguish a recorded event sequence3023
from a later interpretation of that sequence as circulation of a particular value modality.3024

Suppose two events a and b are incomparable in the precedence relation and both orders are techni-3025
cally admissible from a given state x. A candidate interchange relation becomes state-preserving only3026
under the condition stated in Equation 65.3027

Tb
(
Ta(x)

)
= Ta

(
Tb(x)

)
for each state x in a declared common domain. (65)

Equation 65 is stronger than the causal incomparability of a and b: temporal independence in a prece-3028
dence graph does not imply commutation of transformations. Even if the equation holds at final states,3029
intermediate deprivation or obligations may distinguish the histories. A face in the derived complex D3030
could record that a local interchange is allowed under stated rules. It remains a different mathematical3031
object from a primitive value-related face in the ambient complexK.3032

This extension offers a practical test of historical reduction. A proposed equivalence between execu-3033
tions should explicitly specify the events whose order can be exchanged, the state transitions that must3034
be preserved, and the retained historical observables. Since emergent entities and values may depend on3035
the past, a valid interchange at one observation level may fail to preserve later constitution at another.3036
Directed-history methods would let us express such failures as limitations of the equivalence relation,3037
without inferring their justice consequences in advance.3038

E.4 Dynamic Complexes, Coarse-Graining, and Multiscale Structure3039

Appendix C gives a prerequisite-based procedure for building nested recorded subcomplexes KH from3040
downward-closed event setsH . Those accumulated records support ordinary inclusion maps when histo-3041
ries extend one another. A changing active selection AH , by contrast, need not itself form a subcomplex3042
or remain nested. Value-supporting complexes Lα(H)may also gain or lose operative cells under chang-3043
ing historical or recognition rules. These cases require distinct temporal constructions.3044

For the nested record, persistent homology can compare the induced maps on Hp(KH) as the3045
recorded event history grows; the filtration and its indexing order must be specified. For two nonnested3046
value supports Lα(H) and Lα(H

′) within a common ambient complex, one possible comparison uses3047
their union U , provided each support and the union are subcomplexes. Equation 66 gives the associated3048
diagram of inclusion-induced maps.3049

Hp

(
Lα(H);F

)
−→ Hp(U ;F)←− Hp

(
Lα(H

′);F
)
, U = Lα(H) ∪ Lα(H

′). (66)

The span in Equation 66 describes a common comparison space. It is not automatically a lineage3050
map identifying an individual value across time. Identity across different supports requires a history-3051
dependent constitution criterion, together with an account of overlap, persistence, fragmentation, or re-3052
constitution. In particular, identical Betti numbers or similar persistence diagrams can occur for different3053
coupling structures and interpretations.3054
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A separate multiscale operator Qs could aggregate cells, labels, and historical observations at reso-3055
lution s, so long as its inputs, outputs, and incidence-preservation properties are declared. Preserving3056
homology is one possible design condition; preserving admissible event sequences, value support prove-3057
nance, and justice-relevant attributes imposes further conditions. Section 10.3 defines an exact criterion3058
for assessment preservation under reduction. A coarse-grained representation can usefully lower com-3059
putational cost even when it is adequate only for a restricted set of questions. In that case, the lost3060
information should be described rather than interpreted as absent in the modeled world.3061

The fractal possibility discussed in Subsection 3.7 is similarly conditional. Repeated organizational3062
patterns or recursive value reproduction need not imply mathematical self-similarity. A finite sequence3063
of constructed patterns can demonstrate finite-range scaling, whereas a fractal-dimension claim requires3064
a specified metric or covering procedure and appropriate evidence of scaling. This distinction is impor-3065
tant for heterogeneous modalities: recurrent social relations, visually branching supports, and scaling3066
laws concern different empirical and mathematical properties. Persistent topology and discrete Morse3067
reductions remain candidates where their filtrations and preservation assumptions fit the question [9, 8].3068

E.5 Historical Quotients and Justice-Sensitive Preservation3069

Themotivation for representing circulation order is to compare feasible histories that may generate differ-3070
ent value structures, deprivation patterns, and future capabilities. Quotienting histories can make a large3071
system tractable, but it can erase precisely the information necessary for such comparisons. A mean-3072
ingful quotient therefore depends on an explicit purpose: preserving endpoints, feasible futures, typed3073
supports, ethical obligations, or a declared assessment. None of these purposes is supplied by cellular3074
homology itself.3075

Let q : Γadm
θ → Γ be a surjective history abstraction on a domain already restricted by stated admis-3076

sibility criteria, and let Jθ : Γadm
θ → Qθ be an assessment into an arbitrary set or partially ordered space.3077

The familiar factorization condition is given by Equation 67.3078

∃J θ : Γ→ Qθ such that Jθ = J θ ◦ q ⇐⇒ q(γ) = q(γ′)⇒ Jθ(γ) = Jθ(γ′). (67)

The equivalence in Equation 67 follows because a function on equivalence classes is well defined exactly3079
when the original function is constant on the fibers of q. It is an elementary set-theoretic statement. The3080
difficult part is substantive: which historical differences ought to matter to Jθ, and how much empirical3081
and interpretive information is required to evaluate them? A quotient identifying the two orders of the3082
synthetic delay example in Appendix B cannot preserve that example’s waiting-cost assessment, even3083
though the derived history diamond can be filled by a two-cell.3084

For a family Θ of defensible normative interpretations, preserving assessments for a single chosen3085
θ may be insufficient. A reduction that is robust to declared normative disagreement would need to3086
preserve the relevant comparisons for each θ ∈ Θ, or transparently report the interpretations for which3087
preservation fails. Numerical approximation requires a further choice of distortion measure on the as-3088
sessment space; a partially ordered assessment may not admit a norm or universal scalar distance. It3089
would therefore be misleading to announce a uniform approximation error without first providing the3090
relevant geometry and normative assumptions. This extension places mathematical efficiency and epis-3091
temic accountability within the same explicitly qualified design problem.3092

E.6 Identifiability, Causal Interpretation, and Research Dependencies3093

A topological description becomes an empirical model only through a documented observation protocol.3094
Identification of event vertices, coupling edges, primitive faces, active relations, and value-supporting3095
structures may depend on the resolution of a record and on judgments about what was relevant or mean-3096
ingful. Section 10.5 introduces an observational identifiability criterion; the criterion is especially im-3097
portant if competing constitution rules produce the same observed topology. Missing face records may3098
reflect data collection, an incomplete interpretation, or a genuinely absent primitive relation. These al-3099
ternatives have different meanings and should not be conflated in data analysis.3100
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Table 19: Open formal problems and the additional requirements for a defensible extension.
Problem Required formal specification Principal limitation

Primitive-face semantics Incidence interpretation, empirical or
model-based assignment, provenance

Shape alone leaves
meaning undetermined

Typed value encodings Local state spaces, incidence maps, conversion
domains

Algebraic compatibility
does not establish
commensurability

Entity and value constitution Selection protocols, overlaps, historical
identification

Supports can be ambiguous
or observationally
equivalent

Order-dependent dynamics Causal precedence, enabled transitions,
state-update rules

Valid causal sequences may
not commute

Topology-changing histories Temporal comparison maps and observation
resolution

Recorded and active
structures have different
dynamics

History reduction Preserved observables and normative assessment
criteria

Homology preservation is
weaker than justice
preservation

Empirical and ethical use Observation design, consent, contestability,
counterfactual assumptions

Synthetic consistency gives
neither external validity nor
moral authority

Counterfactual comparisons of event order add further requirements. A causal claim that one order3101
changed a value-supporting structure would need a model of interventions, a feasible counterfactual or-3102
dering, and a defensible relation between the unobserved counterfactual and available evidence. Varying3103
the order in a deterministic synthetic program demonstrates the consequences of that program’s transi-3104
tion rules. It does not identify the consequences of reordering events in an actual institution, household,3105
research programme, or care setting. Moreover, an event’s occurrence may change whether a later event3106
is feasible, so two idealized orders should not automatically be treated as interchangeable observations3107
of the same social system.3108

Table 19 summarizes the research dependencies that would make the present mathematical frame-3109
work more informative. The table is ordered by conceptual dependence rather than by presumed3110
difficulty or priority for resource allocation. In particular, a more expressive coefficient or higher-3111
dimensional topology is useful only if its face semantics, admissible histories, and interpretive purpose3112
are also sufficiently specified.3113

A defensible first empirical use would select a bounded historical process whose events and tim-3114
ing can be documented with care, construct alternative support-selection rules, and test how topology3115
and order-dependent descriptors change when those rules vary. A first theoretical development could3116
instead define one simple typed coefficient system and a small history category, then prove which reduc-3117
tions preserve selected state and timing attributes. Both routes would improve the mathematical account3118
without requiring a universal metric of heterogeneous value. Normative inquiry could then formulate3119
context-sensitive admissibility and comparison criteria with participation from the affected parties and3120
appropriate attention to rights, obligations, and inequalities in recognition.3121

The open research programme is therefore a sequence of explicit mathematical and interpretive tasks:3122
clarify primitive semantics; define constitution and transformation of extended values; identify histori-3123
cally feasible circulation orders; establish which abstractions preserve relevant consequences; and justify3124
the conditions for justice comparisons. These tasks maintain the central separation of the paper. Topol-3125
ogy can describe the organization and changes of relational supports, history can record their causal3126
and temporal constitution, and normative analysis can evaluate consequences using defended ethical3127
premises. The connections among them remain the object of further formal and empirical inquiry.3128
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Research Ethics and Source Provenance3129

Source andmodel status. Sections 1–11 andAppendicesA–E develop an exploratory construction and3130
use cited publications for bounded mathematical and disciplinary background. Established mathematical3131
results are distinguished from proposed GR semantics. No spin-foam formalism for economic value is3132
attributed to the cited quantum-gravity literature. Bibliographic sources included in this draft have been3133
checked against publishers, author pages, or other primary institutional records; see the accompanying3134
verification ledger. Such records do not imply line-by-line scrutiny of every cited publication.3135

Ethics and verification. The numerical experiments and diagrams of Section 8 are synthetic and are3136
supplied with executable source code. Further illustrations will be explicitly synthetic unless supported3137
by a separately documented empirical protocol. No human-participant data, research-ethics clearance,3138
institutional endorsement, or normative authority is claimed. Justice-related assessments require inde-3139
pendent ethical and context-sensitive arguments.3140
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